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Abstract.  Sandwich plates are widely used in lightweight design due to their high strength and stiffness

to weight ratio. Due to the heterogeneous structure of sandwich plates, they can exhibit local instabilities
(wrinkling), which lead to a sudden loss of stiffness in the structure. This paper presents an analytical
solution to the wrinkling problem of sandwich plates. The solution is based on the Rayleigh-Ritz method,

by assuming an appropriate deformation field. In contrast to the other approaches up to now, this model
takes arbitrary and different orthotropic face layers, finite core thickness and orthotropic core material into
account. This approach is the first to cover the wrinkling of unsymmetric sandwiches and sandwiches
composed of orthotropic FRP face layers, which are most common in advanced lightweight design. Despite
the generality of the solution, the computational effort is kept within bounds. The results have been

verified using other analytical solutions and unit cell 3D FE calculations.
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1. Introduction

Wrinkling (i.e. local short wavelength buckling of the face layers) is a common local stability
problem of sandwich plates and shells under compressive or bending loads (see Allen 1969,
Plantema 1966). The post buckling behaviour in typical sandwich applications is unstable (Stiftinger
and Rammerstorfer 1997, Martikainen and Hassinen 1996), leading to an abrupt loss of stiffness in
the affected region. Therefore, the occurrence of wrinkling is likely to cause global failure of a
sandwich structure.

Due to the local nature of the problem, the wrinkling failure mode is not detected in a FE analysis of
a sandwich structure using sandwich shell or beam elements, respectively. A sensible approach to
overcome this problem has been presented in Starlinger and Rammerstorfer (1992). There, it is
checked on integration point level whether the critical wrinkling load has been exceeded or not, and
correspondingly the stiffness matrix of the element is adapted. This approach proved to be sensible,
but the wrinkling calculation itself is practically limited to isotropic symmetric sandwiches. The
objective of this work is to derive a most general solution for the critical wrinkling load of sandwich
plates. It is intended to implement this approach into FE codes in the way mentioned above.

There are two main analytical approaches to calculate the bifurcation load at which wrinkling will
take place. On the one hand the energy approach is used, where the total potential energy consisting
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of the strain energy of the two face layers and the core and the potential of the external forces is
minimised. On the other hand the differential equation of a plate on an elastic foundation is used.
Here, one face layer is modeled as a plate and the core with the other face layer is regarded as a
foundation of the one face layer.

The classical solutions (Allen 1969, Plantema 1966) divide the wrinkling problem into two
different cases. The first case is the “thick sandwich” case, where it is assumed, that the thickness
of the sandwich is big enough to preclude interaction between the two face layers éGaligh
1940, Yusuff 1955, Hwang 1988). The second case is the “thin sandwich” case, where interaction
between the face layers is included (Hoff and Mautner 1945, Yusuff 1955, Gutierrez and Webber
1980, Stiftinger and Rammerstorfer 1997). However, the thin sandwich solutions that are available
up to now assume symmetric sandwiches, i.e., the two face layers have to be identical. Moreover,
orthotropic face layers are only covered by these approaches in the case of compression in direction
of the axes of orthotropy. Thus, the solutions available up to now comprise suppositions that are
insufficient to capture the wide range of sandwiches in lightweight design. However, they are useful
for analytical estimations of bounds to the wrinkling load, but they show limitations when used
within an automated FE sandwich structure analysis.

The authors chose the approach of using the differential equation of an elastic plate on an elastic
foundation, which has already been solved in a very general manner for the case of thick cores (Vonach
and Rammerstorfer 1999, 2000). Within this contribution, the work is extended to thin cores, i.e., the
interaction between the two face layers is included. A more detailed description related to the problems
and effects considered within this paper is given in the PhD thesis of the leading author (Vonach 2001).

2. Analytical approach

Wrinkling is a very localized short wave buckling phenomenon. For most applications, the face
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Fig. 1 Geometry of the buckling pattern
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layers may, therefore, be considered as being under a homogeneous membrane stress state prior to
buckling, and the length and width of the sandwich plate can be assumed to be infinite. Perfect
bonding between face layers and core is assumed, the deformations of the face layers and the core
are identical az= 0 andz= c, wherec denotes the core thickness (see Fig. 1).

2.1 Upper face layer

The upper face layer is supported by the core and, via the core, by the lower face layer. The
buckling deformation pattern of the upper face layéiis assumed to be sinusoidalriglirection
and constant ig-direction (see Fig. 1):

w = w”Dsm%”rD = ”DsinEW(X cos¢a+y smgb)% 1)

The superscripti refers to the upper face layerfo the core] to the lower face layer, and * to
amplitude values. Eq. (1) is a Rayleigh-Ritz ansatz for the wrinkling pattern with two free variables,
namely the half-wavelengta and the direction of the buckling pattepn Both of these variables
are a priori unknown. The geometry of the problem is shown in Fig. 1xyzheoordinate system
denotes the global coordinate system defined by the material axes of the upper face layer, and the
rsz system is defined by the angle of the sinus wiave

The orthotropic upper face layer is described using the differential equation of a thin elastic
orthotropic plate on an elastic foundation
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where the individualB's are the plate bending stiffness terms, Bige are the compressive
membrane forces ank™ denotes the elastic foundation stiffness, which also depends on the
wrinkling mode.

Using the deformation pattern in Eq. (1), the plate equation is reduced to the equation of a beam

(in r-direction) with unit-width on an elastic foundation.

2VV thln =0
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The beam bending stiffne¢s;) and section fd?te are formulatediriection which makes
them dependent on the angle The loading is defined by", " and " relative to the global load
level P.

B/(¢) = By cos(¢)* + By, sin(¢)* cos(¢)” + By sin(¢)”,
Pi(¢) = P(p"cos(¢)’ + Z “sin(¢)cos(¢) + £" sin(¢)?),
p' = PP, &' =Py/P and {"= P;,/P 4)
Inserting EqQ. (1) into Eq. (3) yields

7T
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Apart from the two free variables and ¢, the only remaining unknown in this equation is the
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Fig. 2 Loading and deflection of the foundation model

foundation (spring) stiffned€™ which is derived in the following section.
2.2 Core and lower face layer
The foundation stiffnesk™ is defined as

where o; is the stress imdirection andw" is the deflection ire-direction, both at the interface
between the core and the upper face layer.

The deflectiorw is defined in Eq. (1). It can be shown that this sinusoidal deflection leads to a
sinusoidal distribution of the normal stresseszidirection o, at the interface. To derive the
foundation stiffness according to Eqg. (6), the core and the lower face layer, which is bonded to the
core, are loaded with this (self equilibrating) sinusoidal stress distribution:

0. = 04z=0) = ag*sin%g @)

The amplitude of this loads, is arbitrary, since a linear elastic response is expected. The
deflectionsw" of the core which result from this loading are calculated using linear elasticity and
thusk™ can be determined from Eq. (6). This calculation will now be discussed in detail.

In order to allow for an efficient analytical solution, it is assumed, that the deformatiérihe
core and the lower face layer is also a single sinus wave, having the same wawekmdtvave
direction ¢ as the upper face layer, but an amplitudg) which is depending om

w(2) = w(2)singar = wi2) SinEﬂ(xcosd); ysing)0

with w' = w®(z = 0) and w' = w’(z = ¢)

This assumption is the key to the further derivations and is, therefore, discussed in more detail.
Earlier work of the authors (Monach and Rammerstorfer 1999, 2000) has shown that this assumption is
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leading to the exact solution as long as thick sandwiches with transversely isotropic cores are
considered. The most common sandwich core materials, with the exception of honeycomb, can be
regarded as being transversely isotropic, such as foams and balsa. In the case of honeycomb it is
desirable to use a fully orthotropic material law. This has been shown to lead to impreciseness in
combination with Eq. (8), but the accuracy of the results is only affected to a minor degree in the
parameter range of commercial honeycomb cores.

However, this new approach is derived to cover the area of thin sandwiches as well. As
mentioned before, the analytical thin core solutions available for wrinkling analyses are limited to
symmetric sandwiches with symmetric or antimetric loading. Within this area of sandwiches it is
shown that Eq. (8) holds as well. However, there is a priori no information available to which
extent the deformation pattern of an unsymmetric sandwich under general loading conditions differs
from the constraint defined in Eqg. (8). Therefore, FE unit cell calculations have been performed to
investigate this matter.

Regarding the deformation pattern in Eq. (8) it can be stated that the deformations are constant in
s-direction (see Fig. 1). Therefore it is sufficient to regard the core and the lower face layer only as
a 2D plane strain problem in thez plane as displayed in Fig. 2.

The core is modeled by the Airy stress function inrthelane:

10F, 2 9%F ,10%
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with the membrane stiffness terniz®}:
) = c c_ e
DI’ - Er, Drz - DZ - EZ (10)
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Using the Airy stress function the full 2D plane strain problem is solved, and the influence of the
in-plane core stiffnes&;’  is included. This is of high importance when strongly orthotropic core
materials, such as honeycomb, are used (Vonach and Rammerstorfer 1988, see also Fig. 7). The
Airy stress function is hormally used to solve plane stress problems. In order to transform the Airy
stress function equations from plane stress to plane strain, modified stiffness values (see
Timoshenko and Goodier 1988) are used. These modified stiffness values of the core are marked
with ' in Eq. (10).

In sandwich construction, theaxis is generally a material axis of the core which is therefore also
assumed here. The orientation of the material axes of the core xy-pfene is defined by an
additional angle # ) which is used together withto calculate the core stiffness parameters
(ES, ES, VS, GS,) which are needed in thezcoordinate frame.

Using the sinusoidal stress distribution given in Eq. (7), the full solution of Eq. (9) is:

4 0
_ rarf @inz b B gmp
F =3 G P a 4 Dé ES'nDaD (11)
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with the following four coefficients:

o= tJE+ @1, =+ JE-JE-1 &= [[’)D (12)

rz

In order to calculate the four consta@s four boundary conditions have to be used. Two boundary
conditions are imposed at the interface to the upper face lay€).(The first is already defined in

Eq. (7). The second is derived from the common sandwich approximation, that the strains in the
core inr-direction are set to zero. This assumption is based on the fact, that the facing material is
typically much stiffer than the core material. This leads to the second boundary condition:

£ = é(Of—ViGE) =0 atz=0 (13)
r

The remaining two boundary conditions are defined analogously at the interface between the lower
face layer and the core which is located atc:

| _ ¢y _ _ 10_. [Ju[]
o,=0,z=¢) =0, SINFL (14)
€ = é(af—vf;ag)z 0 atz=c (15)
r

These four boundary conditions lead to the four cons@nts
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At this stage, the stress and strain field in the core is known as a functmngofthe upper
interface stress amplituch;ziJD , and the lower interface stress ammiffjde . The upper interface stress
amplitude represents the loading at which the deflections have to be calculated to solve Eg. (6). The
lower interface stress amplitude leads to a deformation of the lower face layer. This is calculated
using the constitutive equation for the lower face layer.

The lower face layer is modeled exactly the same way as the upper face layer, i.e., using the
differential equation of a thin elastic plate on an elastic foundation, which is again reduced to the
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form equivalent to Eq. (3):

V\/ +P (¢)02V\/ +0, sm%ﬂrg =0 (18)

Bl(o. Y

The orientation of the material axes of the lower face layer with respect xgzbeordinate frame
is defined by the anglg which is used together with to calculate the beam bending stiffness-in
direction B} . The loading is formulated relative to the same global loading pardPhatein the
case of the upper face layer (see Eq. 4).

The stresses and strains in the core and the lower face layer are now defined depesmdgnt on
a‘f and a However, given, ¢ and a , i.e., given deflection geometry and load, will always
results in a certalmD , Which is nothing but a stress value in the interior of the foundation. Thus,
a can be calculated by minimising the strain energy of the foundation (i.e. core and lower face layer).

The calculation and minimization of the strain energy of the core and the lower face layer is a
basic but arduous procedure. Since the results are long and cumbersome equations, they will not be
given here. The minimisation of the strain energy Ieade'fo , Which is proportion&? to and
depends on the free parametend¢ as well as on the geometric, material and load input parameters.

Using this result, the strains in the corezidirection can be calculated and integrated over the
core thickness, which gives the deflection of the core. Together with the resulting deflection of the
lower face layemw' (calculated from Eq. 18), the total deflection of the foundation under a given
load az is derived (see Fig. 2):

Wu = J'CO E(Z:dZ‘l' V\) = H(a, ¢)Uzu: H(a! ¢)UZ Sm%nrg (19)

Inserting this result in Eq. (6™ is derived as an explicit function af and ¢ and of the
material, geometry and loading parameters of the core and the lower face.

2.3 Calculation of the critical load level

Inserting the result fok™" into Eq. (3), and solving the resulting equation for a non-trivial
equilibrium @" # 0) leads to a quadratic equation for the load I&/els a function of and ¢.
Thus, for each combination of wavelengtland wave anglg two load levelsP; , are calculated,
the lower being decisive.

The reason for the two results fris, that the load levd? enters the model in the upper and in
the lower face layer equation via Eq. (3) dd¥, respectively. Regarding very thick sandwiches,
where the upper and the lower face layer are uncoupled, it is obvious that there have to be two
possible load level® with the same wavelength and wave angle, one corresponding to the
buckling of each face layer. These two solutions have different deformation patterns in the sense
that the amplitude of the deformatiari(z) varies differently throughout the core thickness while
and ¢ are identical.

It is an important aspect of this solution, that the resulting load levels are independent of the
choice which of the two face layers is taken as the upper face layer. Regarding the derivation it
becomes clear that, although the face layer on a foundation approach is used, both face layers are
modeled the same way using equivalent boundary conditions. Therefore the solution is symmetric in
the sense that the solution is independent of whether a face layer is the upper or the lower face.

In order to calculate the critical load leRi™, P(a, ¢) has to be minimised with respecta@nd
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¢. This minimisation has to be done numerically, and two different methods have been employed.
In the rather simple case of isotropic symmetric sandwiches it is sufficient to use a local search
algorithm. In this case, only two local minima Bfa, ¢) exist and they are both easily found by
calculating estimates for the starting points and using a sequential quadratic programming algorithm.
However, in the case of orthotropic sandwiches with different loading and material parameters for
the two face layers, the situation is more complex. Fig. 3 shows the vakRiasof function oh
and ¢. There are several local minima Bfa, ¢) in vicinity of each other. Although some effort
was put into the calculation of appropriate starting values for different local search algorithms, it
was not possible to calculate all different local minima by this method, and thus the global
minimum was not always found using this approach. An example of these results is displayed in
Fig. 4 which shows the critical load level depending on the core thickness of the sandwich. The
dashed line represents the result for the local search algorithm and the saw teeth show that the local
algorithm is sometimes not able to find the global minimum.
Consequently, a stochastic global optimisation code based on Badramle(1982) is employed.
This routine calculates the value Bfa, ¢) at a number of different stochastic valuesadand ¢
and starts a local search algorithm from the lowest valu&sfofind so far. This global and local
search is repeated until no new local minimum is found. Moreover a clustering algorithm prevents
the code from evaluating the same minimum too often. Using a logarithmic scalda®rn Fig.
3), the use of this algorithm to find all local minima and thus the global minimuR(apf¢)
proved to be robust and reliable. The computational effort is kept to about 1000 evaluai¢ms of
¢) to find all minima, and the computing time needed is relatively low. Besides, the different local
minima found by this code can all be related to buckling patterns such as symmetrical wrinkling,
antimetrical wrinkling and shear buckling in different directions (see Fig. 4).
It is interesting to note that the resultR{a—c<c) corresponds to the shear buckling load which is
derived by a simple and common modsee e.g., Zenkert 1995). This coincidence can not be

Fig. 3 Load leveP as a function of and ¢
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Critical Load as Function of Core Thickness
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Fig. 4 Global and local optimisation

explained mechanically. Since this approach has been set up to investigate the local phenomenon of
wrinkling under the assumption that the wavelersils much smaller than the overall dimensions

of the sandwich, a result for an infinite wavelengths not within the scope of this approach.
However, from the mathematical point of view it can be stated that the strain energy due to bending
of the faces and the core vanishes compared to the strain energy due to shear deformation of the
core asa approaches infinity. Since the shear buckling load is independent from the wavealength
and the buckling shape, the case>co represents the case of pure shear buckling of the core. This
shear buckling load is regarded as a conservative estimate for a local failure load <sindeads

to a higher critical load. It is obvious that forgéobal failure mode the interaction with Euler
buckling has to be regarded, but this is not within the scope of this contribution.

3. Verification

Due to the formulation of all loading parameters relative to the load Revile resultingP*™
represents the factor of safety for a given configuration and nominal load. In the following figures,
the loading is chosen to be a unit-load so Ri#tequals the critical section force.

This new approach has been compared to the other analytical approaches mentioned in the
introduction, and the agreement was found to be very good. However, these comparisons are limited
to simple sandwich configurations due to the suppositions of the other analytical approaches.

A basic and conclusive new result is shown in Fig. 5 which displays the critical load level
leading to wrinkling under pure bending load as a function of the core thickness. In this case of
pure bending of a sandwich beam it has usually been assumed up to now that the face layer
which is under tension remains perfectly flat. This case is shown as the result of Stiftinger and
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Fig. 5 Critical load level under pure bending

Rammerstorfer (1997) in the figuré @enotes the face layer thickness). In contrast to this
assumption, the new model allows for deformations of the face layer which is under tension. As
long as the core thickness is rather high, the results coincide. However, as the core thickness gets
smaller, the interaction between the two face layers grows and the face layer which is under
tension starts to deform during wrinkling. Therefore, the critical load level is lower than
calculated by Stiftinger. Moreover, it is common practice to use a thinner face layer for the
tensile face because local stability problems are only expected at the compressed face. As shown
by the dashed line in Fig 5, this has also as an influence on the critical load level, due to face
layer interaction in the case of rather thin cores.

Another basic problem that has not been solved up to now by analytical approaches is the
transition between bending and compression of sandwich beams. In the paper of Stiftinger and
Rammerstorfer (1997), FE calculations were compared to their analytical approach and the
agreement was not satisfying. Fig. 6 shows their results as well as the new result. The model
Stiftinger used calculates a foundation stiffness for pure compression and a foundation stiffness
for pure bending (with a flat face as mentioned above). The results in the transition regime
between bending and compression are then calculated by interpolating the foundation stiffness
between the bending and the compression value (Stamm and Witte 1974). However, the FE
results as well as the new results indicate that, in the considered example, there is a mode change
between the failure under bending load, which is wrinkling, and the failure under compressive
load, which is shear buckling. Therefore, the interpolation between these two results is not permissible.

Regarding the failure mode of shear buckling it is known (see Zenkert 1995) that this mode
interacts with Euler buckling of the global structure. Using the appropriate interaction formula, the
Euler buckling influence can be eliminated from the Stiftinger FE results and these modified FE
results correspond to the shear buckling load which is the local failure load. The agreement between
the new model and the FE results in Fig. 6 is shown to be very good. The discrepancy between the
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foam core (E=28 MPa, v=0.166, c=10mm), alu face (E=70000 MPa, v=0.3, t=0.5 mm)
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FE results and the new model for the ca$p’=0 is due to the fact that the FE model calculated
the critical mode as Euler buckling with shear influence. Therefore, the corresponding modified FE
result is on the extension of the shear buckling curve of the new model. However, the local failure
mode has already switched to wrinkling.

In cases similar to Fig. 6 where no mode change takes place, it is also observed that the new
model fits FE calculations far better than the Stiftinger model. Thus, the interpolation method
proposed by Stamm and Witte should not be applied.

So far, the verification has been confined to simple sandwich beam configurations where other
analytical approaches exist. It is the aim of this work to present a wrinkling calculation which is
capable of much more complex sandwich plate configurations and loading conditions. In order to
verify the new model for these cases, it was chosen to use a periodic FE unit cell approach. This
approach proved to be complex but sensible (Monach and Rammerstorfer 2001), and by using
several verification configurations it can be concluded, that the agreement between the FE model
and the new model is also good in the case of differently oriented orthotropic face layers and
general loading conditions. An example of the results obtained is shown in Fig. 7. This agreement
deteriorates as the stiffness of the core increases relative to the stiffness of the face layers. However,
such configurations are very unlikely to fail due to wrinkling since the wrinkling load exceeds the
material strength for common sandwich materials such as aluminum, GFRP, CFRP and steel under

these circumstances.

4. Conclusions

A new and most general model for the calculation of the wrinkling load of sandwiches has been
set up. The model is based on the assumption of a single sinus wave pattern, which simplifies the
3D problem to the problem of a 2D section, thus being efficient in the analytical derivation.

The variety of wrinkling patterns in general orthotropic sandwich configurations enforces the use
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Fig. 7 Results of general verification, ianuenceI:'qcf

of a stochastic global optimisation code. The computing time needed for these calculations is not very
high, and it seems sensible to include this model in FE shell elements on integration point level.

The new model agrees very well with other analytical approaches. In the case of wrinkling under
bending loads or combinations of bending and compression it is shown that the new model provides
much better and more conclusive results than other approaches. In the case of general orthotropic
sandwich plates under general loading conditions the model has been verified using FE unit cell
calculations. The results proved to be in good agreement.

This new model is capable of calculating wrinkling loads for sandwich configurations and loading
situations which, regarding the global behaviour, can be modeled using common FE sandwich shell
elements. It can therefore be implemented into FE sandwich shell elements or into post processing
routines leading to a reliable and automated wrinkling calculation for FE users.
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Notation

: wavelength of the deformation pattern [mm]
. plate bending stiffness per unit width [Nmm]
. core thickness [mm]
: core membrane stiffness per unit thickness (plane strain) [fi/mm
- elastic modulus [N/m#Ap
: Airy’s stress function [N]
: shear modulus [N/mfh
in : foundation stiffness [N/mth
: global load level [N/mm]
: compressive membrane section force per unit width [N/mm]
: deflection in z - Direction [mm]
cstrain [ ]
: wave angle of deformation pattern [ ]
& ¢ . dimensionless load factors [ ]
. poisson number [ ]
- stress [N/mrj

=

Q<DPOMEPgUROTMOUO W

Superscripts

c . core
I . lower face layer
u : upper layer
crit : critical value

* : amplitude value
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Subscripts
X,¥,z,,s : coordinate directions (Fig. 1)





