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Abstract. This paper presents the experimental and theoretical results of the viscoplastic response and
collapse of 316L stainless steel tubes subjected to cyclic bending. The tube bending machine and curvature-
ovalization measurement apparatus, which was designed by Pan et al. (1998), were used for conducting the
cyclic curvature-controlled experiment. Three different curvature-rates were controlled to highlight the
characteristic of viscoplastic response and collapse. Next, the endochronic theory and the principle of virtual
work were used to simulate the viscoplastic response of 316L stainless steel tubes under cyclic bending. In
addition, a proposed theoretical formulation (Lee and Pan 2001) was used to simulate the relationship
between the controlled cyclic curvature and the number of cycles to produce buckling under cyclic bending at
different curvature-rates (viscoplastic collapse). It has been shown that the theoretical simulations of the
response and collapse correlate well with the experimental data. 

Key words: viscoplastic response; viscoplastic collapse; 316 L stainless steel tubes; cyclic bending;
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1. Introduction

The circular tube components, which are used in several industrial applications such as offshore

pipelines, platforms in offshore deep water, tubular components in nuclear reactors, etc., are often
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subjected to cyclic bending. It is well known that the ovalization of the tube cross-section is observed

when a circular tube is subjected to bending. If the bending moment increases, the ovalization also

increases. If a circular tube is subjected to cyclic bending, the ovalization increases with the number of

cycles. Increase in ovalization causes a progressive reduction in the bending rigidity, which can result in

buckling of the tube components. Therefore, the study of the response and collapse of circular tubes

under bending is of importance in many industrial applications.

Since 1980, several metal tubes under monotonic or cyclic bending with or without external pressure

have been investigated by several researchers, such as: the response and collapse of 6061-T6 aluminum

alloy tubes under combined monotonic bending and external pressure tested by Kyriakides and Shaw

(1982); the response of 6061-T6 aluminum alloy and 1018 steel tubes under cyclic bending tested by

Shaw and Kyriakides (1985); the collapse of 6061-T6 aluminum alloy and 1018 steel tubes under

cyclic bending tested by Kyriakides and Shaw (1987); the response and stability of 304 stainless steel

tubes subjected to combined monotonic bending and external pressure studied by Corona and

Kyriakides (1988); the response and buckling of 6061-T6 aluminum alloy and 1020 steel tubes under

cyclic bending and external pressure discussed by Corona and Kyriakides (1991). 

Subsequently, Pan et al. also investigated the response and collapse of circular tubes subjected to

monotonic or cyclic bending. Pan et al. (1998) designed a new measurement apparatus, which can be

placed at the mid-span of the circular tube specimen and is suitable for simultaneous experimental

determinations of the tube curvature and ovalization of the tube cross-section. The 304 stainless steel

tubes were cyclically bent in their study. Thereafter, Pan and Fan (1998) investigated the effect of prior

curvature-rate in the preloading stage on the subsequent creep or relaxation behavior. The tubes used by

them were the same as that used by Pan et al. (1998). Pan and Her (1998) investigated the response and

stability of 304 stainless steel tubes subjected to cyclic bending with different curvature-rates. Hsu et al.

(2000) investigated the elastoplastic response and stability of titanium alloy tubes subjected to cyclic

bending and Lee and Pan (2001) investigated the viscoplastic response and stability of titanium alloy

tubes subjected to cyclic bending. Lee et al. (2001) discussed the influence of the diameter-to-thickness

ratio to the response and stability of 304 stainless steel tubes subjected to symmetrical cyclic bending.

Pan and Lee (2002) studied the effect of the mean curvature on the response and collapse of 304

stainless steel tubes under cyclic bending. Lee and Pan (2002) studied the response and collapse of 304

stainless steel tubes under monotonic pure bending creep. Lee et al. (2004) experimentally and

theoretically investigated the effect between diameter-to-thickness ratio and curvature-rate on the

stability of 304 stainless steel tubes under cyclic bending. 

So far, it has been found that a lot of metal tubes such as 6061-T6 aluminum alloy tubes, 1018 steel

tubes, 1020 steel tubes, 304 stainless steel tubes and titanium alloy tubes have been experimentally and

theoretically studied in the loading case of cyclic bending. However, a very important metal tube “316L

stainless steel tubes” is lack of investigation. Previous experimental investigation has demonstrated that

316L stainless steel exhibits the viscoplastic behavior (Ikegami and Ni-Itsu 1983). Therefore, once the

tube, which is fabricated by 316L stainless steel, is manipulated under cyclic bending at different

loading-rate, the response and collapse of 316L stainless steel tubes for each loading-rate is expected to

be generated differently. Based on this point of view, the following experimental and theoretical studies

on the response and collapse of 316L stainless steel tubes subjected to cyclic bending at different

curvature-rates are discussed in this paper.

For experimental aspect, a four-point bending machine (Pan et al. 1998, Pan and Her 1998) and a

curvature-ovalization measurement apparatus, designed by Pan et al. (1998), were used to conduct the

curvature-symmetric cyclic bending test on 316L stainless steel tubes. Based on the capacity of the
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bending machine, three curvature-rates, 0.0035, 0.035 and 0.35 m-1s-1, were used to demonstrate their

effect on viscoplastic response and collapse of the material. By using the load cell mounted on the

bending machine, the magnitude of moment can be measured. By using the side-inclinometers and the

magnetic detector, the amounts of tube curvature and ovalization of the tube cross-section can be

measured, respectively. In addition, the number of cycles to produce buckling were also recorded.

For theoretical aspect, the first-order ordinary differential constitutive equations of the endochronic

theory, which was derived by Pan and Chern (1997), and the principle of virtual work were used to

simulate the response of 316L stainless steel tubes under cyclic bending at different controlled

curvature-rates. The response contains the relationship among bending moment, tube curvature and

ovalization of the tube cross-section. Finally, the theoretical formulation, which was proposed by Lee

and Pan (2001), was used to simulate the relationship between the controlled cyclic curvature and the

number of cycles to produce buckling at different curvature-rates. Theoretical simulations of the

viscoplastic response and collapse were compared with the experimental data. Good agreement

between the experimental and theoretical results has been achieved.

2. Experiments

The cyclic bending experiments on 316L stainless steel tubes were conducted in a test facility,

designed by Pan and his co-workers, consisting of a pure bending device and a curvature-ovalization

measurement apparatus (COMA). The bending device was used for conducting the cyclic bending tests

and the COMA was used for measuring the variation of tube curvature and the ovalization of the tube

cross-section.

2.1 Bending device

A picture of the bending device is shown in Fig. 1. It is designed as a four-point bending machine,

capable of applying bending and reverse bending. The device consists of two rotating sprockets resting

on two support beams. Heavy chains run around the sprockets and are connected to two hydraulic

cylinders and load cells forming a closed loop. Each tube is tested and fitted with solid rod extension.

The contact between tube and the rollers is free to move along axial direction during bending. The load

transfer to the test specimen is in the form of a couple formed by concentrated loads from two of the

rollers. Once either the top or bottom cylinder is contracted, the sprockets are rotated, and pure bending

of the test specimen is achieved. Reverse bending can be achieved by reversing the direction of flow in

the hydraulic circuit. Detail description of the bending device can be found in reference of Pan et al.

(1998).

2.2 Curvature-ovalization measurement apparatus (COMA)

The curvature-ovalization measurement apparatus (COMA), which was designed by Pan et al.

(1998), is an instrument, which can be used to measure the tube curvature and ovalization of the tube

cross-section. Fig. 2 shows a picture of the COMA. It is a lightweight instrument, which can be

mounted close to the tube mid-span. There are three inclinometers in the COMA. Two of them are fixed

on two holders, which are denoted as side-inclinometers. The holders are fixed on the circular tube

before the test begins. Based on the fixed distance between the two side-inclinometers and the angle
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changes detected by the two side-inclinometers, the tube curvature can be obtained by simple

calculation (Pan et al. 1998). In addition, by using the magnetic detector to measure the change of the

outside diameter (middle part of the COMA), the ovalization of tube cross-section can be determined.

Detailed description of the COMA can be found in the work by Pan et al. (1998).

2.3 Material

The material used in this study is hot-rolled 316L stainless steel tube with the chemical composition

of C 0.016, Si 0.43, Mn 1.66, P 0.029, S 0.006, Cr 17.51, Ni 12.88, Mo 2.54, N 0.045 and the remainder

Fe. The yield stress is 281 MPa, the ultimate tensile stress is 583 MPa and the percent elongation is

62 %. The tested specimens had a nominal outside diameter D of 36.0 mm and a wall thickness t of

0.6 mm. The D/t ratio of the tube is 60. 

2.4 Experimental procedure

In this study, the cyclic bending test was conducted by using the bending machine described in

Fig. 1 A picture of the bending device

Fig. 2 A picture of the COMA
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Section 2.1. The test was a curvature-controlled cyclic bending test with the curvature amplitudes

varying from ± 0.15 to ± 0.45 m-1 and three different controlled curvature-rates of 0.0035, 0.035 and

0.35 m-1s-1. The magnitudes of the curvature and curvature-rate were controlled and measured by the

COMA, which also measured the ovalization of tube cross-section. The bending moment can be

calculated from the signals detected by the two load cells, mounted on the bending device. In addition,

the number of cycles to produce buckling was also being recorded.

3. Problem formulation

In this section, we formulate the problem of viscoplastic response for 316L stainless steel tubes

subjected to cyclic bending. The kinematics of the tube cross section, the constitutive model for

viscoplastic response and the principle of virtual work are discussed separately as follows:

3.1 Kinematics

A circular tube under cyclic bending is considered in this study. Fig. 3 shows the problem geometry,

in which Rm is the mean radius, and t is the wall thickness. Based on axial, circumferential, and radial

coordinates x, θ and r, the displacement of a point of the tube’s mid-surface are denoted as u, v and w,

Fig. 3 Problem geometry of circular tube under pure bending
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respectively. The plane sections are assumed here to be perpendicular to the tube mid-surface before

and during deformation. In addition, the strains are assumed to remain small. The axial strain of the

deformation is expressed as (Shaw and Kyriakides 1985, Kyriakides and Shaw 1987):

 (1)

and 

 (2)

where  is the axial strain of the cylinder’s axis, h is distance between a point and horizontal plane

passed through the center of the cross-section, κ is the tube curvature and Z is the distance between a

point and mean surface. The circumferential strain is

(3)

where

(4)

and

. (5)

(‘) denotes the differentiation with respect to θ. 

3.2 Endochronic constitutive equations

The endochronic theory is adopted for simulating the viscoplastic response of circular tubes under

cyclic bending. Owing to the highly nonproportional path of the stress history, the incremental form of

endochronic theory should be considered in formulating the problem. According to the condition of

small deformation for homogeneous and isotropic materials, the increment of deviatoric stress tensor

d  of endochronic theory is given as (Valanis 1980)
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and

 (7)
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where  denotes the deviatoric strain tensor, µ0 is the elastic shear modulus. The intrinsic time

measure  is

(9)

in which ||.|| represents the Euclidean norm and k is the rate-sensitivity function. The function k for

describing the viscoplastic behavior of material under multiaxial loading is expressed as (Pan and

Chern 1997):

 (10)

where ks is a rate-sensitivity parameter,  is the reference equivalent deviatoric plastic strain-rate,

and  is the relative equivalent deviatoric plastic strain-rate. The material function (or hardening

function) f (ζ) is

 (11)

in which C and β are material parameters. If the plastic incompressibility is satisfied, the elastic

hydrostatic response can be written as

 

 (12)

where  and  are the trace of stress and strain tensors, respectively, and K is the elastic bulk

modulus. According to the mathematical characteristic of the kernel function ρ (z), Eq. (6) is expressed

as (Pan and Chern 1997)
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(16)

3.3. Principle of virtual work

The principle of virtual work, which satisfied the equilibrium requirement, is given by 

(17)

where V is the volume of the material of the tube section considered, and δW is the virtual work of the

external loads. For the case of a circular tube subjected to cyclic bending, the quantity of δW is

expressed for the incremental loading to be 

(18)

where  and (
.

) denotes the increment of ( ). The in-plane displacement v and w are

assumed to be symmetrical and are approximated by the following expression (Shaw and Kyriakides

1985, Kyriakides and Shaw 1987):

 (19) 
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also discussed. Theoretical formulation, which was proposed by Lee and Pan (2001), was used to

simulate the relationship between the controlled cyclic curvature and the number of cycles to produce

buckling at different curvature-rates. 

4.1. Viscoplastic response of 316L stainless steel tubes under cyclic bending

Figs. 4(a), 5(a) and 6(a) present typical experimental results of cyclic moment (M) - curvature (κ)

curve for 316L stainless steel tube under the curvature-rates of 0.0035, 0.035 and 0.35 m−1s−1,

respectively. The magnitude of the cyclic curvature range from + 0.2 m−1 to - 0.2 m−1. It is observed

from the moment-curvature curve for each controlled curvature-rate that the 316L stainless steel tube is

cyclically harden and gradually steady after a few cycles for symmetric curvature-controlled cyclic

bending. It can be seen that the M – κ curves of Figs. 4(a), 5(a) and 6(a) are very similar (the magnitudes

of the maximum moment at the curvature of + 0.2 m-1 are 172, 174 and 176 N-m, respectively) This

indicates that the curvature-rate does not have too much influence on the M – κ curve. Figs. 4(b), 5(b)

and 6(b) show the corresponding simulated results obtained by the theoretical formulation described in

Section 3. Figs. 7(a), 8(a) and 9(a) depict the corresponding experimental ovalization of tube cross-

section as a function of the applied curvature for Figs. 4(a), 5(a) and 6(a), respectively. The ovalization

is defined as ∆D/D where D is the outer diameter and ∆D is the change in outer diameter. It can be

noted that for each controlled curvature-rate the ovalization of tube cross-section increases in a

ratcheting manner with the number of cycles. As the cyclic process continues, the ovalization keeps

accumulating. If one compares the (∆D/D)-κ curves for different controlled curvature-rates, the higher

degree of the ovalization can be noticed under higher curvature-rates. This indicates that the curvature-

rate have a strong influence on the (∆D/D)-κ curve. Figs. 7(b), 8(b) and 9(b) show the corresponding

simulated results of (∆D/D)-κ curve. 

Fig. 4 Experimental and simulated moment (M) – curvature (κ) curves at the curvature-rate of 0.0035 m-1s-1
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4.2. Collapse of 316L stainless steel tubes under cyclic bending

Fig. 10 demonstrates the ovalization at buckling (∆D/D)b versus the magnitude of cyclic curvature

(κc) for all tested 316L stainless steel tubes. Although the magnitudes of κc are different and the

controlled curvature-rates are also different, the ovalizations at buckling are approximately the same

Fig. 5 Experimental and simulated moment (M) – curvature (κ) curves at the curvature-rate of 0.035 m-1s-1

Fig. 6 Experimental and simulated moment (M) – curvature (κ) curves at the curvature-rate of 0.35 m-1s-1
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((∆D/D)b ≒ 0.031). A similar test result was also reported by Kyriakides and Shaw (1987) for 606l-T6

aluminum and l018 steel tubes and Hsu et al. (2000) for titanium alloy tubes. But their cases were

considered the symmetric cyclic bending at a constant curvature-rate. Fig. 11 shows a picture of the

local buckling of the 316L stainless steel tubes under cyclic bending. The magnitude of cyclic curvature

(κc) versus the number of cycles to produce buckling (Nb) is shown in Fig. 12, wherein the magnitudes

Fig. 7 Experimental and simulated ovalization (∆D/D)–curvature (κ) curves at the curvature-rate of 0.0035 m-1s-1

Fig. 8 Experimental and simulated ovalization (∆D/D) – curvature (κ) curves at the curvature-rate of 0.035 m-1s-1
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of cyclic curvatures were varied from ± 0.10 to ± 0.45 m−1 and three different controlled curvature-rates

were 0.0035, 0.035 and 0.35 m−1s−1. The same result plotted on log-log scale is shown in Fig. 13. The

experimental data of κc versus Nb on log-log scale almost fall on three straight lines for three different

curvature-rates. The solid lines are determined by the least-square method.

Kyriakides and Shaw (1987) have proposed a formulation of the relationship between κc and Nb for

the material tested by them as

Fig. 9 Experimental and simulated ovalization (∆D/D) – curvature (κ) curves at the curvature-rate of 0.35 m-1s-1

Fig. 10 Ovalization at buckling (∆D/D)b versus the cyclic curvature (κc) for all tested 316L stainless steel tubes
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(20a,b)

where A and α are the material parameters, which are related to the material properties and the D/t ratio.

The material parameter A is the controlled cyclic curvature magnitude at Nb = 1, and α is the slope in

the log-log plot (Eq. (20b)). Based on the experimental data of circular tubes with D = 31.75 mm and

t = 0.889 mm (D/t = 35.7), reported by Kyriakides and Shaw (1987), the magnitudes of A and α were

calculated to be: A = 0.968 m−1 and α = 0.078 for 1018 steel and A = 0.988 m−1 and α = 0.078 or 0.12

for 6061-T6 aluminum. Based on the experimental data of titanium alloy tubes with D = 25.4 mm and

t = 0.7 mm (D/t = 36.3), reported by Hsu et al. (2001), the magnitudes of A and α were calculated to be:

kc A Nb( ) α–
   or    logκc logA αlogNb–==

Fig. 11 A picture of the local buckling of the 316L stainless steel tubes subjected to cyclic bending

Fig. 12 Cyclic curvature (κc) versus the number of cycles to produce buckling (Nb) at three different curvature-rates
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A=0.314 m−1 and α = 0.191. 

As for the viscoplastic effect, Pan and Her (1998) proposed a formulation of the relationship among

κc, Nb and the controlled curvature-rate ( ) for 304 stainless steel tubes to be:

κc =  B (Nb)
−α

 (21)

where B is a function of the curvature-rate, and was expressed as

(22)

where Bo is the material parameter for lowest curvature-rate and  is the lowest curvature-rate,  is

the other relative curvature-rate and β is the material parameter. In 2001, Lee and Pan (2001)

investigated the viscoplastic effect on the titanium alloy tubes subjected to cyclic bending. A modified

formulation of Eq. (22) was proposed to be 

(23)

where n is the material parameter. For circular tubes of 304 stainless steel, the magnitude of n is equal

to 2 (which was used by Pan and Her 1998). In their investigation, the magnitudes of Bo, α, β and n for

titanium alloy tubes with D/t ratio of 36.3, were determined to be 1.5529 m−1, 0.191, 0.1049 and

0.9504, respectively. As for 316L stainless steel tubes with D = 36.0 mm and t = 0.6 mm (D/t = 60), the

material parameters Bo, α, β and n were calculated to be 0.496 m−1, 0.143, 0.084 and 1.552,

respectively. The dotted lines in Fig. 13 are the simulated result by using Eqs. (21) and (23). Good

agreement between the theoretical and experimental results has been achieved when compared with the

experimental result. 
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Fig. 13 Cyclic curvature (κc) versus the number of cycles to produce buckling (Nb) at three different curvature-rates
(log-log scales)
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5. Conclusions

The viscoplastic response and collapse of 316L stainless steel tubes subjected to cyclic bending are

investigated experimentally and theoretically in this study. A bending machine and a curvature-

ovalization measurement apparatus were used for conducting the symmetric curvature-controlled cyclic

bending tests. The endochronic theory and the principle of virtual wok were used for constructing the

theoretical formulation. Based on the experimental and theoretical results, the following important

conclusions can be drawn:

(1) It is found from the M–κ curves that the 316L stainless steel tube is cyclically hardened and

gradually steady after a few cycles under symmetric curvature-controlled cyclic bending.

However, the curvature-rate has a slight influence on the M –κ curve. It is observed from the

(∆D/D)-κ curves that the ovalization of the tube cross-section increases in a ratcheting manner

with the number of cycles. However, the curvature-rate has a strong influence on the (∆D/D)-κ

curve. 

(2) The endochronic theory and the principle of virtual work were used to investigate the response

of 316L stainless steel tubes subjected to cyclic bending at different curvature-rates. It can be

seen that the theoretical simulations correlate well with the experimental results.

(3) Under cyclic symmetric curvature-controlled bending, the 316L stainless steel tubes show

progressive increase in the ovalization of the tube cross-section. The tubes will buckle when

the ovalization accumulates to a critical value. The maximum ovalizations reached in all tested

316L stainless steel tubes at any different curvature-rate are approximately same.

(4) A formulation of the relationship among κc, Nb and , proposed by Lee and Pan (2001), was

used for constructing the same relationship for the 316L stainless steel tubes in this paper. The

material constants Bo, α, β and n for 316L stainless steel tubes with D = 36.0 mm and t = 0.6 mm

(D/t = 60) were calculated to be: 0.496 m-1, 0.143, 0.084 and 1.552. Theoretical and experi-

mental results are in good agreement.
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