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����� .RUGLQD DQG .OLQJVFK ����� .OLQJVFK DQG :LWWEHFNHU ����� /LH HW DO� ���� WR ������ &DOFXODWLRQ

PHWKRGV KDYH EHHQ GHYHORSHG WR SUHGLFW WKH ILUH UHVLVWDQFH RI VWUXFWXUHV DQG VWUXFWXUDO HOHPHQWV� :KHQ

ZHOO FDOLEUDWHG WR H[SHULPHQWDO UHVXOWV VXFK PHWKRGV SURYH WR EH D SUDFWLFDO DOWHUQDWLYH WR WHVWLQJ
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&DOFXODWLRQ PRGHOV EDVHG RQ WKH ILQLWH HOHPHQW PHWKRG DSSHDUHG RQ DQG DIWHU ����� ,Q WKHVH PRGHOV�

WKH PHFKDQLFDO EHKDYLRXU RI FRPSRVLWH FROXPQV XQGHU ILUH FRQGLWLRQ LV FDOFXODWHG XVLQJ DQ LQFUHPHQWDO

HODVWR�SODVWLF DQDO\VLV WDNLQJ LQWR DFFRXQW ERWK JHRPHWULFDO DQG PDWHULDO QRQ�OLQHDULWLHV �)UDQVVHQ �����

6FKOHLFK ������ 8VXDOO\� FROXPQV DUH GLVFUHWL]HG E\ PHDQV RI EDU HOHPHQWV ZLWK WZR QRGHV DQG WKUHH

GHJUHHV RI IUHHGRP DW HDFK QRGH� ,Q SODQH EHQGLQJ� %HUQRXOOL¶V DVVXPSWLRQ LV DGRSWHG IRU WKH WUDQVYHUVDO

FURVV�VHFWLRQ� (IIHFWV RI WRUVLRQ DUH QRW FRQVLGHUHG DQG HIIHFWV RI YHUWLFDO VKHDU RQ WKH GHIRUPDWLRQ

HQHUJ\ RI WKH HOHPHQW DUH QHJOHFWHG VR WKDW QRUPDO VWUHVVHV DUH RQO\ FRQVLGHUHG� 7KH HIIHFWV RI UHVLGXDO

DQG WKHUPDO VWUHVVHV DUH WUHDWHG H[SOLFLWO\� ,Q WKH SUHVHQFH RI DQ\ WHPSHUDWXUH GLVWULEXWLRQ� WKH

ORQJLWXGLQDO VWUDLQ LV JLYHQ E\ WKH VXP RI IRXU LQGHSHQGHQW WHUPV GXH WR WKH QRUPDO VWUHVV� WKHUPDO

HORQJDWLRQ� UHVLGXDO VWUHVV DQG FUHHS� UHVSHFWLYHO\�

$OWHUQDWLYHO\� WKH VWUXFWXUDO VWDELOLW\ RI FRPSRVLWH FROXPQV ZHUH FDOFXODWHG E\ D VLPSOLILHG PHWKRG

EDVHG RQ PRPHQW�FXUYDWXUH DQG D[LDO VWUHQJWK�ORQJLWXGLQDO VWUDLQ UHODWLRQVKLS LQ WKH FULWLFDO FURVV�

VHFWLRQ DQG FRPELQHG ZLWK WKH JOREDO HTXLOLEULXP HTXDWLRQ �4XDVW HW DO� ����� 2¶PHDJKHU HW DO� �����

/LH HW DO� ����� +DQ ����� ������ ,Q VXFK D PHWKRG� WKH XOWLPDWH VWDWH RI WKH FROXPQ DIWHU D JLYHQ

GXUDWLRQ RI ILUH FRUUHVSRQGV WR WKH FRQGLWLRQ ZKHUH WKH H[WHUQDO EHQGLQJ PRPHQW LQ WKH FULWLFDO FURVV�

VHFWLRQ H[FHHGV WKH UHVLVWDQW PRPHQW� 6XFFHVVLYH YDOXHV RI WKH UHVLVWDQW PRPHQW DUH FDOFXODWHG E\

LQFUHPHQWLQJ WKH ORQJLWXGLQDO VWUDLQ DQG WKH FXUYDWXUH �UHODWHG WR FROXPQ GHIOHFWLRQ� DQG GHGXFLQJ WKH

QRUPDO VWUHVVHV IURP WKH VWUHVV�VWUDLQ UHODWLRQVKLSV RI WKH PDWHULDOV� %HUQRXOOL¶V DVVXPSWLRQ LV DGRSWHG

IRU WKH FRPSRVLWH FURVV�VHFWLRQ� 7KLV IRUPXODWLRQ WDNHV LQWR DFFRXQW H[SOLFLWO\ WKH HIIHFWV RI GLIIHUHQWLDO

WKHUPDO VWUDLQV� JHRPHWULFDO LPSHUIHFWLRQV DQG PDWHULDOV QRQ�OLQHDULWLHV RQ WKH ORDG EHDULQJ FDSDFLW\ RI

FROXPQV� $V LQ WKH PHWKRGV GHVFULEHG LQ �/LH HW DO� ����� +DQ ����� ������ LW PD\ EH LQWURGXFHG DQ

HIIHFWLYH EXFNOLQJ OHQJWK IRU FROXPQV ZLWK HQG UHVWUDLQW ZKLFK FRQVLVWV LQ PRGHOOLQJ WKHP DV KLQJHG DW

WKH SRLQWV RI FRQWUD�IOH[XUH RI WKH PHPEHU�

,W VKRXOG EH QRWHG WKDW (XURFRGH � 3DUW ��� SURYLGHV D VLPSOLILHG FDOFXODWLRQ PRGHO LQ $QQH[ *

DSSOLFDEOH WR D[LDOO\ ORDGHG FLUFXODU RU UHFWDQJXODU KROORZ VHFWLRQV �&(1 ������ )RU D JLYHQ ILHOG RI

WHPSHUDWXUH� WKH XOWLPDWH EXFNOLQJ ORDG LV GHWHUPLQHG E\ PHDQV RI D SURFHGXUH VLPLODU WR WKH RQH

GHYHORSHG E\ *XLDX[ DQG -DQVV IRU FRPSRVLWH KROORZ VHFWLRQV DW RUGLQDU\ WHPSHUDWXUH� H[FHSW WKDW WKH

PHWKRG LV DGDSWHG E\ XVLQJ WHPSHUDWXUH�GHSHQGDQW JHQHUDOL]HG VWUHVV�VWUDLQ UHODWLRQVKLSV IRU WKH VWHHO

VHFWLRQ� UHLQIRUFHPHQW DQG FRQFUHWH� 7KLV GHWHUPLQDWLRQ LV EDVHG RQ WKH IROORZLQJ SULQFLSOH� WKH D[LDO

EXFNOLQJ ORDG DW LQFUHDVLQJ WHPSHUDWXUH FRUUHVSRQGV WR WKH (XOHU FULWLFDO ORDG DFFRUGLQJ WR (QJHVVHU¶V

FRQFHSW RI WDQJHQW PRGXOXV DSSOLHG WR WKH YDULRXV PDWHULDOV DW GLIIHUHQW WHPSHUDWXUHV �VWHHO RI KROORZ

VHFWLRQ� ILOOHG FRQFUHWH DQG UHLQIRUFLQJ VWHHO�� 6R DQ HIIHFWLYH YDOXH RI IOH[XUDO VWLIIQHVV IRU WKH

FRPSRVLWH FROXPQ FDQ EH GHULYHG IURP WKH VWUHVV�VWUDLQ UHODWLRQVKLSV� DVVXPLQJ DQ HTXDO HORQJDWLRQ IRU

DOO PDWHULDOV DQG QHJOHFWLQJ DQ\ HIIHFW RI VHOI�HTXLOLEUDWHG VWUHVVHV GXH WR GLIIHUHQWLDO WKHUPDO

HORQJDWLRQV �*ULPDXOW ������

,Q IDFW� DOO WKH DERYH PHQWLRQHG FDOFXODWLRQ PHWKRGV WR SUHGLFW WKH ILUH UHVLVWDQFH RI FRQFUHWH ILOOHG

KROORZ VHFWLRQ FROXPQV DVVXPH WKH IXOO LQWHUDFWLRQ EHWZHHQ WKH KROORZ VWHHO VHFWLRQ DQG WKH FRQFUHWH

FRUH� +RZHYHU� LQ VLWXDWLRQ RI ILUH� WKLV DVVXPSWLRQ SURYHV WR EH LQDFFXUDWH �.RUGLQD DQG .OLQJVFK �����

6WULQJHU DQG /LH ������ $V VKRZQ E\ PHDVXUHPHQW� WKH WKHUPDO HORQJDWLRQ LQ WKH UDGLDO GLUHFWLRQ RI WKH

KROORZ VHFWLRQ FUHDWHV� GXULQJ WKH ILUH H[SRVXUH� D JDS EHWZHHQ WKLV VHFWLRQ DQG WKH FRQFUHWH FRUH ZKLFK

VXJJHVWV D ORVV RI ERQG OHDGLQJ WR VOLS DW WKH LQWHUIDFH EHWZHHQ WKH FRQFUHWH FRUH DQG WKH VWHHO KROORZ VHFWLRQ�

7KH SUHVHQW SDSHU LV GHYRWHG WR SUHVHQW D QRYHO ILQLWH HOHPHQW PRGHO VSHFLILFDOO\ HVWDEOLVKHG E\ WKH

DXWKRUV IRU VLPXODWLQJ WKH PHFKDQLFDO EHKDYLRXU DQG UHVLVWDQFH RI ERWK VWHHO�FRQFUHWH FRPSRVLWH

PHPEHUV DQG IUDPHV H[SRVHG WR ILUH� ,Q SDUWLFXODU� WKLV PRGHO LV DEOH WR VLPXODWH PRUH RU OHVV WKH

LQWHUDFWLRQ EHWZHHQ WKH KROORZ VWHHO VHFWLRQ DQG WKH FRQFUHWH FRUH UHVXOWLQJ LQ VOLS DW WKH VWHHO�FRQFUHWH



$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

LQWHUIDFH� 7KLV LV DFKLHYHG E\ FKRRVLQJ WKH VOLS DV DQ DGGLWLRQDO QRGDO GHJUHH RI IUHHGRP� ,Q DGGLWLRQ WR

GLIIHUHQW VWUXFWXUDO FRQILJXUDWLRQV RI FROXPQV �LVRODWHG RU DV D SDUW RI D IUDPH� ERWK JHRPHWULFDO DQG

PDWHULDO QRQ OLQHDULWLHV DV ZHOO DV WHPSHUDWXUH GLVWULEXWLRQ WKURXJK WKH FURVV�VHFWLRQV DQG RYHU WKH

OHQJWK RI WKH FROXPQV FDQ EH WDNHQ LQWR DFFRXQW�

$IWHU D SUHVHQWDWLRQ RI WKH PDLQ FKDUDFWHULVWLFV RI WKH PRGHO� D FRPSDULVRQ LV SHUIRUPHG EHWZHHQ

)UHQFK� *HUPDQ DQG &DQDGLDQ ILUH WHVW UHVXOWV DQG FRUUHVSRQGLQJ FDOFXODWLRQ UHVXOWV�

�� 3UHVHQWDWLRQ RI WKH QXPHULFDO PRGHO

7KH PRGHO SUHVHQWHG LQ WKLV SDSHU LV DQ DGYDQFHG FDOFXODWLRQ PRGHO GHYHORSHG DW &7,&0 �=KDR DQG

$ULEHUW ����� ������ ,Q IDFW� WKLV PRGHO EDVHG RQ WKH ILQLWH HOHPHQW PHWKRG LV DSSOLFDEOH QRW RQO\ WR

VWHHO�FRQFUHWH FRPSRVLWH FROXPQV EXW DOVR WR FRPSOH[ SODQDU FRPSRVLWH IUDPHV VXEMHFW WR DQ\ ILUH

FRQGLWLRQV�

���� %DVLF DQDO\WLFDO IRUPXODWLRQ RI D EHDP�FROXPQ HOHPHQW LQ HTXLOLEULXP XQGHU ILUH FRQGLWLRQV

,Q D QRQ�OLQHDU DQDO\VLV� WKH HTXLOLEULXP RI DQ\ IUDPH VKRXOG EH H[SUHVVHG LQ WKH XGDSWHG

FRQILJXUDWLRQ ZKLFK JHQHUDOO\ UHTXLUHV HPSOR\LQJ DQ LQFUHPHQWDO IRUPXODWLRQ DQG LQWURGXFLQJ D WLPH

YDULDEOH W� LQ RUGHU WR GHVFULEH WKH ORDGLQJ DQG WKH PRWLRQ RI WKH IUDPH� WKH UHVROXWLRQ EHLQJ QHFHVVDULO\

RI LWHUDWLYH W\SH WR WDNH LQWR DFFRXQW WKH YDULRXV QRQ�OLQHDULWLHV �JHRPHWULFDO DQG PDWHULDO�� 7KH

IRUPXODWLRQ XVHG LQ WKH PRGHO DQG WKH DVVHPEO\ RI ILQLWH HOHPHQWV DUH EDVHG RQ WKH SULQFLSOH RI YLUWXDO

ZRUN H[SUHVVHG LQ DQ 8SGDWHG /DJUDQJLDQ 'HVFULSWLRQ� WKH\ UHIHU WR WKH FRQILJXUDWLRQ RI WKH VWUXFWXUH DW

WLPH W WR VROYH HTXLOLEULXP SUREOHP DW WLPH �W � ∆W�� ,Q DGGLWLRQ� LW LV MXGLFLRXV WR DGRSW DQ DSSUR[LPDWH

GHVFULSWLRQ IRU WKH ORFDO FRRUGLQDWHV V\VWHP� FDOOHG ³FRURWDWLRQDO´� ZKLFK LV FRPPRQO\ XVHG LQ VZD\

IUDPHV �)LJ� ���

,Q WKH PRGHO� D ZKROH FRPSRVLWH FROXPQ LV EXLOW XS E\ PHDQV RI VHYHUDO EHDP�FROXPQ HOHPHQWV WLHG

ZLWK FRQQHFWLRQ HOHPHQWV� 7KH DSSOLFDWLRQ RI WKH SULQFLSOH RI YLUWXDO ZRUN IRU D EHDP�FROXPQ HOHPHQW

RI KRPRJHQHRXV PDWHULDO� ZRUNLQJ LQ SODQH EHQGLQJ RQO\ LV H[SODLQHG EHORZ� (IIHFWV RI WRUVLRQ DUH QRW

)LJ� � 3ULQFLSOH RI XSGDWHG ³FRURWDWLRQDO´ /DJUDQJLDQ GHVFULSWLRQ
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FRQVLGHUHG DQG HIIHFWV RI YHUWLFDO VKHDU RQ WKH GHIRUPDWLRQ HQHUJ\ RI WKH HOHPHQW KDYH EHHQ QHJOHFWHG�

VR WKDW WKH LQWHUQDO EHKDYLRXU RI WKH HOHPHQW LV GHVFULEHG E\ ORQJLWXGLQDO VWUDLQV DQG �QRUPDO� VWUHVVHV DW

WKH FURVV�VHFWLRQV�

8VLQJ WKH ³FRURWDWLRQDO´ 8SGDWHG /DJUDQJLDQ IRUPXODWLRQ �%DWKH ������ DQG DVVXPLQJ WKDW WKH VWUDLQ

UHPDLQV VPDOO �ZKLFK DOORZV WKH DVVXPSWLRQ� W�∆W9  W9  9 IRU WKH YROXPH RI WKH HOHPHQW� DQG W�∆W6  W6

 6 IRU LWV H[WHUQDO VXUIDFH�� WKH HTXLOLEULXP RI DQ\ EHDP�FROXPQ HOHPHQW PD\ EH H[SUHVVHG E\ WKH

SULQFLSOH RI YLUWXDO ZRUN DV IROORZV�

���

+HUH FRUUHVSRQGV WR �QG 3LROD�.LUFKRII VWUHVV WHQVRU DW WLPH �W � ∆W� ZLWK UHIHUHQFH WR LWV

FRQILJXUDWLRQ DW WLPH W� FRUUHVSRQGV WR WKH LQFUHPHQW RI *UHHQ /DJUDQJH VWUDLQ WHQVRU DW WLPH

�W � ∆W�� ZLWK UHIHUHQFH WR LWV FRQILJXUDWLRQ DW WLPH W� HW DUH WKH FRPSRQHQWV RI WKH

H[WHUQDOO\ DSSOLHG ERG\ DQG VXUIDFH IRUFH YHFWRUV DW WLPH �W � ∆W�� ZLWK UHIHUHQFH WR LWV FRQILJXUDWLRQ DW
WLPH W� XL LV WKH LQFUHPHQW RI WKH YLUWXDO GLVSODFHPHQW YHFWRU EHWZHHQ WLPH W DQG WLPH �W � ∆W� DQG δ
FRUUHVSRQGV WR D YLUWXDO YDULDWLRQ�

7KH QRUPDO VWUHVV DQG WKH FRUUHVSRQGLQJ VWUDLQ FDQ EH GHFRPSRVHG DV IROORZV�

DQG ���

ZLWK

DQG

ZKHUH DQG ∆6[ FRUUHVSRQG WR &DXFK\ VWUHVV WHQVRU DW WLPH W DQG WKH LQFUHPHQW EHWZHHQ

DQG UHVSHFWLYHO\� DQG FRUUHVSRQG WR WKH OLQHDU DQG WKH QRQ�OLQHDU FRQWULEXWLRQ WR *UHHQ

/DJUDQJH VWUDLQ WHQVRU UHVSHFWLYHO\� WKH DERYH DSSUR[LPDWLRQ IRU WKH ODWWHU EHLQJ NQRZQ DV 9RQ

.DUPDQ K\SRWKHVLV�

/LQHDULVLQJ �IURP D JHRPHWULFDO SRLQW RI YLHZ� WKH HTXLOLEULXP HTXDWLRQ OHDGV WR WKH IROORZLQJ

UHODWLRQ�

���

$QRWKHU VLPSOLILFDWLRQ PD\ EH LQWURGXFHG� ZKLFK FRQVLVWV LQ QHJOHFWLQJ VHFRQG RUGHU WHUPV WR

OLQHDULVH WKH LQFUHPHQWDO EHKDYLRXU DV IDOORZV�

���

ZKHUH LV WKH VWUDLQ UHODWHG WR WKH VWUHVV LQFUHPHQW DQG W( LV WKH WDQJHQWLDO PRGXOXV RI WKH VWUDLQ�

VWUHVV UHODWLRQ GHILQHG DV D IXQFWLRQ RI WKH VWUHVV DQG WHPSHUDWXUH�

,Q DGGLWLRQ� LW VKRXOG EH QRWHG WKDW WKH WRWDO VWUDLQ LV JLYHQ� LQ WKH SUHVHQFH RI D WHPSHUDWXUH

GLVWULEXWLRQ LQ DQ\ FURVV�VHFWLRQ� E\ WKH VXP RI IRXU LQGHSHQGHQW WHUPV �)LJ� ��� QDPHO\�
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$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

���

ZKHUH � DQG DUH WKH VWUDLQ LQFUHPHQWV GXH WR WKHUPDO HORQJDWLRQ� UHVLGXDO VWUHVV DQG FUHHS�

UHVSHFWLYHO\� 2EYLRXVO\� WKH GLVWULEXWLRQ RI WH[ LQ HDFK SDUW �VWHHO RU FRQFUHWH� RI WKH FURVV�VHFWLRQ

PXVW UHVSHFW WKH %HUQRXOOL¶V SULQFLSOH �)LJ� ���

)LQDOO\� WKH DSSOLFDWLRQ RI WKH SULQFLSOH RI YLUWXDO ZRUN EDVHG RQ WKH LQFUHPHQWDO DSSURDFK OHDGV WR WKH

IROORZLQJ DSSUR[LPDWH HTXLOLEULXP HTXDWLRQ�

 

���

,Q JHQHUDO� WKH WKUHH VWUDLQ WHQVRU LQFUHPHQWV WH[
WK� WH[

U DQG WH[
FU FDQ EH UHJDUGHG DV NQRZQ TXDQWLWLHV�

7KLV LV ZK\ WKH\ KDYH EHHQ SODFHG LQ WKH ORDG YHFWRU �ULJKW VLGH RI WKH HTXDWLRQ��

7KH ULJKW SDUW RI (T� ��� UHSUHVHQWV DQ ³RXW RI EDODQFH´ EHWZHHQ WKH YLUWXDO ZRUN RI H[WHUQDO IRUFHV DW

WLPH �W � ∆W� DQG WKDW RI LQWHUQDO IRUFHV FRUUHVSRQGLQJ WR WLPH W� ,Q RUGHU WR UHGXFH WKLV ³RXW RI EDODQFH´�
DQ LWHUDWLRQ SURFHVV VKRXOG EH SHUIRUPHG� ZKLFK LV FKDUDFWHUL]HG E\ LQGH[ N DQG UHODWHG WR WKH LWHUDWLYH

LQFUHPHQW RI GLVSODFHPHQWV ∆XL
�N� JRYHUQHG E\ WKH IROORZLQJ HTXDWLRQ GHGXFHG IURP ����

 

���

6ROYLQJ RI (T� ��� VKRXOG EH UHSHDWHG �N  �� �� ������ XQWLO WKH GLIIHUHQFH EHWZHHQ WKH H[WHUQDO YLUWXDO

ZRUN DQG WKH LQWHUQDO YLUWXDO ZRUN LV QHJOLJLEOH ZLWKLQ D FHUWDLQ FRQYHUJHQFH PHDVXUH �WKH XVHU PXVW
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GHFLGH RQ WKH GHJUHH RI DFFXUDF\ UHTXLUHG��

,Q IDFW� WKH UHSHDWHG DSSOLFDWLRQ RI (T� ��� FRUUHVSRQGV WR D PRGLILHG 1HZWRQ 5DSKVRQ LWHUDWLRQ

SURFHVV� 7KH LWHUDWLRQ LV SHUIRUPHG ZLWKRXW XSGDWLQJ WKH YDOXHV RI WKH FRQVWLWXWLYH �PDWHULDO SURSHUW\�

WHQVRU� ZKLFK FRUUHVSRQGV WR DGRSWLQJ D FRQVWDQW WDQJHQW VWLIIQHVV IRU DOO LWHUDWLRQV� $IWHU WKH UHVROXWLRQ

RI HDFK LWHUDWLRQ� DQG EHIRUH VWDUWLQJ WKH QH[W LWHUDWLRQ� DOO VWDWLF DQG NLQHPDWLF YDULDEOHV VKRXOG EH

UHLQLWLDOLVHG DV IROORZV�

� ZLWK� � DQG ���

,W VKRXOG EH QRWHG WKDW VWUHVV�VWUDLQ UHODWLRQVKLSV IRU WKH PDWHULDOV DUH QRQ�OLQHDU DQG PRUHRYHU DUH

WHPSHUDWXUH GHSHQGDQW� 7KXV� IURP RQH WHPSHUDWXUH WR DQRWKHU� WKH EHKDYLRXU FXUYH LV GLIIHUHQW IRU WKH

VDPH PDWHULDO� 7KH SURFHGXUH DGRSWHG LQ WKH PRGHO LQ RUGHU WR SDVV IURP D EHKDYLRXU FXUYH WR DQRWKHU�

DW HDFK VWHS RI WLPH DQG WKXV RI WHPSHUDWXUH� LV VFKHPDWL]HG LQ )LJ� �� ,W FRQVLVWV LQ NHHSLQJ WKH YDOXH RI

WKH SHUPDQHQW VWUDLQ GDWD IURP D YLUWXDO XQORDGLQJ DW WLPH W �DOVR WKLV XQORDGLQJ PD\ EH VLPSOLILHG IRU

FRQFUHWH LQ WHQVLRQ��

:KLOH LQ SULQFLSOH� WKH PRGHO FDQ WDNH LQWR DFFRXQW DQ\ VWUHVV�VWUDLQ UHODWLRQVKLS� WKH PDWHULDO

SURSHUWLHV UHFRPPHQGHG LQ (XURFRGH � 3DUW ��� DUH JHQHUDOO\ DGRSWHG LQ WKH PRGHO� ,Q WKH ODWWHU

VWDQGDUG� FUHHS VWUDLQV RI VWHHO DQG FRQFUHWH DUH FRQVLGHUHG WR EH LPSOLFLWO\ LQFOXGHG LQ WKHLU VWUHVV�VWUDLQ

UHODWLRQVKLSV DW HOHYDWHG WHPSHUDWXUH� +RZHYHU ZKHQ XVLQJ RWKHU PDWHULDO SURSHUWLHV� LW LV SRVVLEOH WR

LQWURGXFH FUHHS VWUDLQV LQ WKH PRGHO LQ DQ H[SOLFLW ZD\� ,W VKRXOG EH QRWHG WKDW WKH SURFHGXUH LOOXVWUDWHG

LQ )LJ� ��D� IRU VWUXFWXUDO VWHHO LV DOVR FRQVLGHUHG WR EH DSSOLFDEOH WR WKH VKHDU IRUFH�VOLS FXUYH RI

FRQQHFWRUV DW HOHYDWHG WHPSHUDWXUH GHGXFHG IURP H[SHULPHQWDO SXVK�RXW WHVWV �=KDR DQG .UXSSD ������

$V DGGLWLRQDO VLPSOLILFDWLRQ� JHQHUDOO\ D XQLIRUP WHPSHUDWXUH LV DVVXPHG RYHU WKH HQWLUH FROXPQ OHQJWK�

UHGXFLQJ WKH WKHUPDO DQDO\VLV WR D WZR�GLPHQVLRQDO SUREOHP RI WUDQVLHQW KHDWLQJ WKURXJK WKH FURVV�VHFWLRQ

RQO\� ZKLFK FDQ EH VROYHG QXPHULFDOO\ XVLQJ HLWKHU D ILQLWH GLIIHUHQFH PHWKRG �*ULPDXOW ����� /LH DQG

&KDERW ����� HWF�� RU D VSHFLDOL]HG DSSURDFK VXFK DV 7$6() �:LFNVWU|P DQG 6WHUQHU ������

���� $VVRFLDWHG PDWUL[ IRUPXODWLRQ RI D KRPRJHQHRXV PDWHULDO �VWHHO RU FRQFUHWH� EHDP�

FROXPQ HOHPHQW

7KH ILQLWH HOHPHQW XVHG LQ WKH PRGHO WR UHSUHVHQW WKH VWHHO KROORZ VHFWLRQ DQG WKH FRQFUHWH FRUH LV D
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$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

EDU HOHPHQW RI KRPRJHQHRXV PDWHULDO ZLWK WZR QRGHV DQG WKUHH GHJUHHV RI IUHHGRP DW HDFK QRGH�

QDPHO\� X� Y DQG θ GHILQHG DV ORQJLWXGLQDO GLVSODFHPHQW DFFRUGLQJ WR WKH GLUHFWLRQ � WUDQVYHUVH

GLVSODFHPHQW DFFRUGLQJ WR WKH GLUHFWLRQ � DQG URWDWLRQ DFFRUGLQJ WR � UHVSHFWLYHO\� 7KH WUDQVYHUVH

GLVSODFHPHQW Y�[� RI DQ\ SRLQW DORQJ WKH EHDP�FROXPQ HOHPHQW LV REWDLQHG DVVXPLQJ D FXELF +HUPLWLDQ

VKDSH IXQFWLRQ� $VVXPLQJ DOVR D OLQHDU LQWHUSRODWLRQ LQ X�[� DQG WDNLQJ LQWR DFFRXQW %HUQRXOOL¶V

DVVXPSWLRQ� WKH LQFUHPHQW RI GLVSODFHPHQW ZLWKLQ DQ HOHPHQW LV JLYHQ E\�

ZLWK ���

ZKHUH DQG FRUUHVSRQG WR WKH QRGDO YDULDEOHV DW QRGH L DQG M ZLWK UHIHUHQFH WR

WKH ORFDO FRRUGLQDWH V\VWHP � � �� DQG >+@ FRUUHVSRQG WR WKH GLVSODFHPHQW LQWHUSRODWLRQ PDWUL[� DV D

IXQFWLRQ RI [� \ DQG / �/ EHLQJ WKH LQLWLDO OHQJWK RI HOHPHQW��

7KH FRPSRQHQWV RI VWUDLQ DUH REWDLQHG E\ WKH GHULYDWLRQ RI WKHVH GLVSODFHPHQWV� 7KH\ PD\ EH

H[SUHVVHG E\ IROORZLQJ UHODWLRQV�

DQG ����

ZKHUH WKH PDWULFHV > @ DQG > @ DUH WKH ³OLQHDU´ VWUDLQ PDWUL[ DQG WKH ³QRQ�OLQHDU´ VWUDLQ PDWUL[�

UHVSHFWLYHO\� GHILQHG E\�

����

ZKHUH [ LV WKH FRRUGLQDWH DORQJ WKH ORQJLWXGLQDO D[LV RI WKH HOHPHQW�

,W VKRXOG EH QRWHG DJDLQ WKDW WKH QRQ�OLQHDU VWUDLQ PDWUL[ LV RQO\ UHODWHG WR WKH FRQWULEXWLRQ RI

WUDQVYHUVH GLVSODFHPHQW Y DQG WKH LQIOXHQFH �∂X�∂[�� LV QHJOHFWHG RZLQJ WR WKH IDFW WKDW WKH D[LDO

GHIRUPDWLRQ UHPDLQV LQ JHQHUDO UHODWLYHO\ VPDOO�

,QWURGXFLQJ UHODWLRQV ��� WR ���� LQWR WKH LWHUDWLRQ HTXLOLEULXP (T� ���� WKH IROORZLQJPDWUL[ IRUPXODWLRQ FDQ

EH REWDLQHG�

����

ZKHUH�

� > @ DQG > @ DUH WDQJHQWLDO VWLIIQHVV PDWULFHV FRUUHVSRQGLQJ UHVSHFWLYHO\ WR WKH OLQHDU VWUDLQ SDUW

DQG WKH QRQ�OLQHDU VWUDLQ SDUW �LQ GLUHFW UHODWLRQ ZLWK WKH FKDQJH RI JHRPHWU\��

DQG ����

OHDGLQJ WR IROORZLQJ WRWDO VWLIIQHVV PDWUL[ RI WKH EHDP�FROXPQ HOHPHQW�
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����

ZKRVH GLPHQVLRQ LV �î��

� ^W � ∆W5H`LV WKH YHFWRU RI QRGDO H[WHUQDO IRUFHV DW WLPH �W � ∆W��

����

� LV D YHFWRU RI HTXLYDOHQW QRGDO IRUFHV UHVXOWLQJ IURP WKH ZRUN RI LQWHUQDO IRUFHV GXH WR

WKH FKDQJH RI FRQILJXUDWLRQ �LQFOXGLQJ WKH LQWHUQDO IRUFHV RI WKH GLVFUHWLVHG VKHDU FRQQHFWLRQ��

FRUUHVSRQGLQJ WR WLPH �W � ∆W� DQG LWHUDWLRQ �N−���

����

� LV DOVR D YHFWRU RI HTXLYDOHQW QRGDO IRUFHV GXH WR WKH VWUDLQ LQFUHDVHV UHVXOWLQJ IURP

WKHUPDO HORQJDWLRQ DQG FUHHS DQG GXH WR SRVVLEOH UHVLGXDO VWUHVVHV LQ WKH PDWHULDOV�

����

���� 0DWUL[ IRUPXODWLRQ RI D VWHHO�FRQFUHWH FRPSRVLWH EHDP�FROXPQ HOHPHQW

������9HFWRU RI QRGDO GLVSODFHPHQW �LQ D JHQHUDOLVHG JOREDO FRRUGLQDWH V\VWHP�

$Q\ FRPSRVLWH FROXPQ ZKRVH IOH[XUDO EHQGLQJ RFFXUV LQ D V\PPHWULFDO SODQH PD\ EH LGHDOLVHG DV DQ

DVVHPEODJH RI WKUHH VSHFLILF ILQLWH HOHPHQWV �)LJ� ��� QDPHO\�

� D ILUVW EHDP�FROXPQ HOHPHQW IRU D FHUWDLQ OHQJWK RI VWHHO KROORZ VHFWLRQ �VXSHUVFULSW �D�� ZLWK D QRGH

DW HDFK HQG DQG WKUHH GHJUHHV RI IUHHGRP �WZR WUDQVODWLRQV DQG RQH URWDWLRQ� DW HDFK QRGH�

� D VHFRQG EHDP�FROXPQ HOHPHQW IRU FRQFUHWH FRUH �VXSHUVFULSW �E�� FRUUHVSRQGLQJ WR WKH VDPH LQLWLDO

OHQJWK DV WKH VWHHO HOHPHQW DQG KDYLQJ DOVR WZR QRGHV�

� DQG D FRQQHFWLRQ HOHPHQW ZLWK WZR QRGHV DQG RQO\ RQH GHJUHH RI IUHHGRP SHU QRGH FRUUHVSRQGLQJ

WR WKH GLVFUHWLVDWLRQ RI WKH GLVWULEXWHG VKHDU FRQQHFWLRQ EHWZHHQ WKH VWHHO DQG FRQFUHWH EHDP�

FROXPQ HOHPHQWV�

%HUQRXOOL¶V DVVXPSWLRQ LV DGRSWHG IRU WKH FURVV�VHFWLRQ RI WKH DERYH�PHQWLRQHG EDU HOHPHQWV DQG DQ\

JDS SKHQRPHQRQ EHWZHHQ KROORZ VWHHO VHFWLRQ DQG FRQFUHWH FRUH LV QHJOHFWHG VR WKDW WKH XQNQRZQ

YDULDEOHV DW QRGH L XVHG WR VROYH WKH JOREDO HTXLOLEULXP SUREOHP FDQ EH UHGXFHG WR�

.
W

W H[ ] .
W

W H/[ ] .
W

W H1/[ ]+=

5
W ∆W+

H{ } +[ ]7 I
W ∆W+

9{ }G9 +[ ]7 I
W ∆W+

V{ }G6
V
H

∫+
Y
H

∫=

)
W W∆+ N �–( )
W W∆+ H{ }

)
W W∆+ N �–( )
W W∆+ H{ } %

W

W /[ ]
7

Y
H

∫ σW W∆+ N �–( )
[

G9=

∆W)H WK FU U, ,
N( ){ }

∆W)H WK FU U, ,
N( ){ } %

W

W /[ ]
7

(
W ∆WH[

WK N( ) ∆WH[
FU N( ) ∆WH[

U N( )+ +( ) 9G
Y
H

∫=

)LJ� � 6SHFLILF FRPSRVLWH EDU HOHPHQW



$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

����

ZKHUH�

� DUH WKH LQFUHPHQWV� EHWZHHQ W DQG �W � ∆W�� RI WKH XVXDO QRGDO YDULDEOHV UHIHUUHG WR

WKH JOREDO FRRUGLQDWH V\VWHP RI WKH FROXPQ DQG UHODWHG WR WKH WUDQVODWLRQDO GLVSODFHPHQW LQ

GLUHFWLRQ� WKH WUDQVODWLRQDO GLVSODFHPHQW LQ GLUHFWLRQ DQG WKH URWDWLRQ DURXQG D[LV� UHVSHFWLYHO\�

� ∆γL LV D QRGDO YDULDEOH ZKLFK FRUUHVSRQGV WR WKH LQFUHPHQW RI UHODWLYH GLVSODFHPHQW EHWZHHQ WKH VWHHO

DQG FRQFUHWH SDUWV� DW QRGH L LQ WKH WDQJHQWLDO GLUHFWLRQ WR WKH LQWHUIDFH LQ WKH FRQILJXUDWLRQ DW WLPH W�

,Q IDFW ∆γL LV D VOLS LQFUHPHQW DFFRUGLQJ WR D IDPLOLDU PHDQLQJ�

&RQVHTXHQWO\� WKH YDULDEOHV DUH UHIHUUHG WR LQ D JHQHUDOLVHG JOREDO FRRUGLQDWH V\VWHP QHHGLQJ D IXUWKHU

WUHDWPHQW WR HVWDEOLVK WKH LWHUDWLRQ HTXLOLEULXP PDWUL[ HTXDWLRQ RI WKH ZKROH FRPSRVLWH HOHPHQW� )LJ� �

OOXVWUDWHV WKH GLIIHUHQW FRRUGLQDWH V\VWHPV ZKLFK DUH XVHG LQ WKH PRGHO�

������ &RQQHFWLRQ ILQLWH HOHPHQW EHWZHHQ VWHHO DQG FRQFUHWH

7KH FRQQHFWLRQ HOHPHQW GHYHORSHG WR OLQN ERWK EHDP�FROXPQ HOHPHQWV SHUPLWV H[SUHVVLQJ IXOO�

SDUWLDO RU ]HUR VKHDU FRQQHFWLRQ �PHFKDQLFDO ERQG� DW WKH VWHHO�FRQFUHWH LQWHUIDFH� 7KH WKLFNQHVV RI WKLV

HOHPHQW LV WDNHQ HTXDO WR ]HUR� DQG LWV PDWHULDO PDWUL[ UHODWHV WKH ERQG VWUHVVHV DORQJ WKH VWHHO�FRQFUHWH

LQWHUIDFH WR WKH UHODWLYH GLVSODFHPHQWV EHWZHHQ FRQFUHWH DQG VWHHO� QDPHO\ WKH VOLS�

8VLQJ WKH DVVXPSWLRQ RI D OLQHDU VKDSH IXQFWLRQ� WKH LQFUHPHQW RI VOLS DW HDFK SRLQW RI WKH HOHPHQW LV

UHODWHG WR WKH LQFUHPHQWV RI QRGDO VOLS ∆γL DQG ∆γM DV IROORZV�

����

1�V� LV WKH GLVSODFHPHQW LQWHUSRODWLRQ PDWUL[ GHILQHG E\� >1�V�@ ZKHUH V FRUUHVSRQGV WR

WKH FXUYLOLQHDU FRRUGLQDWH DORQJ WKH FRQQHFWLRQ HOHPHQW DQG LV WKH XGDSWHG OHQJWK RI WKLV HOHPHQW

FRUUHVSRQGLQJ WR WKH FXUYDWXUH RI QHXWUDO ILEUH RI VWHHO EDU HOHPHQW� DVVHPEOHG ZLWK WKH FRQQHFWLRQ HOHPHQW�

7KHQ� WKH WDQJHQWLDO VWLIIQHVV PDWUL[ RI WKH FRQQHFWLRQ HOHPHQW� ZKRVH GLPHQVLRQ LV �î�� LV JLYHQ E\�
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����

ZKHUH FRHIILFLHQW NF�V� O� LV WKH WDQJHQWLDO PRGXOXV RI WKH ³VKHDU VWUHVV�VOLS³ FXUYH FKDUDFWHULVLQJ

PHFKDQLFDO ERQG DW WKH VWHHO�FRQFUHWH LQWHUIDFH IRU WHPSHUDWXUH θ �V� O� DW WLPH W � 3 LV WKH SHULPHWHU RI WKH

VWHHO�FRQFUHWH LQWHUIDFH DW WKH FURVV�VHFWLRQ FRQVLGHUHG DQG O LV WKH FXUYLOLQHDU FRRUGLQDWH DORQJ WKH SHULPHWHU�

7R HYDOXDWH WKH HOHPHQW VWLIIQHVV DQG WKH QRGDO HTXLYDOHQW IRUFHV UHVXOWLQJ IURP WKH VWUHVVHV LQ WKH

HOHPHQWV� LQWHJUDWLRQ RYHU WKH HOHPHQW YROXPH VKRXOG EH DSSOLHG� ,Q FDVH RI D KRPRJHQHRXV HODVWLF

EHKDYLRXU� WKLV FDQ EH SHUIRUPHG LQ DQ DQDO\WLFDO ZD\� +RZHYHU LW LV QR ORQJHU SRVVLEOH ZKHQ ILEUHV RI

WKH HOHPHQW KDYH DQ LQHODVWLF EHKDYLRXU� &RQVHTXHQWO\� D QXPHULFDO SURFHGXUH XVLQJ FHUWDLQ UHSUHVHQWDWLYH

LQWHJUDWLRQ SRLQWV DORQJ WKH HOHPHQW LV DGRSWHG� $W HDFK SRLQW� WKH FRUUHVSRQGLQJ HOHPHQW VHFWLRQ LV

GLVFUHWL]HG E\ PHDQV RI QXPHURXV VXE�VHFWLRQV WR UHSUHVHQW VXLWDEO\ WKH VHFWLRQ JHRPHWU\ DQG WR WDNH

LQWR DFFRXQW ERWK WKH YDULDWLRQ RI WHPSHUDWXUH DQG WKH QRQ�OLQHDU EHKDYLRXU RI ILEUHV� &RQFHUQLQJ WKH

FRQQHFWLRQ HOHPHQW� WKH QXPHULFDO LQWHJUDWLRQ RI WKH VWLIIQHVV PDWUL[ RYHU WKH VWHHO�FRQFUHWH LQWHUIDFH LV

EDVHG RQ D WZR SRLQW *DXVV TXDGUDWXUH IRUPXOD� GHVFULWL]LQJ WKH SHULPHWHU E\ PHDQV RI VHJPHQWV GO

�)LJ� ��� $ VLPLODU SURFHGXUH ZDV DGRSWHG IRU WKH EDU HOHPHQWV�

����� 7UDQVIRUPDWLRQ RI WKH HOHPHQW VWLIIQHVV PDWUL[ LQWR WKH JHQHUDOLVHG JOREDO V\VWHP

D� 6WHHO DQG FRQFUHWH EHDP�FROXPQ HOHPHQW

)RU WKH XVXDO �' EDU HOHPHQWV� WKH YHFWRU RI QRGDO GLVSODFHPHQWV FRQWDLQV VL[ YDULDEOHV� 7KH VWLIIQHVV

PDWUL[ RI HDFK HOHPHQW FDQ EH HVWDEOLVKHG HDVLO\ LQ WKH RUGLQDU\ JOREDO FRRUGLQDWH V\VWHP ;� <� =� %XW

FRQFHUQLQJ WKH VSHFLILF FRPSRVLWH EDU HOHPHQW GHYHORSHG LQ WKH PRGHO� KHLJKW YDULDEOHV DUH QHFHVVDU\�

7KHVH YDULDEOHV� QRW GHILQHG LQ WKH VDPH FRRUGLQDWH V\VWHP� QHHG WR EH WUDQVIRUPHG VR WKDW WKH VWLIIQHVV

PDWUL[ RI WKH WZR EDU HOHPHQWV FRQVWLWXWLQJ WKH VWHHO�FRQFUHWH FRPSRVLWH HOHPHQW FDQ EH H[SUHVVHG LQ

WKH JHQHUDOLVHG JOREDO FRRUGLQDWH V\VWHP�

&RQVLGHULQJ WKH WDQJHQWLDO VWLIIQHVV PDWUL[ RI WKH FRQFUHWH HOHPHQW� > @ �DV GHILQHG LQ (T� ������

GHWHUPLQHG DW WLPH W DQG UHIHUUHG WR WKH FRQILJXUDWLRQ DOVR DW WLPH W FKDUDFWHUL]HG E\ WKH ORFDO FRRUGLQDWH

V\VWHP � �� LW LV HDV\ WR H[SUHVV WKH VWLIIQHVV PDWUL[ LQ WKH JOREDO FRRUGLQDWH V\VWHP E\ WKH IROORZLQJ

WUDQVIRUPDWLRQ�

����

ZKHUH >7E@ LV WKH URWDWLRQ PDWUL[� ZLWK GLPHQVLRQ �î�� DOORZLQJ D WUDQVIRUPDWLRQ IURP WKH ORFDO
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$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

V\VWHP WR WKH JOREDO RQH � ��

7R WUDQVIHU WR WKH JHQHUDOLVHG JOREDO V\VWHP� WKH QRGDO YDULDEOHV PD\ EH UHSODFHG E\ WKH YDULDEOHV

PHQWLRQHG LQ (T� ���� IRU QRGH L DQG WKH VLPLODU RQHV IRU QRGH M� $W QRGH L� D FHUWDLQ NLQHPDWLF

FRPSDWLELOLW\ EHWZHHQ DOO YDULDEOHV VKRXOG EH VDWLVILHG ZKHQ WKH FRPSRVLWH HOHPHQW PRYHV IURP WKH

FRQILJXUDWLRQ DW WLPH W WR WKH FRQILJXUDWLRQ DW WLPH �W � ∆W�� /HW Wθ L EH WKH WRWDO URWDWLRQ RI QRGH L DW WLPH W�

DQG �αL WKH LQLWLDO DQJOH EHWZHHQ WKH QRGDO D[LV XVHG WR GHILQH WKH VOLS YDULDEOH DQG WKH JOREDO D[LV� 7KH

IROORZLQJ UHODWLRQVKLS RI NLQHPDWLF FRPSDWLELOLW\ IRU WKH FRQFUHWH HOHPHQW DW QRGH L FDQ EH HVWDEOLVKHG�

����

ZKHUH�

����

7KHQ WKH VWLIIQHVV PDWUL[ > @ RI WKH FRQFUHWH HOHPHQW LQ WKH JHQHUDOL]HG JOREDO FRRUGLQDWH V\VWHP

FDQ EH GHULYHG IURP IROORZLQJ UHODWLRQ�

����

ZKHUH LV VLPLODU WR ����� EXW IRU QRGH M�

,W VKRXOG EH QRWHG WKDW WKH HOHPHQWDU\ VWLIIQHVV PDWUL[ KDV D GLPHQVLRQ RI �î�� ZKHUHDV WKH

WUDQVIRUPHG PDWUL[ KDV QRZ D GLPHQVLRQ RI �î��
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�� &� 5HQDXG� -� 0� $ULEHUW DQG %� =KDR

7KH VWLIIQHVV PDWUL[ > @ RI WKH VWHHO HOHPHQW FDQ EH FRQVWUXFWHG DFFRUGLQJ WR D VLPLODU SURFHGXUH DV

DERYH ZKLOH QRWLQJ WKDW WKH PDWULFHV DQG � DOORZLQJ D WUDQVIRUPDWLRQ WR WKH JHQHUDOLVHG JOREDO

V\VWHP� DUH YHU\ VLPSOH�

����

E� &RQQHFWLRQ HOHPHQW

$V IRU WKH FRQQHFWLRQ HOHPHQW IRU QRGH L DQG M� LWV WDQJHQWLDO VWLIIQHVV PDWUL[ PD\ EH HDVLO\ GHWHUPLQHG LQ

WKH JHQHUDOL]HG JOREDO V\VWHP GXH WR WKH FKRLFH RI WKH HQG VOLSV DV QRGDO YDULDEOH� ,W FDQ EH REWDLQHG E\�

ZKHUH� ����

DQG > @ KDV EHHQ GHILQHG LQ UHODWLRQVKLS �����

$W WKH SUHVHQW VWDJH� WKH WDQJHQWLDO VWLIIQHVV PDWUL[ RI WKH FRQQHFWHG FRPSRVLWH HOHPHQW� > @� FDQ EH

GHGXFHG XVLQJ D GLUHFW DOJRULWKP RI VXPPDWLRQ RI WKH HOHPHQWDU\ PDWULFHV > @� > @� DQG > @�

���� 7UDQVIRUPDWLRQ RI WKH ORDG YHFWRU LQWR WKH JHQHUDOLVHG JOREDO V\VWHP

,Q FRQVLVWHQFH ZLWK WKH W\SH RI FRPSRVLWH ILQLWH HOHPHQW GHYHORSHG KHUH� WKH ORDGLQJ YHFWRU 5L DW QRGH

L QHHGV WR PDNH D GLVWLQFWLRQ EHWZHHQ WZR VXE�YHFWRUV 5DL DQG 5EL DPRQJ WKH H[WHUQDO IRUFHV DQG WKH

PRPHQW DSSOLHG WR WKH QRGH VLQFH WKH VWHHO DQG FRQFUHWH SDUWV KDYH GLIIHUHQW GLVSODFHPHQWV�

'HILQLQJ WKH VWHHO SDUW DQG WKH FRQFUHWH SDUW RI ORDGLQJ DW QRGH L LQ WKH RUGLQDU\ JOREDO V\VWHP DV�

DQG ����

ZKHUH )� 3 DQG 0 FRUUHVSRQG WR WKH FRPSRQHQWV RI WZR IRUFHV DQG RQH PRPHQW� UHVSHFWLYHO\�

0XOWLSO\LQJ RQ WKH OHIW ^ ` DQG ^ ` E\ WKH FRUUHVSRQGLQJ WUDQVSRVHG WUDQVIRUPDWLRQ PDWULFHV�

QDPHO\ PDWULFHV > @7 DQG > @7� ZH REWDLQ LQ WKH JHQHUDOLVHG JOREDO V\VWHP WKH WZR QHZ IROORZLQJ

ORDGLQJ YHFWRUV�

����
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$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

7KHQ UHJURXSLQJ WKH DERYH WZR ORDGLQJ VXE�YHFWRUV OHDGV WR WKH IROORZLQJ ILQDO ORDGLQJ YHFWRU DW

QRGH L LQ WKH JHQHUDOLVHG JOREDO V\VWHP�

����

$V DQ LQWHUSUHWDWLRQ� WKH VXE�YHFWRU > � @7 FRUUHVSRQGV

WR WKH H[WHUQDO ORDGV DFFXPXODWHG IRU WKH PDWHULDOV ³D´ DQG ³E´ DQG DVVRFLDWHG RQO\ ZLWK WKH LQFUHDVHV LQ

QRGDO GLVSODFHPHQWV ∆XL� ∆YL� ∆θL� 7KLV VXE�YHFWRU LV FRPSOHWHG DW WKH WKLUG DQG WKH IRXUWK OLQHV RI (T�

���� E\ FRQWULEXWLRQV FRPLQJ IURP WKH H[WHUQDO ORDGV UHODWHG WR PDWHULDO E WKURXJK WKH HIIHFW RI WKH

QRGDO YDULDEOH �WKDW LV VOLS� ∆γL�

���� 6ROYLQJ RI WKH JOREDO HTXLOLEULXP HTXDWLRQ

$IWHU DVVHPEOLQJ WKH YDULRXV FRPSRVLWH EDU HOHPHQWV DQG WDNLQJ LQWR DFFRXQW WKH ERXQGDU\

FRQGLWLRQV� WKH JOREDO HTXLOLEULXP PDWUL[ HTXDWLRQ RI WKH VWUXFWXUH FDQ EH H[SUHVVHG LQ WKH IROORZLQJ

LQFUHPHQWDO IRUP�

����

DQG LV DVVRFLDWHG ZLWK D 1HZWRQ 5DSKVRQ LWHUDWLRQ SURFHVV IRU UHVROXWLRQ� ,W LV FOHDU WKDW (T� ����

KDV WKH VDPH DSSHDUDQFH DV WKH HOHPHQWDU\ (T� ����� EXW QRZ ZLWK WKH IROORZLQJ V\PEROV�

� > @ LV WKH WDQJHQWLDO VWLIIQHVV JOREDO PDWUL[ RI WKH VWUXFWXUH�

� ^∆'�N�` LV WKH LQFUHPHQWDO YHFWRU RI WKH JHQHUDOLVHG QRGDO GLVSODFHPHQWV DW LWHUDWLRQ �N��

� ^ ` LV WKH YHFWRU RI WKH QRGDO H[WHUQDO IRUFHV DW WLPH �W � ∆W��

� ^ ` LV D YHFWRU RI HTXLYDOHQW QRGDO IRUFHV UHVXOWLQJ IURP WKH ZRUN RI LQWHUQDO IRUFHV GXH WR

WKH FKDQJH RI FRQILJXUDWLRQ �LQFOXGLQJ WKH LQWHUQDO IRUFHV RI WKH GLVFUHWLVHG FRQQHFWLRQ��

FRUUHVSRQGLQJ WR WLPH �W � ∆W� DQG LWHUDWLRQ �N−���

� ^ ` LV DOVR D YHFWRU RI HTXLYDOHQW QRGDO IRUFHV GXH WR WKH VWUDLQ LQFUHDVHV EHWZHHQ W DQG

�W � ∆W� UHVXOWLQJ IURP WKHUPDO HORQJDWLRQ �VXEVFULSW WK�� FUHHS �VXEVFULSW FU� DQG SRVVLEOH UHVLGXDO

VWUHVVHV �VXEVFULSW U� LQ WKH PDWHULDOV�

2QFH HTXDWLRQ ���� LV VROYHG� WKH GLVSODFHPHQWV VKRXOG EH XGDSWHG DV IROORZV�

����

$GRSWLQJ ^W � ∆W
'

���`  ^W
'` LQ UHODWLRQVKLS ����� WKH LWHUDWLRQ SURFHVV LV SHUIRUPHG IRU N  �� �� �����
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0RUH GHWDLOHG GHYHORSPHQWV RQ WKH DERYH WRSLF FDQ EH IRXQG LQ UHIHUHQFHV �=KDR DQG $ULEHUW �����

����� 5HQDXG� $ULEHUW� =KDR� DQG *ULPDXOW ����� 5HQDXG� $ULEHUW� DQG =KDR ������

�� &RPSDUDLVRQ RI WKH PRGHO ZLWK ILUH WHVWV

7KLUW\�WKUHH ILUH WHVWV DUH FRQVLGHUHG KHUH ZKLFK ZHUH FDUULHG RXW LQ )UDQFH �)LUH VWDWLRQ RI &7,&0 LQ

³0DL]LqUHV�/HV�0HW]´�� LQ *HUPDQ\ �8QLYHUVLW\ RI %UDXQVFKZHLJ� VXSSRUWHG E\ &,'(&7 UHVHDUFK

SURMHFWV �&LGHFW ����� DQG LQ &DQDGD �,QVWLWXWH IRU 5HVHDUFK LQ &RQVWUXFWLRQ� 1DWLRQDO 5HVHDUFK

&RXQFLO RI &DQDGD��

7DEOH � 6WUXFWXUDO SURSHUWLHV DQG IDLOXUH WLPHV RI WHVWHG FROXPQV

7HVW
3URILOH
W\SH

5HEDUV
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�PP�

(QG
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7HVW ORDGLQJ 0DWHULDO SURSHUWLHV�1�PP�� 0HDVXUHG
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$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

���� 7HVW FRQGLWLRQV

7KH PDLQ VWUXFWXUDO SURSHUWLHV RI HYHU\ FROXPQ DQG LWV H[SHULPHQWDO IDLOXUH WLPH DUH VXPPDULVHG LQ 7DEOH ��

,Q D VWDQGDUG ILUH WHVW� WKH FROXPQ� ORFDWHG DW WKH FHQWUH RI D IXUQDFH� LV VXEMHFWHG WR D FRQVWDQW D[LDO

ORDG XS WR WKH IDLOXUH� ZKLOH EHLQJ H[SRVHG WR KHDWLQJ FRQWUROOHG LQ VXFK D ZD\ WKDW WKH DYHUDJH

WHPSHUDWXUH LQ WKH IXUQDFH IROORZV� DV FORVHO\ DV SRVVLEOH� WKH ³VWDQGDUG WLPH�WHPSHUDWXUH FXUYH´ �,62

FXUYH�� 6RPH RI WKH FROXPQV WHVWHG KDG ERWK HQGV KLQJHG �URFNHU EHDULQJV�� ZKLOH RWKHUV KDG D KLQJH DW

RQH HQG DQG DQ HQG SODWH DW WKH RWKHU HQG� 0RVW RI WKH FROXPQV ZHUH WHVWHG XQGHU DQ HFFHQWULF ORDG�

'XULQJ DOO WKH WHVWV� WKH IXUQDFH WHPSHUDWXUH ZDV FRQWLQXRXVO\ UHFRUGHG� 7KHUPRFRXSOHV ZHUH

LQVWDOOHG RQ WKH KROORZ VHFWLRQ DQG WKH UHLQIRUFLQJ EDUV DV ZHOO DV LQ WKH FRQFUHWH FRUH� ,Q IDFW� WKUHH

FURVV�VHFWLRQV ZHUH HTXLSSHG DORQJ WKH FROXPQ OHQJWK LQ RUGHU WR PHDVXUH WKH WHPSHUDWXUH ILHOG� 7KH

D[LDO GLVSODFHPHQW DW WKH WRS RI WKH FROXPQ DQG WKH WUDQVYHUVH FROXPQ GHIOHFWLRQ DW PLG�KHLJKW �RQO\ IRU

*HUPDQ WHVWV� ZHUH V\VWHPDWLFDOO\ UHFRUGHG GXULQJ WKH WHVWV� ([FHSW IRU PRVW RI &DQDGLDQ WHVWV� VSHFLPHQV

IURP WKH VWHHO VHFWLRQV� UHLQIRUFLQJ EDUV DQG FRQFUHWH ZHUH XVHG WR REWDLQ WKH DFWXDO PHFKDQLFDO SURSHUWLHV

�\LHOG DQG XOWLPDWH WHQVLOH VWUHQJWKV RI VWHHO DQG FRPSUHVVLYH VWUHQJWK RI FRQFUHWH��

���� $VVXPSWLRQV IRU QXPHULFDO VLPXODWLRQV

,Q DGGLWLRQ WR WKH ORDGLQJ� ERXQGDU\ DQG KHDWLQJ FRQGLWLRQV GHVFULEHG LQ WKH SUHYLRXV SDUDJUDSK� WKH

PRGHO QHHGV WR DGRSW RWKHU SK\VLFDO DVVXPSWLRQV WR FRPSHQVDWH LQHYLWDEOH XQFHUWDLQWLHV LQ ILUH WHVWV� DV

IROORZV�

� 7KH WKHUPDO DQG PHFKDQLFDO PDWHULDOV SURSHUWLHV DV D IXQFWLRQ RI WHPSHUDWXUH ZHUH WDNHQ WR EH LQ

DFFRUGDQFH ZLWK (&� 3DUW ��� ������� ,W PD\ EH XQGHUOLQHG WKDW WKH FUHHS VWUDLQV RI VWHHO DQG

FRQFUHWH DUH LPSOLFLWO\ LQFOXGHG LQ WKH VWUHVV�VWUDLQ UHODWLRQVKLSV DW HOHYDWHG WHPSHUDWXUH�

� 2YHU WKH KHLJKW RI WKH FROXPQ D XQLIRUP WHPSHUDWXUH KDV EHHQ DVVXPHG IRU WKH *HUPDQ WHVWV� :LWK

UHJDUG WR WKH )UHQFK WHVWV� D WHPSHUDWXUH JUDGLHQW DW WKH WRS RI WKH FROXPQV KDV EHHQ WDNHQ LQWR

DFFRXQW RYHU DERXW WKLUW\ FHQWLPHWUHV� 7KLV WHPSHUDWXUH JUDGLHQW ZDV GXH WR WKH IDFW WKDW WKH WRS RI

WKH FROXPQ� EHLQJ RXWVLGH WKH IXUQDFH GXULQJ WKH WHVW� ZDV QRW KHDWHG GLUHFWO\ E\ ILUH EXW E\

FRQGXFWLRQ�

� $OO WKH FROXPQV ZHUH WHVWHG ZLWKRXW PHDVXULQJ WKHLU RXW�RI�VWUDLJKWQHVV� $Q RXW�RI�VWUDLJKWQHVV RI

/���� ZDV KRZHYHU XVHG LQ WKH QXPHULFDO VLPXODWLRQV �WROHUDQFH JLYHQ E\ WKH PDQXIDFWXUHU�� ,W ZDV

FRQVLGHUHG WR EH DOZD\V RQ WKH VLGH OHDGLQJ WR D FXPXODWLYH HIIHFW ZLWK WKH ORDGLQJ HFFHQWULFLW\�

� ,Q HDFK FROXPQ� WKH HIIHFW RI VOLS EHWZHHQ WKH FRQFUHWH FRUH DQG WKH VWHHO ZDOO ZDV DVVXPHG WR RFFXU

ZLWKRXW VLJQLILFDQW ERQG EHWZHHQ VWHHO DQG FRQFUHWH�

���� 3UHVHQWDWLRQ RI WZR VLPXODWLRQV

7R LOOXVWUDWH WKH HIIHFWV RI HQG UHVWUDLQW FRQGLWLRQV RI FROXPQV DQG RI VOLS DW WKH VWHHO�FRQFUHWH

LQWHUIDFH� WKH EHKDYLRXU RI WHVW QXPEHU � DQG WHVW QXPEHU �� �VHH 7DEOH �� DUH VLPXODWHG ZLWK RU ZLWKRXW

VOLS DQG ZLWK WZR GLIIHUHQW HQG FRQGLWLRQV �QDPHO\ KLQJHG DW ERWK HQGV RU IL[HG DW RQH HQG DQG KLQJHG DW

WKH RWKHU HQG��

)RU WHVW QXPEHU �� WKH WHPSHUDWXUH PHDVXUHPHQWV REWDLQHG DW VHYHUDO SRLQWV RI WKH VHFWLRQ KDV

DOORZHG LQWURGXFLQJ D WHPSHUDWXUH ILHOG RI VXIILFLHQW DFFXUDF\ GLUHFWO\ LQWR WKH QXPHULFDO VLPXODWLRQ�

)RU WHVW QXPEHU ��� WHPSHUDWXUH GLVWULEXWLRQV KDYH EHHQ FRPSXWHG XVLQJ D QXPHULFDO PRGHO EDVHG RQ

WKH ILQLWH GLIIHUHQFH PHWKRG �ZKLFK ZDV SURYHG WR VLPXODWH WKH WKHUPDO EHKDYLRXU RI FRPSRVLWH
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FROXPQV DSSURSULDWHO\ DQG WR SURYLGH D JRRG HVWLPDWLRQ RI WKH WHPSHUDWXUH ILHOG �*ULPDXOW ������ ,Q

WKLV PRGHO� QRQ�OLQHDULWLHV GXH WR WKH WHPSHUDWXUH GHSHQGHQFH RI PDWHULDOV SURSHUWLHV DQG ERXQGDULHV

FRQGLWLRQV DUH WDNHQ LQWR DFFRXQW� ,W LV DVVXPHG WKDW FRQGXFWLRQ LV WKH PDLQ KHDW WUDQVIHU PHFKDQLVP LQ

WKH KROORZ VWHHO VHFWLRQ DQG FRQFUHWH FRUH� &RQYHFWLRQ DQG UDGLDWLRQ DFW HVVHQWLDOO\ IRU KHDW WUDQVIHUV

IURP ILUH WR WKH KROORZ VWHHO VHFWLRQ� 7KH LQIOXHQFH RI PRLVWXUH �DVVXPHG XQLIRUPO\ GLVWULEXWHG LQ WKH

FRQFUHWH� LV WUHDWHG LQ D VLPSOLILHG ZD\� WKH WUDQVLHQW WHPSHUDWXUHV LQ WKH FRQFUHWH FURVV�VHFWLRQ DUH

FDOFXODWHG DVVXPLQJ WKDW DOO PRLVWXUH HYDSRUDWHV� ZLWKRXW DQ\ WUDQVIHU� DW WKH WHPSHUDWXUH ����& �RU DW

DQRWKHU WHPSHUDWXUH ZLWKLQ D QDUURZ UDQJH ZLWK WKH KHDW RI HYDSRUDWLRQ JLYLQJ D FRUUHVSRQGLQJ FKDQJH

LQ WKH HQWKDOS\�WHPSHUDWXUH FXUYH�� 6R� GXULQJ WKH SHULRG RI HYDSRUDWLRQ� DOO WKH KHDW VXSSOLHG WR DQ

HOHPHQW LV XVHG IRU WKH PRLVWXUH HYDSRUDWLRQ XQWLO WKH HOHPHQW LV GU\�

)RU WHVW QXPEHU ��� WKH FDOFXODWHG WHPSHUDWXUHV DUH FRPSDUHG WR WKH PHDVXUHG RQHV DW WKH KROORZ

VWHHO VHFWLRQ DQG DW YDULRXV SRLQWV RI WKH FRQFUHWH FRUH �LQFOXGLQJ UHLQIRUFHPHQW� LQ )LJ� ��

,Q WKH KROORZ VWHHO VHFWLRQ WKH FDOFXODWHG WHPSHUDWXUHV DUH LQ JRRG DJUHHPHQW ZLWK WKH PHDVXUHG RQHV�

7KH WHPSHUDWXUHV LQ WKH ORQJLWXGLQDO UHLQIRUFHPHQW DUH VLPXODWHG VDWLVIDFWRULO\ EHWZHHQ � DQG ����&�

+RZHYHU� PHDVXUHG WHPSHUDWXUHV ULVH PRUH UDSLGO\ WKDQ FDOFXODWHG WHPSHUDWXUHV GXULQJ WKLV SHULRG�

EHFDXVH RI LPSRUWDQW YDSRXU GLIIXVLRQ RI KRW OD\HUV RI FRQFUHWH WRZDUGV FROG OD\HUV� 2QFH WKH

WHPSHUDWXUH RI ����& LV UHDFKHG FORVH WR WKH UHLQIRUFHPHQW� FDOFXODWHG WHPSHUDWXUHV EHFRPHV

DSSUHFLDEO\ PRUH LPSRUWDQW WKDQ WKRVH PHDVXUHG �WKH PD[LPXP GLIIHUHQFH LV DERXW ����&�� *OREDOO\�

WKH SUHGLFWHG FXUYH RI WHPSHUDWXUH ULVH LV DQDORJRXV ZLWK WKRVH REVHUYHG LQ H[SHULPHQWV� EXW VRPHZKDW

WUDQVODWHG WRZDUGV ORZHU WLPHV �WKH WUDQVODWLRQ EHWZHHQ WKH FXUYHV FRUUHVSRQGV WR WKH WLPH QHFHVVDU\ WR

WKH YDSRULVDWLRQ RI ZDWHU FRQWDLQHG LQ WKH FRQFUHWH�� 'LIIHUHQFHV EHWZHHQ FDOFXODWLRQV DQG WHVWV DUH

H[SODLQHG RQ WKH RQH KDQG E\ D FHUWDLQ XQFHUWDLQW\ RI UHDO PRLVWXUH FRQWHQW �IL[HG DW �� LQ FDOFXODWLRQV�

DQG RQ WKH RWKHU KDQG E\ D ZDWHU DFFXPXODWLRQ FORVH WR WKH UHLQIRUFHPHQW VXEVHTXHQW WR ZDWHU

PLJUDWLRQ �QRW WDNHQ LQWR DFFRXQW LQ WKH PRGHO�� ,Q IDFW� RQH SDUW RI WKLV ZDWHU HVFDSHV E\ FUDFNV

WRZDUGV WKH KROORZ VHFWLRQ� ZKLOH WKH RWKHU SDUW PLJUDWHV WRZDUGV WKH FROGHVW ]RQHV ZKHUH LW FRQGHQVHV

DJDLQ� ZKLFK UHVXOW LQ D VORZLQJ GRZQ RI WKH YDSRULVDWLRQ SKDVH DQG FRQVHTXHQWO\ LQFUHDVHV WKH OHQJWK

RI WKH YDSRULVDWLRQ VWDJH� :LWK UHJDUG WR WKH SRLQW LQVLGH WKH FRQFUHWH� WKH DJUHHPHQW LV QRW VR JRRG� EXW

)LJ� � &DOFXODWHG DQG PHDVXUHG WHPSHUDWXUHV LQ WKH FROXPQ FURVV�VHFWLRQ RI WHVW QXPEHU ��



$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

FDQ QHYHUWKHOHVV EH UHJDUGHG DV VDWLVIDFWRU\� 'LIIHUHQFH EHWZHHQ WKHRUHWLFDO DQG H[SHULPHQWDO FXUYHV LV

ZLWKRXW WRR VLJQLILFDQW FRQVHTXHQFHV� IRU ORZ WHPSHUDWXUHV� WKH FRQFUHWH PHFKDQLFDO DUH QRW DIIHFWHG

DQG IRU KLJKHU WHPSHUDWXUHV WKH FDOFXODWHG FXUYH LV RQ WKH VDIH VLGH�

$W URRP WHPSHUDWXUH� WKHVHV FROXPQV ZHUH GHVLJQHG DV KLQJHG DW ERWK HQGV� $VVXPLQJ WKH VDPH

VXSSRUW FRQGLWLRQV GXULQJ WKH ILUH� WKH FDOFXODWHG IDLOXUH WLPH RI WKH FROXPQ QXPEHU � LV �� PLQXWHV�

ZKLFK LV YHU\ IDU IURP WKH WHVW IDLOXUH WLPH ��� PLQXWHV�� $V IRU WHVW QXPEHU ��� LW LV �� PLQXWHV IRU D

PHDVXUHG YDOXH RI �� PLQXWHV� ,Q UHDOLW\� REVHUYDWLRQ RI WKH EHQGLQJ GHIOHFWLRQ RI WKH FROXPQ DIWHU WKH

WHVW KDV VXJJHVWHG WU\LQJ RWKHUV VXSSRUW FRQGLWLRQV� QDPHO\ D KLQJHG VXSSRUW DW RQH HQG DQG D UHVWUDLQW

FRQGLWLRQ DW WKH RWKHU HQG� 8VLQJ WKHVH QHZ VXSSRUW FRQGLWLRQV� WKH IDLOXUH WLPH EHFRPHV �� PLQXWHV IRU

FROXPQV QXPEHU �� DQG �� PLQXWHV IRU FROXPQ QXPEHU ��� ZKLFK QRZ LV FORVH WR WKH PHDVXUHG WLPH�

)LJ� � 9HUWLFDO GLVSODFHPHQW DW WKH FROXPQ WRS RI WHVW QXPEHU �

)LJ� �� 7UDQVYHUVH GHIOHFWLRQ DW PLG�KHLJKW RI FROXPQ RI WHVW QXPEHU �
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*HQHUDOO\� LQGLYLGXDO FROXPQV ZLWK HLWKHU HQG SODWHV RU EHDULQJV DW WKH WRS DQG ERWWRP DUH ERWK DVVXPHG

WR SURYLGH KLQJHG VXSSRUWV �VHH HQG GHWDLOV LQ 7DEOH ��� $V DQ H[SODQDWLRQ DV WR ZK\ WKH DERYH UHVXOW

DSSHDUV WR SURYH RWKHUZLVH� LW LV SUHVXPHG WKDW DGGLWLRQDO UHVWUDLQWV PD\ UHVXOW IURP WKH SDUWV RI WKH

VWUXFWXUH RQO\ SDUWLDOO\ DIIHFWHG E\ WKH ILUH WHPSHUDWXUH DERYH DQG EHORZ WKH FROXPQ HQGV DQG WKHUHIRUH

KDYLQJ D KLJKHU VWLIIQHVV�

7KH HYROXWLRQ RI WKH YHUWLFDO GLVSODFHPHQW FDOFXODWHG DW WKH WRS RI WKH FROXPQ QXPEHU � DQG RI

WKH WUDQVYHUVH GHIOHFWLRQ FDOFXODWHG DW PLG�KHLJKW RI WKH FROXPQ LV VKRZQ LQ )LJ� � DQG )LJ� ���

UHVSHFWLYHO\� 7KHVH GLVSODFHPHQWV DUH FRPSDUHG WR WKH PHDVXUHG RQHV� )LJ� �� SUHVHQW WKH YHUWLFDO

GLVSODFHPHQW FDOFXODWHG DW WKH WRS RI WKH FROXPQ QXPEHU ��� 7KH WUDQVYHUVH GHIOHFWLRQ DW PLG�

)LJ� �� 9HUWLFDO GLVSODFHPHQW DW PLG�KHLJKW RI FROXPQ RI WHVW QXPEHU ��

)LJ� �� &RPSDULVRQ RI ILUH UHVLVWDQFHV EHWZHHQ WKH QXPHULFDO PRGHO DQG WHVWV



$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

KHLJKW KDV QRW EHHQ WKH VXEMHFW RI PHDVXUHPHQW GXULQJ WKLV WHVW� VR WKDW QR FRPSDULVRQ ZLWK WKH

PRGHO LV SRVVLEOH�

,Q WKH FDVH RI UHVWUDLQW FRQGLWLRQV �IL[HG� DW WKH RQH HQG� WKHUH LV D JRRG DJUHHPHQW EHWZHHQ PHDVXUHG

DQG FDOFXODWHG GLVSODFHPHQWV� LQ SDUWLFXODU ZKHQ WKH VOLS LV WDNHQ LQWR DFFRXQW� :KHUHDV WKH

WUDQVYHUVH GHIOHFWLRQ FDOFXODWHG DW PLG�KHLJKW LV SUDFWLFDOO\ WKH VDPH DV WKH RQH PHDVXUHG� LW VKRXOG

EH QRWHG WKDW FROXPQ HORQJDWLRQ LV VRPHZKDW RYHU�HVWLPDWHG QHDU WKH HQG RI WKH WHVW� $ SRVVLEOH

H[SODQDWLRQ RI WKLV GLIIHUHQFH PD\ EH WKH IDFW WKDW WKH FROXPQ LV QRW XQLIRUPO\ RYHUKHDWHG RYHU LWV

ZKROH OHQJWK�

,Q DGGLWLRQ� WKH IDFW RI LQWURGXFLQJ LQWR WKH VLPXODWLRQV WKH WHPSHUDWXUHV GLUHFWO\ PHDVXUHG DW

VRPH FURVV�VHFWLRQ SRLQWV PD\ LQYROYH DQ RYHU�HVWLPDWH RI XQNQRZQ WHPSHUDWXUHV LQVLGH WKH

FRQFUHWH� DQG FRQVHTXHQWO\ OHDG WR RYHUHVWLPDWLQJ WKHUPDO GLODWLRQ� ,W VKRXOG EH QRWHG WKDW D

GLIIHUHQFH H[LVWV DJDLQ LQ WKH QHLJKERXUKRRG RI WKH ILIWHHQWK PLQXWHV� ZKLFK PD\ EH H[SODLQHG E\

FHUWDLQ ERQG SHUVLVWHQFH EHWZHHQ WKH VWHHO WXEH DQG WKH FRQFUHWH FRUH� LQ VSLWH RI WKH LPSRUWDQW ULVH

RI WHPSHUDWXUH�

([FHSW GXULQJ WKH ILUVW �� PLQXWH� WKH VOLS GRHV QRW VHHP WR KDYH D VLJQLILFDQW LQIOXHQFH RQ WKH FROXPQ

GHIRUPDWLRQ� DQG FRQVHTXHQWO\ RQ WKH WLPH RI ILUH VWDELOLW\�

���� 6\QWKHVLV RI UHVXOWV

&DOFXODWLRQV KDYH EHHQ SHUIRUPHG GHDOLQJ ZLWK WKH �� FROXPQ WHVWV FDUULHG RXW LQ )UDQFH� *HUPDQ\

DQG &DQDGD� *OREDOO\ WKH GLIIHUHQFH EHWZHHQ IDLOXUH WLPHV DVFHUWDLQHG QXPHULFDOO\ DQG H[SHULPHQWDOO\

GRHV QRW H[FHHG ��� DV LOOXVWUDWHG LQ )LJ� ��� ZKLFK LV IXOO\ DFFHSWDEOH FRQVLGHULQJ WKH YDULRXV

XQFHUWDLQWLHV LQKHUHQW WR WHVW GDWD� VXFK DV WKH KHDWLQJ FRQGLWLRQ DORQJ WKH KHLJKW FROXPQ� WKH GHJUHH RI

URWDWLRQDO UHVWUDLQW DW WKH FROXPQ HQGV� WKH XQLQWHQWLRQDO HFFHQWULFLW\ RI D[LDO ORDG� WKH LQLWLDO RXW�RI

VWUDLJKWQHVV RI WKH FROXPQ� HWF�

7KH JRRG DJUHHPHQW RI WKH PRGHO LQ FRPSDULVRQ ZLWK WHVWV LV GXH QRW RQO\ WR WKH FKRLFH RI

DSSURSULDWH PDWHULDO ODZV DV ZHOO DV LQWURGXFWLRQ RI FROXPQ LPSHUIHFWLRQV �LQLWLDO RXW�RI�VWUDLJKWQHVV�

UHVLGXDO VWUHVVHV� EXW DOVR WR WKH DELOLW\ WR WDNH LQWR DFFRXQW WKH SKHQRPHQRQ RI VOLS EHWZHHQ WKH VWHHO

WXEH DQG WKH FRQFUHWH FRUH�

$OO WKH QXPHULFDO UHVXOWV FRQILUP WKDW WKH VOLS KDV QR VLJQLILFDQW LQIOXHQFH RQ WKH IDLOXUH WLPH RI

FRPSRVLWH FROXPQV� SURYLGHG WKDW WKH KROORZ VHFWLRQ LV ILOOHG ZLWK UHLQIRUFHG FRQFUHWH� +RZHYHU LW

OHDGV WR D PRUH UHDOLVWLF HYROXWLRQ SDWK RI WKH GLVSODFHPHQWV �YHUWLFDO GLVSODFHPHQW DQG GHIOHFWLRQ� GXULQJ

WKH ILUVW SHULRG RI KHDWLQJ DV DOUHDG\ VKRZQ LQ )LJV� � WR ��� 2Q WKH FRQWUDU\� FROXPQV ZLWKRXW UHLQIRUFHPHQW

DQG FROXPQV VXEMHFW WR LPSRUWDQW EHQGLQJ PRPHQWV DSSHDU WR EH PRUH VHQVLWLYH WR WKH SKHQRPHQRQ RI VOLS

ZKLFK PD\ LQIOXHQFH QRW RQO\ WKHLU GHIRUPDWLRQV EXW DOVR WKHLU IDLOXUH WLPH �VHH 7DEOH ���

7DEOH � )DLOXUH WLPH RI FROXPQV VLPXODWHG ZLWK RU ZLWKRXW VOLS

7HVW � � � � � � � � � �� �� �� �� �� �� �� ��

&DOFXODWHG
IDLOXUH WLPH

:LWKRXW VOLS ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���

:LWK VOLS ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

7HVW �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

&DOFXODWHG
IDLOXUH WLPH

:LWKRXW VOLS����� ���� ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���������� ���� �����

:LWK VOLS ����� ���� ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���������� ���� �����
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�� &RQFOXVLRQV

7KH PDLQ IHDWXUHV RI D ILQLWH HOHPHQW PRGHO VSHFLILFDOO\ LPSOHPHQWHG E\ WKH DXWKRUV WR DQDO\VH WKH

ILUH UHVLVWDQFH RI FRPSRVLWH VWUXFWXUHV WDNLQJ LQWR DFFRXQW WKH HIIHFW RI WKH LQWHUIDFH VOLS EHWZHHQ VWHHO

DQG FRQFUHWH KDYH EHHQ SUHVHQWHG� 8VLQJ WKLV PRGHO� WKH ILUH UHVLVWDQFHV RI VHYHUDO FRPSRVLWH FROXPQV

ZLWK FRQFUHWH ILOOHG KROORZ VHFWLRQV KDYH EHHQ FDOFXODWHG DQG FRPSDUHG ZLWK WHVW UHVXOWV� 7KHVH

FRPSDULVRQV VKRZ WKDW WKH PRGHO FDQ VLPXODWH DSSURSULDWHO\ WKH VWUXFWXUDO EHKDYLRXU RI FRPSRVLWH

FROXPQV DQG SURYLGH D JRRG HVWLPDWLRQ RI WKH ILUH UHVLVWDQFH WLPH�

$ VLPSOLILHG VHPL�DQDO\WLFDO PHWKRG WR HYDOXDWH WKH ILUH UHVLVWDQFH RI FROXPQV FRPSRVHG RI

XQSURWHFWHG FRQFUHWH ILOOHG KROORZ VHFWLRQV LV DYDLODEOH LQ $QQH[ * RI (XURFRGH � �(19 ���������� 6HYHUDO

UHVHDUFK ZRUNV UHODWHG WR WKLV PHWKRG KDYH GHPRQVWUDWHG LWV TXHVWLRQDEOH OHYHO RI DSSUR[LPDWLRQ ZLWK

UHJDUG WR EXFNOLQJ UHVLVWDQFH SUHGLFWLRQV DW HOHYDWHG WHPSHUDWXUHV� LQ SDUWLFXODU WKH PHWKRG OHDGV WR D

VDIHW\ OHYHO WKDW GHSHQGV FOHDUO\ RQ WKH VOHQGHUQHVV RI WKH FROXPQV� EHLQJ XQVDIH IRU LQWHUPHGLDWH

VOHQGHUQHVVHV �7ZLOW DQG +DDU ����� ������ ,Q WKH QHDU IXWXUH� WKH PRGHO ZLOO EH XVHG WR SHUIRUP D YHU\

ZLGH VHULHV RI QXPHULFDO VLPXODWLRQV IRU PDQ\ YDOXHV RI VLJQLILFDQW SDUDPHWHUV DIIHFWLQJ WKH SHUIRUPDQFH RI

FRPSRVLWH FROXPQV VXFK DV EXFNOLQJ OHQJWK� ILUH GXUDWLRQ� FURVV�VHFWLRQ VL]H� DQG FRQVLGHULQJ WKH

VWDQGDUG ILUH H[SRVXUH� 5HIHUULQJ WR WKLV EDVH RI QXPHULFDO UHVXOWV� LW PD\ EH H[SHFWHG WKDW D PRUH

VXLWDEOH VLPSOLILHG PHWKRG ZLOO EH HVWDEOLVKHG� WDNLQJ LQWR DFFRXQW JOREDOO\ WKH HIIHFWV RI UHVWUDLQHG

WKHUPDO VWUHVVHV DQG LQLWLDO GHIOHFWLRQ RI WKH FROXPQV RQ WKH ORDG EHDULQJ FDSDFLW\ RI FROXPQV� 7KHVH

HIIHFWV DUH HQWLUHO\ QHJOHFWHG LQ $QQH[ * EXW WKH\ PD\ EHFRPH LPSRUWDQW IRU FROXPQV ZLWK KLJK

EXFNOLQJ OHQJWKV� $QRWKHU DLP RI WKH ZRUN ZLOO FRQVLVW LQ XVLQJ WKH VDPH W\SH RI EXFNOLQJ DSSURDFK

SURSRVHG DW URRP WHPSHUDWXUHV JLYHQ LQ (XURFRGH �� EXW PRGLI\LQJ PDWHULDO SURSHUWLHV DW HOHYDWHG

WHPSHUDWXUHV�

5HIHUHQFHV

$ULEHUW� -�0� DQG =KDR� %� ������� ³$QDO\VLV RI WKH ILUH EHKDYLRXU RI FRPSRVLWH VWHHO�FRQFUHWH VWUXFWXUHV´�
)UHQFK -RXUQDO RI 6WHHO &RQVWUXFWLRQ� Q��� ������

%DWKH� .�-� ������� )LQLWH (OHPHQW 3URFHGXUHV LQ (QJLQHHULQJ $QDO\VLV� 3UHQWLFH +DOO &LYLO (QJLQHHULQJ�
&(1� (XURFRGH ��3DUW��� �(19� ������� ³'HVLJQ RI FRPSRVLWH VWHHO DQG FRQFUHWH VWUXFWXUHV� VWUXFWXUDO ILUH GHVLJQ´�
)UDQVVHQ� -�0� ������� ³(WXGH GX FRPSRUWHPHQW DX IHX GHV VWUXFWXUHV PL[WHV DFLHU�EpWRQ´� 7KqVH GH 'RFWRUDW�
XQLYHUVLWp GH /LpJH�

*ULPDXOW� -�3� ������ ³'pWHUPLQDWLRQ GH OD GXUpH DX IHX GHV SURILOV FUHX[ UHPSOLV GH EpWRQ´� 5DSSRUW ILQDO pWDEOL
SDU &RPHWXEH� &RPPLVVLRQ GHV &RPPXQDXWpV (XURSpHQQHV� 5HFKHUFKH 7HFKQLTXH $FLHU� 3DULV�

+DQ� /�+� ������� ³)LUH SHUIRUPDQFH RI FRQFUHWH ILOOHG VWHHO WXEXODU EHDP�FROXPQV´� -RXUQDO RI &RQVWUXFWLRQDO
6WHHO 5HVHDUFK� ������ ��������

+DQ� /�+�� <DQJ� <�)� DQG ;X� /� �����D�� ³$Q H[SHULPHQWDO VWXG\ DQG FDOFXODWLRQ RI WKH ILUH UHVLVWDQFH RI
FRQFUHWH�ILOOHG KROORZ VWHHO FROXPQV´� -RXUQDO RI &RQVWUXFWLRQDO 6WHHO 5HVHDUFK� ������ ��������

+DQ� /�+�� =KDR� ;�/�� <DQJ� <�)� DQG )HQJ� -�%� �����E�� ³([SHULPHQWDO VWXG\ DQG FDOFXODWLRQ RI ILUH UHVLVWDQFH
RI FRQFUHWH�ILOOHG KROORZ VWHHO FROXPQV´� -RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� $6&(� ������� ��������

.OLQJVFK� :� DQG :LWWEHFNHU� )�:� ������� ³)LUH UHVLVWDQFH RI KROORZ VHFWLRQ FRPSRVLWH FROXPQV RI VPDOO FURVV
VHFWLRQV´� %HUJLVFKH 8QLYHUVLWlW� :XSSHUWDO� :HVW *HUPDQ\�

.RUGLQD� .� DQG .OLQJVFK� :� ������� ³)LUH UHVLVWDQFH RI FRPSRVLWH FROXPQV ZLWK FRQFUHWH ILOOHG KROORZ
VHFWLRQV´� 5HVHDUFK UHSRUW� &,'(&7 �� &��&� ������

/LH� 7�7� DQG &DURQ� 6�(� ������� ³)LUH UHVLVWDQFH RI FLUFXODU KROORZ VWHHO FROXPQV ILOOHG ZLWK VLOLFHRXV DJJUHJDWH
&RQFUHWH´� 7HVW UHVXOWV� LQWHUQDO UHSRUW Q����� ,QVWLWXWH IRU UHVHDUFK LQ &RQVWUXFWLRQ� 1DWLRQDO 5HVHDUFK &RXQFLO
RI &DQDGD� 2WWDZD� &DQDGD�



$GYDQFHG QXPHULFDO PRGHO IRU WKH ILUH EHKDYLRXU RI FRPSRVLWH FROXPQV ZLWK KROORZ VWHHO VHFWLRQ ��

/LH� 7�7� DQG &DURQ� 6�(� ������� ³)LUH UHVLVWDQFH RI FLUFXODU KROORZ VWHHO FROXPQV ILOOHG ZLWK FDUERQDWH DJJUHJDWH
&RQFUHWH´� 7HVW UHVXOWV� ,QWHUQDO UHSRUW Q����� ,QVWLWXWH IRU UHVHDUFK LQ &RQVWUXFWLRQ� 1DWLRQDO 5HVHDUFK &RXQFLO
RI &DQDGD� 2WWDZD� &DQDGD�

/LH� 7�7� DQG &KDERW� 0 ������� ³$ PHWKRG WR SUHGLFW WKH ILUH UHVLVWDQFH RI FLUFXODU FRQFUHWH ILOOHG KROORZ VWHHO
FROXPQV´� -RXUQDO RI )LUH 3URWHFWLRQ (QJLQHHULQJ� �����

/LH� 7�7� DQG &KDERW� 0� ������� ³([SHULPHQWDO VWXGLHV RQ WKH ILUH UHVLVWDQFH RI KROORZ VWHHO FROXPQV ILOOHG ZLWK
SODLQ FRQFUHWH´� 15&�&15&� ,QWHUQDO UHSRUW ����

/LH� 7�7� DQG &KDERW� 0� ������� ³)LUH UHVLVWDQFH WHVWV RI VTXDUH KROORZ VWHHO FROXPQV ILOOHG ZLWK UHLQIRUFHG
FRQFUHWH´� 7HVW UHVXOWV� ,QWHUQDO UHSRUW Q����� ,QVWLWXWH IRU UHVHDUFK LQ &RQVWUXFWLRQ� 1DWLRQDO 5HVHDUFK &RXQFLO
RI &DQDGD� 2WWDZD� &DQDGD�

/LH� 7�7�� ������� ³)LUH UHVLVWDQFH RI FLUFXODU VWHHO FROXPQV ILOOHG ZLWK EDU�UHLQIRUFHG FRQFUHWH´� -RXUQDO RI
6WUXFWXUDO (QJLQHHULQJ� �������

/LH� 7�7�� DQG 6WULQJHU� '�&� ������� ³&DOFXODWLRQ RI ILUH UHVLVWDQFH RI VWHHO KROORZ VWUXFWXUDO VWHHO FROXPQV ZLWK
SODLQ FRQFUHWH´� &DQ� -� &LY� (QJUJ�� ������ ��������

/LH� 7�7� DQG ,UYLQ� 5�-� ������� ³)LUH UHVLVWDQFH RI UHFWDQJXODU VWHHO FROXPQV ILOOHG ZLWK EDU�UHLQIRUFHG FRQFUHWH´�
-RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� �������

/LH� 7�7� DQG .RGXU� 9�.�5� ������� ³)LUH UHVLVWDQFH RI VWHHO FROXPQV ILOOHG ZLWK EDU�UHLQIRUFHG FRQFUHWH´�
-RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� �������

2PHDJKHU� $�-�� %HQQHWWV� ,�'�� +XWFKLQVRQ� *�/� DQG 6WHYHQ� /�.� ������� ³0RGHOOLQJ RI FRQFUHWH ILOOHG WXEXODU
FROXPQV LQ ILUH´� %+35�(1*�5��������36���

4XDVW� 8�� +DVV� 5� DQG 5XGRSK� .� ������� ³$ FRPSXWHU SURJUDP IRU WKH GHWHUPLQDWLRQ RI ORDG EHDULQJ DQG
GHIRUPDWLRQ EHKDYLRXU RI XQLD[LDO VWUXFWXUDO HOHPHQWV XQGHU ILUH DFWLRQ´� 7HFKQLFDO 8QLYHUVLW\ %UDXQVFKZHLJ�

5HQDXG� &�� $ULEHUW� -�0�� =KDR� %� DQG *ULPDXOW� -�3 ������� ³)LUH VWDELOLW\ RI VWHHO�FRQFUHWH FRPSRVLWH FROXPQV
ZLWK DOORZ VWHHO VHFWLRQ PDGH LQ KLJK VWUHQJWK VWHHO´� )UHQFK -RXUQDO RI 6WHHO &RQVWUXFWLRQ� Q��� �����

5HQDXG� &�� $ULEHUW� -�0�� DQG =KDR� %� ������� ³3URSRVDO RI D VLPSOH FDOFXODWLRQ PRGHO IRU WKH ILUH UHVLVWDQFH RI
FRQFUHWH ILOOHG KROORZ VHFWLRQ FROXPQV´� 3URFHHGLQJ RI WKLUG (XURSHDQ &RQIHUHQFH RQ 6WHHO 6WUXFWXUHV� ��
����������

6FKOHLFK� -�%� ������� ³&RPSXWHU DVVLVWHG DQDO\VLV RI WKH ILUH UHVLVWDQFH RI VWHHO DQG FRPSRVLWH FRQFUHWH VWHHO
VWUXFWXUHV´� &(& 5HVHDUFK 5HSRUW (85 ������ (1� /X[HPERXUJ�

7ZLOW� /� DQG +DDU� 3�:� ������� ³$QDO\VLV RI WKH GLVFUHSDQF\ EHWZHHQ WKH IUHQFK DQG JHUPDQ FDOFXODWLRQ PHWKRGV
IRU WKH ILUH UHVLVWDQFH RI FRQFUHWH ILOOHG VWHHO FROXPQV´� ,%%&�712�UHSRUW Q� %�������� 6HSWHPEHU�

7ZLOW� /� DQG +DDU� 3�:� �������´7KH HIIHFW RI WKH PHFKDQLFDO SURSHUWLHV DQG WKH WKHUPDO LQGXFHG VWUHVVHV RQ WKH
GLVFUHSDQF\ EHWZHHQ WKH IUHQFK DQG JHUPDQ FDOFXODWLRQ PHWKRGV IRU WKH ILUH UHVLVWDQFH RI FRQFUHWH ILOOHG VWHHO
FROXPQV´� ,%%&�712�UHSRUW Q� %������� 0DUFK�

7ZLOW� /� DQG +DDU� 3�:� ������� ³7KH GLVFUHSDQF\ EHWZHHQ WKH IUHQFK DQG JHUPDQ FDOFXODWLRQ PHWKRGV IRU WKH ILUH
UHVLVWDQFH RI FRQFUHWH ILOOHG VWHHO FROXPQV� SURSRVLWLRQ IRU KDUPRQLVDWLRQ´� ,%%&�712�UHSRUW Q� %��������
$XJXVW�

:LFNVWURP� 8� DQG 6WHUQHU� (� ������� ³7$6()� ILUH WHFKQRORJ\ UHSRUW´� 6ZHHGLVK 1DWLRQDO 7HVWLQJ DQG 5HVHDUFK�
=KDR� %� DQG $ULEHUW� -�0� ������� ³)LQLWH HOHPHQW PHWKRG IRU VWHHO�FRQFUHWH FRPSRVLWH IUDPHV WDNLQJ DFFRXQW RI
VOLS DQG ODUJH GLVSODFHPHQWV´� (XURSHDQ -RXUQDO RI )LQLWH (OHPHQW� ����� ��������

=KDR� %� DQG .UXSSD� - ������� ³)LUH UHVLVWDQFH RI FRPSRVLWH VODEV ZLWK SURILOHG VWHHO VKHHW DQG RI FRPSRVLWH
VWHHO�FRQFUHWH EHDPV 3DUW �� FRPSRVLWH EHDPV´� )LQDO UHSRUW RI (XURSHDQ FRPPLVVLRQ (XU ����� (1 RQ VWHHO
5HVHDUFK�

&&




