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1. Introduction 

 

Since the pioneering study by Bendsøe and Kikuchi 

(1988), topology optimization has made remarkable 

progress as an innovative numerical and design method, 

drawing an enormous amount of attention from the 

scientific community (Lee and Shin 2015, Vatanabe et al. 

2016, Roodsarabi et al. 2016, Lee et al. 2015, 2017, Lee 

and Shin 2016). Due to significant advantages (Bendsøe 

and Sigmund 2004) of topology optimization, it has been 

widely utilized in designing mechanical components and in 

other engineering applications such as macro-structures 

(Liu et al. 2016a), laminated composite structures (Blasques 

and Stolpe 2012), lattice structures (Du et al. 2017), 

thermo-elastic structures (Xia and Wang 2008) and seismic 

analysis (Qiao et al. 2016). 

Multi-material topology optimization is also an 

attractive issue in the field of structural topology 

optimization. In addition to inherit of main ideas of standard 

topology optimization, the optimal material distribution of 

variable densities is continuously derived. By using more 

additional stiff materials, topology optimization may 

produce structures with higher stiffness. It also offers 

material cost savings in compared with single material 

structures to arrive at required design performance. Zhou et 

al. (2007) introduced a phase field method for the multi-

material structural topology optimization with a generalized 
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Cahn-Hilliard model. Alonso et al. (2014) studied topology 

synthesis of multiple materials by using a multi Sequential 

Element Rejection and Admission (SERA) method. Liu et 

al. (2016b) presented an efficient multi-material topology 

optimization strategy for seeking the optimal layout of 

structures considering the cohesive constitutive relationship 

of the interface. Yun and Youn (2017) investigated 

optimized topologies using multiple materials for 

viscoelastically damped structures under time-dependent 

loading. Doan and Lee (2017) proposed non-spurious 

buckling mode scheme in computing buckling constraints 

based on multi-material topology optimization. Banh and 

Lee (2018) contributed a novel numerical and design 

approach to optimize topologies for cracked structures by 

using multi-material topology optimization method. 

Regarding numerical simulations of improving 

structural performance for plate-like-structures, Goo et al. 

(2016) studied optimal topologies for thin plate structures 

with bending stress constraints to avoid the stress 

singularity phenomena. Yan et al. (2016) studied optimal 

topology design of damped vibrating plate structures 

subject to initial excitations. Belblidia et al. (2001) 

presented a novel topology optimization algorithm for 

Mindlin-Reissner plate structures with single and three-

layered artificial material models. However, these studies 

did not consider variable materials as design variables. 

Variable materials with the same amount of total material 

may produce stiffer structures than single material (Zhou 

and Wang 2006, Tavakoli and Mohseni 2014). Therefore, 

the use of multiple materials may result in the superiority in 

terms of structural performance. In this study, the use of 

multiple materials in topology optimization of thin plate 
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structures by using classic plate theory is developed through 

computational simulation of Matlab (Doan and Lee 2017). 

In order to describe the phase of thin plate and resilient 

foundation, Pasternak type model is more realistic due to 

considering both the radial rigidity and the shear rigidity 

(Sheng and Wang 2008). Winkler type is a special case of 

Pasternak-type elastic foundation considering only the 

radial stiffness. Most plate structures are structural members 

that directly supported on the ground (Jung et al. 2014). 

Therefore, it is necessary to consider elastic ground effect 

of vertical pressure and shear layer effect. In this study, 

Pasternak-Winkler type elastic medium foundation is 

practically dealt with for multi-material topology 

optimization of thin plate. Moreover, both Winkler and 

Pasternak foundations are proposed to simulate the 

interaction between structures and elastic medium. 

This study provides to engineers and designers an 

overview as well as a method how to evaluate both the 

mechanical and numerical interaction of thin plates with 

multi-material on elastic foundations within computational 

topology optimization. Multi-materials in a prescribed 

structure may result in the best structural performance 

within a mid-plate of thin plate and explain how to provide 

stress-path reinforcement and manufacture of mid-plate. 

The contents of this study are organized as follows. The 

body of this paper begins in Section 2 with a brief 

description of finite element formulations for thin plate 

structures on elastic foundations based on classic plate 

theory. In Section 3, an analysis, design, and optimization 

model of multi-material topology optimization problem for 

thin plate structures are described. Stiffness formulation and 

sensitivity analysis of compliance are also presented in this 

section. Numerical examples considering the influences of 

the boundary condition, Winkler-Pasternak parameters and 

number of material are described in Section 4. Finally, 

conclusions are drawn in Section 5. 
 

 

2. Finite element formulation of thin plates on 
elastic foundations 
 

2.1 A brief of classic plate theory with 
elastic medium 

 

To formulate governing equations of classic plate 

theory, a thin plate with the elastic medium is shown in Fig. 

1. In this study, basic equations of Kirchhoff plate theory 

are summarized. Let Ω be the domain of a thin plate, ∂Ω is 

the boundary domain, and h is an uniform thickness. Ks and 

Kw denote shear layer foundation stiffness and Winkler 

foundation modulus of Pasternak model, respectively. Fig. 1 

shows a thin plate embedded in elastic medium foundation 

by a so-called Pasternak model (Sheng and Wang 2008, 

Jung et al. 2014). A displacement field at any point of the 

plate is expressed as 
 

   0,x, , ,u x y z zw x y 
 

(1a) 

 

   0,, , ,yv x y z zw x y 
 

(1b) 

 

   0, , ,w x y z w x y
 

(1c) 

 

 

Fig. 1 Thin plate embedded in elastic medium which 

represented by Pasternak model 

 

 

where w0 is a component of displacement at a general point 

in a domain. By using Eq. (1), strains and moderate 

rotations according to strain-displacement relationship take 

the following form 
 

0, 0, 0,, , 2xx xx yy yy xy xyzw zw zw       
 (2) 

 

The basic stress-strain (σ-ε) relationship of a plate 

structure in Cartesian coordinates x, y and z can be 

expressed in the following form 
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(4) 

 

in which E1, E2 are Young‟s modulus and G12 is shear 

modulus. v12 and v21 are Poisson‟s ratio. 

Substituting Eq. (2) into resultant moments (Mxx, Myy, 

Mxy) =    
/2

/2
, , , , d

h

xx yy xy xx yy xy
h

M M M z z  


  , one obtains 
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(5) 

 

where Dnm = h3Enm/12 with m, n = 1, 2, 3 is flexural rigidity. 

By using the principle of virtual displacements for static 

problem, an equilibrium equation can be written as 
 

, , ,2 0xx xx xy xy yy yyM M M q p    
 (6) 

 

where q is a distributed transverse load at surface; p = kww0 

‒ ks
2w0 presents the reaction-deflection relation of 

Pasternak foundations. 

By substituting Eqs. (2) and (5) into Eq. (6), the 

governing differential equation for bending plate can be 

written as 
 

   11 0, 22 0, 12 33 0, 0, 0,

0

2 2

0

xxxx yyyy xyxy s xx yy

w

D w D w D D w k w w

k w q

    

  
 

(7) 

 

By using Galerkin method (Zienkiewicz and Taylor 

2013), multiplying with test function and integrating over 
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the domain, a weak form of Eq. (7) can be obtained as 
 

d d 0A A
 

   
 

(8) 

 

where 
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(9b) 

 

2.2 Finite element implementation (Q4) 
 

Polynomial coefficients can be expressed in terms of 

nodal coordinates and nodal degrees of freedom and then 

written as 
 

 
4 12

3 2 3 1 , 3 ,y

1 1

i i i i x i i j j
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(10) 

 

where Ni is the i-th Hermite function and (u3n-2, u3n-1, u3n) = 

(wn, wn,x, wn,y) with n = 1, 2, 3, 4. 

Substituting Eq. (10) into the weak form of Eq. (8), a 

discretized system of element equation of thin plate can be 

expressed as 
 

IJ I I

I
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(11) 

 

with 
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To calculate global deflection of plate w, Eq. (11) can be 

reduced to the matrix form as follows 
 

Kw F  (13) 
 

in which the stiffness matrix and force vector components 

are, respectively, defined 
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(15a) 

 

 
T
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(15b) 

 

where Ik = 3I + k ‒ 3 with k = 1, 2, 3. 

 

 

3. Topology optimization formulation integrated 
with multiple materials 
 

3.1 Multiphase topology optimization 
 

Similar to topology optimization for single material, 

multi-material topology optimization is an optimization 

technique that seeks an optimal material layout under a 

given material invitation in a design domain by using 

multiple materials. It typically uses finite element method 

(FEM) and sensitivity analysis as an analysis model. We 

consider the minimum compliance based multi-material 

topology optimization problem within a design domain. 

Each subdomain Ωk, k = 1, 2,..., n can be materials or voids 

in a design domain. Design schematic of multi-material 

topology optimization is shown in Fig. 2. 

According to Bendsøe and Sigmund (2004), the void is 

considered as a separate material phase. In other words, 

multi-material topology optimization is to find the optimal 

material distribution of n number of materials 

corresponding to n + 1 material phases αi at each point in a 

domain. In case of the minimum compliance based multi-

material topology optimization problem, a modified SIMP 

version of linear interpolation is used within an elasticity 

stiffness tensor for multiple materials as follows 
 

 
1

0

1

n
p

i i

i

E E 



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(16) 

 

where p is a penalization factor. 𝐸𝑖
0

 is a nominal elastic 

Young‟s modulus corresponding to phase i-th. 

According to alternating active phase algorithm, multi-

phase topology optimization problem is solved by 

converting multi-phase into p(p − 1)/2 binary phases sub-

problem. Each binary subproblem is a so-called active 

phase. In this process of each sub-problem, only two phases 

denoted as „a‟ and „b‟ are active at a time and the other 

phases are fixed. Overlaps of phases are not allowed in a 

desired optimal design, and then summation of the densities 

at each point x  Ω should be equal to unity  𝛼𝑗
𝑝
𝑗=1 = 1. 

The densities summation of two active phases at each 

 

 

 

Fig. 2 Design domain for multi-material topology 

optimization 
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at each location for each sub-problem may be calculated as 

follows 
 

     
 
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1, ,

1
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i i a b
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(17) 

 

The general mathematical formulation of a structural 

multi-material topology optimization problem can be stated 

as follows 
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(18) 

 

where C is structural compliance. αi is a density vector for 

phase material i-th. Vi is a per-material volume fraction 

constraint with i = 1 : n + 1 such that the summation should 

be equal to unity  𝑉𝑖𝑖 = 1. U and F are a global load and 

a displacement vector, respectively. K is a global stiffness 

matrix and Ω is a given design domain. To avoid 

singularities in calculation processes of topology 

optimization, the problem is relaxed for densities between 0 

and 1 through a very small lower bound non-zero value εi. 

 

3.2 Compliance sensitivity formulation for 
thin plate on elastic foundation 

 

From Eqs. (14), (16) and (18), element stiffness matrix 

components for multi-material topology optimization 

problem can be rewritten as follows 
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where KIJ of element e is a function of e-th density 

materials. D
0
k is a material property matrix of thin plate 

corresponding to the k-th phase material including Poisson‟s 

ratio ν, a nominal elastic modulus E0
k and two Winkler-

Pasternak parameters ks, kw. 
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(20) 

 

where 𝐷𝑛𝑚
0,𝑘 = ℎ3𝐸𝑘,𝑛𝑚

0 /12 with n, m = 1, 2, 3. The strain-

displacement matrix is defined in Eq. (15a) 

In terms of variable density, sensitivities of objective 

function are dependent on the sensitivity of the components. 

By using Eq. (17), sensitivity of elemental stiffness 

reflecting multi-material formulation in terms of design 

variables of multi-material densities can be written as 

follows 

  
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(21) 

 

where 𝛼𝑎
𝑒  is a density of phase „a‟ of element e-th. Matrix 

𝐃 𝑡
0 is obtained by assigning value ks = kw = 0 for the matrix 

𝐃𝑡
0 with t = {a, b}. Finally, the sensitivities of objective 

function C and the material volume V in terms of multi-

material densities can be written by using the adjoint 

equation as follows 
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where Ue and Ve are the displacement vector and the 

volume of element e-th, respectively. 

In order to ensure existence of solutions to topology 

optimization problem and to avoid the formation of 

checkerboard patterns, a filtering technique on the resulting 

design is proposed by Bendsøe and Sigmund (2004). In this 

study, the filtered sensitivity of compliance 𝜕𝐶/𝜕𝛼𝑎
𝑒  and 

material volume 𝜕𝑉/𝜕𝛼𝑎
𝑒  with respect to density of phase 

„a‟ of element e-th are derived as follows 
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(23b) 

 

where Hei = rmin ‒ dist(e, {f  N : dist (e, f) ≤ rmin}) is a 

convolution operator. rmin is the filter radius and dist(e, f) is 

the distance between the center of element e and center of 

element f as shown in Fig. 3. 
 

 

4. Numerical application and discussion 
 
First, an accurate modeling test (Zienkiewicz 2000) of 

the non-dimensional central displacement of a square plate 

for several meshes is executed under uniform transverse 

pressure (P = 1) simply supported (SSSS) and clamped 

(CCCC) boundary conditions. The non-dimensional 

 

 

 

Fig. 3 Design domain for multi-material topology 

optimization 
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transverse displacement is set as 𝑤 =
𝑤𝐸ℎ3

12𝑃𝑙4 1−𝑣2 
. Fig. 4 

verifies the accuracy of displacement models of thin plate. 
 

 

 

Fig. 4 Accurate modeling test results of the non-

dimensional central displacement for two 

boundary conditions 
 

 

 

Fig. 5 Definition of load and boundary conditions in a 

design domain 

 

 

 

 

Through the increase of element number, the present 

plate models converge to analytical solutions of 

Zienkiewicz (2000). 

Next, two examples of a thin plate-like-structure subject 

to a bending load for multi-material topology optimization 

is dealt with. The design domain is modeled as a square 

plate finite element 20 × 20. The magnitude of force F = 

−1. The problem situation is shown in Fig. 5. The 

penalization factor for interpolating elasticity properties of 

stiffness is 3. Steel is one of popular material is used in 

construction industry. In the scope of this study, multi-steel 

materials topology optimization for thin plate on elastic 

foundations is investigated by using the Poisson‟s ratio 0.3. 

For all examples, plate dimensions are lx = ly = 1 and the 

plate‟s thickness equation h = 0.01 is used uniformly. 

Optimized topology results are surveyed for dependency 

of various materials. The material is assumed to be 

isotropic. The total volume fraction is fixed to 40%. 

Young‟s modulus and volume fraction parameter for each 

material are presented in Table 1, where the indicators r, b 

and g denote red, blue and green colors, respectively. Note 

that Young‟s modulus and volume fraction of void material 

are, respectively, Ev = 10-4 and 𝑉𝑣 = 1 −  𝑉𝑘𝑘≠𝑣  for all 

examples. 
 

4.1 Example 1: Optimized multi-material topology 
design with boundary condition dependency 

 

Multi-material topology optimization of three different 

boundary conditions, i.e., fully clamped (CCCC), fully 

simply supported (SSSS) and clamped-free mixed (CFCF) 

boundary conditions is considered within the same amount 

of total material. The optimal topologies of thin plates in 

terms of the assignment of single and multiple materials are 

shown in Figs. 6-8. As can be seen, optimal topologies are 

varied depending on the number of material type and 

boundary conditions. Moreover, in three material case of 

SSSS as shown in Fig. 7, the material densities distribute at 

edge, opposite to results of one and two materials. It shows 

that depending on the number of materials and the kind of 

boundary condition, the distribution of topology 
 

 

 

 

Table 1 Material properties for each material 

Material properties 
Number of materials 

(a) One (red) (b) Two (red, blue) (c) Three (red, blue and gree) 

Young‟s modulus 𝐸𝑟
0 = 1 𝐸𝑟

0 = 1,   𝐸𝑏
0 = 2 𝐸𝑟

0 = 1,   𝐸𝑏
0 = 2,   𝐸𝑏

0 = 3 

Volume fraction (40%V0) 𝑉𝑟 = 40% 𝑉𝑟 = 10%,    𝑉𝑟 = 30% 𝑉𝑟 = 5%, 𝑉𝑟 = 15%, 𝑉𝑟 = 20% 
 

   

(a) SSSS, C = 302804 (b) CCCC, C = 107764 (c) CFCF, C = 156586 

Fig. 6 Optimal topology results of thin plate by using single material 
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optimization shape can be re-distributed to find the best 

topology optimal shape for structures. Stiff materials tend to 

automatically be assigned with strong stress concentration 

regions such as load and boundary positions. As can be seen 

in Fig. 9, the converged compliance in three material case 

of three different boundary conditions is the smallest of all 

cases. Especially the converged compliance in CCCC is 

always smaller than those of the rest case of boundary 

condition. It leads to produces stiff mid-plates. 

 

4.2 Example 2: The effect of elastic medium 
parameters for optimized multi-material 
topology design 

 

In this section, the effect of elastic medium for 

optimized topology results is investigated under the 

condition of single and multiple materials use CCCC 

condition is considered. For this purpose, the non- 

 

 

 

 

 

 

imensional Winkler parameter KW and the non-dimensional 

shear parameter KS are defined as 
 

4 /W w xK k l D
 (24a) 

 
2 /S s xK k l D

 (24b) 

 

The results presented in Fig. 10 describe the converged 

compliance values and optimal topologies with respect to 

different values of Winkler stiffness. Here, the non-

dimensional shear parameter is taken zero. As can be seen, 

when the non-dimensional Winkler parameter is zero, it 

means that the plate is not affected by elastic foundation, 

the compliance is higher than other cases. Moreover, as the 

number of rigid materials increases, the convergence value 

of compliance decreases, and the optimal topology design 

start to re-distribute material densities in structure. Fig. 11 

shows the effect of shear modulus parameter KS 

   

(a) SSSS, C = 286676 (b) CCCC, C = 88087 (c) CFCF, C = 131891 

Fig. 7 Optimal topology results of thin plate by using two materials 

   

(a) SSSS, C = 276449 (b) CCCC, C = 70981 (c) CFCF, C = 93150 

Fig. 8 Optimal topology results of thin plate by using three materials 

   

(a) Single material (b) Two materials (c) Three materials 

Fig. 9 Convergence histories of objective function 
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corresponding to KW = 100. Similar to Fig. 10, when the 

number of material increases, the converged compliance 

decreases. As can be seen in Figs. 10 and 11, the increase in 

KW or KS generally results in the production of mid-plates 

with high stiffness. In order words, the enforcement of 

elastic medium foundation leads to stiff multi-material mid-

plates. 

 

 

5. Conclusions 
 

In the present study, topology optimization for thin 

plates on elastic foundations based on the classic plate 

theory by using multiple materials is proposed. In the field 

of multi-material topology optimization, both Winkler and 

 

 

 

 

Pasternak-type foundation are developed to simulate the 

interaction between thin plate and elastic medium through 

computation software Matlab. Numerical examples verify 

the effect of boundary conditions, Winkler-Pasternak 

parameters, and the number of materials in optimal design 

of thin plate. Finally, optimal topology information of mid-

plate of thin plate with elastic foundations effectively 

provides conceptual design to produce the thin plate to 

engineers and designers in this study. 
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