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Abstract.

Moment-thrust-curvatures (M-P-® curves) are fundamental quantities for detailed descriptions of basic properties

such as stiffness and strength of a section under axial loads required for accurate computation of the deformations of reinforced
concrete or composite columns. Currently, the finite-element-based methods adopting small fibers for analyzing a section are
commonly used for generating the M-P-® curves and they require large amounts of computational time and effort. Further, the
conventional numerical procedure using the force-control method might encounter divergence problems under high compression
or tension. Therefore, this paper proposes a divergence-free approach, combining the use of the displacement-control and the
Quasi-Newton scheme in the incremental-iterative procedure, for generating the M-P-® curves of arbitrary sections. An efficient
method for computing the strength from concrete components is employed, where the stress integration is executed by layer-
based algorithms. For easy modeling of residual stress, cross sections of structural steel components are meshed into fibers for
strength resultants. The numerical procedure is elaborated in detail with flowcharts. Finally, extensive validating examples from
previously published research are given for verifying the accuracy of the proposed method.
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1. Introduction

Moment-thrust-curvature relations (M-P-® curve) are
basic properties for stiffness, strength and ductility of a
section under compressions or tensions, which are required
for an accurate calculation of member deformations and
flexural rigidities. Due to the variability in the material
characteristics of concrete and steel, the behaviours of the
sections with or without concrete under axial loads are
significantly different. For an illustration in Fig. 1, the
concrete in an encased composite section would be easily
cracked wunder tension, and therefore, a low-level
compression force might increase the strength as well as the
rigidity of the section with concrete material. Due to the
isotropic properties of steel, the flexural stiffness of a steel
section is not affected by compression or tension forces (see
Fig. 2), whilst the levels of axial loads will reduce its
moment resistance capacities. Conceptual summaries on the
influences of compressions or tensions to the behaviours of
reinforced-concrete, composite and structural steel sections
are given in Tables 1 and 2.

Moment-thrust-curvature relations are essential for a
successful design of concrete structures for the estimations

*Corresponding author, Research Fellow,
E-mail: siwei.liu@connect.polyu.hk

# Research Assistant,
E-mail: liang.chen@polyu.edu.hk

® Chair Professor,
E-mail: ceslchan@polyu.edu.hk

Copyright © 2017 Techno-Press, Ltd.
http://www.techno-press.org/?journal=scs&subpage=6

and the calculations for stiffness and strength of sections,
respectively. For example, the member deformations can be
calculated by the curvature at the most critical location
along its length according to Eurocode 2-1-1(2004); and the
rigidity can be determined with aid of M-P-® curves by
referring to the applied loads as studied by Avsar et al.
(2014) and Caglar et al. (2015). Further, these relations are
usually used for evaluating the energy dissipation capacity
or ductility of a section in the modern seismic design
method based on the performance-based approach (Sato et
al. 2002, Oller and Barbat 2006). M-P-® curves are
fundamental quantities for the frame analysis using
distributed-plasticity elements via force-based approaches
(Spacone et al. 1996, Neuenhofer and Filippou 1997,
Neuenhofer and Filippou 1998, De Souza 2000, Ngo-Huu
and Kim 2012) and plastic zone methods (Clarke 1994, Teh
and Clarke 1999, Jiang et al. 2002), where the fiber-based
section model (i.e., Fig. 2(a)) is required during the
incremental-iterative  procedure  resulting in  large
computational time. As reported by Kwak and Kim (2002),
when adopting the pre-generated M-P-® curves, this finite-
element-based analysis method can be eliminated and
dramatically improves the numerical efficiency. To this,
there is a need for an efficient and reliable approach for
generating the moment-thrust-curvature relations of
arbitrary sections for both design and analysis.

The related research on generating the M-P-® curves
initiated in 1960s Fukumoto (1963) proposed a
computational procedure for determining the moment-
thrust-curvature relationships of steel wide-flange sections.
Burns (1964) investigated the curvatures under bending
moments for the partially pre-stressed concrete beams. Hsu
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(1966) studied the moment-curvature relations for the
beams with nonlinear material properties via numerical
algorithms. Recently, researchers including Sato et al.
(2002), El-Tawil et al. (1999), Varma et al. (2002),
Chiorean  (2010), Charalampakis and Koumousis
(Charalampakis and Koumousis), Chadwell and Imbsen
(2004), adopted the fiber-based section model (i.e., Fig.
3(a)) for generating moment-thrust-curvatures, and the
section needs to be decomposed into large numbers of small
fibers for the numerical accuracy. Herein, an efficient
modeling scheme is proposed, as indicated in Fig. 3(b),
where the concrete components are automatically meshed
into a series of parallel layers, and the structural steel
components are meshed into triangle fibers for an easy
incorporation of residual stresses.

Alternatively, several close-formed expressions for
typical sections were proposed by for improving the
efficiency of moment-curvature analysis. Duan et al. (1993)
develop a set of mathematical M-P-® expressions for
dented and undented steel tubular sections under combined
multidirectional bending and axial load. Soranakom and
Mobasher (2007) present a closed-form solution for the
moment-curvature response of cement-based composites
with homogeneously distributed reinforcement. Monti and
Petrone (2015) propose analytical equations for the
calculation of the yield and ultimate moments, and the
curvatures for RC sections subjected to the axial forces.
Whereas these methods are only applicable for analyzing
some typical sections with idealized material properties, and
cannot cover all the design cases in practice (i.e., Fig. 4).
Thereby, a general analysis method is proposed in this paper
for all types of sections to remedy the constraint.

Table 1 Conceptual influences of axial loads to RC and
composite section

Compression Tension
Flexural rigidity 1 l

Concrete crack 1 !
g%rgg?; Steel yielding 1 !
Concrete crush 1 I
Concrete crack 1 I
Curvature  Steel yielding 1 !
Concrete crush ! 1

Table 2 Conceptual influences of axial loads to structural
steel section

Compression Tension
Flexural rigidity - -
Moment  Initial yield ! !
Capacity  Fully yield l l
Curvature Initial yield l l
Fully yield l l

Moment

. nr. Bending under low compression

@ ......... Pure bending
/o /’f@m” o » ‘?ending under low tension
S ®

(D: Concrete crack
@: Steel yielding
(3: Concrete crush

Curvature

Fig. 1 Moment-thrust-curvature relations of composite

section
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Fig. 4 Common types of sections

In this paper, a divergence-free approach combining the
use of the displacement-control and the Quasi-Newton
scheme in the incremental-iterative procedure to generate
the M-P-® curves of arbitrary steel, concrete and composite
section is proposed. The section modeling method via
components is introduced. An efficient algorithm for
computing the strength from the concrete components is
employed, where the stress integrations are executed by
layer-based model. Structural steel components are meshed
into fibers for easy modeling of residual stress. The
numerical procedure is elaborated in detail with the aid of
flowcharts. Finally, several examples from available
literatures are given for validating the accuracy of the
proposed method.

2. Assumptions and definitions

In the present study, the following assumptions are

adopted:

o Plane sections remain plane after deformation (Euler-
Bernoulli hypothesis). Consequently, the strain
change linearly along the depth of the cross-section.

e Full strain compatibility is assumed between the steel
and the surrounding concrete which implies that the

bond-slip between the concrete and steel is negligible.

e Local buckling of steel plates is prevented and is not
considered its influence on the material strength.

o Steel reinforcement embedded in concrete does not
buckle under compressions.

e Compressive stresses and strains are taken to be
positive.

e The effect of concrete cracking or crushing on the
torsional stiffness is out of the scope of this study.

3. Section modeling via components

For describing arbitrary types of cross sections, a
component-based modeling method is formulated, with four
basic types of components employed namely as structural
steel, reinforcement, concrete and opening. A schematic
decomposition of a composite section via components is
presented in Fig. 5. The concrete components are stored as
groups of coordinates of vertices and will be dynamically
divided into parallel-layers during the iterative procedure.
The steel components are automatically meshed into a
series of triangular fibers, while the reinforcement
components are treated as point elements with small
occupied region equaling to the bar area. The opening
components are only allowed to be established over the
concrete components, and described by groups of
coordinates of vertices.

Three sets of coordinate systems, namely ZCY, zoy and
uov shown in Fig. 6 are established. The ZCY axis is global
and to describe all the components. The yoz system is the
intermediate axis with the origin as the geometric centroid
of the cross-section referring to the ZCY axis. The uov
system is the load-reference system and the u-axis of this
system is parallel to the neutral axis. This system shares the
same origin as the geometric centroid of the cross-section
with the zoy system. And the axes of zoy system are parallel
to the axes of ZCY system. The geometric centroid of a
section can be computed as
Zye = Z:lzcl ACiZCi + Z?ZSIASL‘ZSL‘ +Z?:TlATiZTi _Z?:olAOiZOi
! z:?:ClACi + Z?:lAsi +Z?:rl Ay, _Z::lAOi

)

Y, = Z:lzcl ACiYCi + Z?ilASiYSi +Z?:rl ATiYTi — Z?ﬁl Aoiyﬂi (2)
gC - c S T (4
. ] z:?:1‘461' + Z?:1A5i + z:?:1‘4n' _Z?:1A0i
in which, n;, n;, n, and n, are the numbers of concrete
components, steel components, reinforcements and
openings, respectively.
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Fig. 7 Procedure of stress integrations for the components
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The coordinates among these coordinate systems can be
ransferr he followin ration
ranstered by he folowing operafions N =N+ N+ () ®)
{y} - {y} - {ch} )
{u} _ { cosf, sin@n}{z} @ M = Mg+ M, + (M, — M,) (6)
v} |-sinb, cos8,)\y where Ns, N;, N; and N, are the axial resistances from the

where, 6, denote for the inclined angle between the uov and
zoy coordinate systems.

4. Stress integration algorithms

The whole sectional strengths, in terms of axial
resistance N and bending moment M, can be calculated by
integration of stresses within the components, where the
detailed procedure is given in Fig. 7. Due to the
characteristics in the varied types of components, i.e. steel,
reinforcement, concrete and opening components, the
resultant strengths are separately calculated via these
components and the total strength of the section is then
computed by

steel, the reinforcement, the concrete and the opening
components, respectively; and M, M,, M. and M, are the
moment resistances from the steel, the reinforcement, the
concrete and the opening components, respectively.

The basic assumption in the Euler-Bernoulli hypothesis
is the strain along the direction perpendicular to the neutral
axis is proportional to the distance from the axis. Therefore,
an efficient approach using layers instead of fibers for the
stress integration is proposed, where the components are
divided into series of layers as indicated in Fig. 8. A similar
concept for the stress resultant is also adopted by Liu et al.
(2012).
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Fig. 10 Steel sections meshed using the algorithm by Niceno (2002)

However, the residual stresses, as illustrated in Fig. 9, in

the steel plate could significantly affect the initial yield
moment of structural steel sections as reported by Li et al.
(2015), which need to be considered in the analysis. To this,
the steel sections are meshed into small fibers for direct
considerations of residual stress although increasing the
computing time. The algorithm proposed by Niceno (2002)
(see Fig. 10) is introduced for generating the mesh-grids for
any irregular or regular steel sections.
Therefore, two schemes of stress integration algorithms, i.e.
the layer-based and the fiber-based methods, are proposed.
The former approach is applied for calculating the strengths
of the concrete and opening components, while the latter
method is used for computing the forces among the steel
fibers and reinforcement components.

4.1 Layer-based integration method for concrete and
openings components

The concrete and open components will be dynamically
divided into layers at each time when the neutral axis is
known (see Fig. 8). These layers are parallel to the neutral
axis, where the strains are assumed to be constant within
each layer. From our numerical experience, the height of
each layer is 1% of the section height for an accurate
analysis result in engineering practice. The stress within the
layer is taken as f(g;), where the g; is the strain at the
middle height of the layer and f is the function for stress
versus strain relations of the material.

The strength resistance of the i layer in the j™ concrete
component are computed by

Ngi = jui IVi fCJ (g)dudv
= fd (Ecji )fui Jy; dudv = fe (gcji)Aci

Mcji = Jui Ivi fcj (5)(V—Vn)dudv
= ij (scji )(Vci _Vn)fui fvi dudv (8)
= fCJ (Ecji )(Vci —Vn)Agi

Aci = %‘Zln 11(u Vier ~YigaYi )+(unv1—u1vn )‘ ®

in which A is the area of the i layer; and v and v, are the
v-coordinates of the center line and the neutral axis in uov
axis.

The strength resistances of each component can be
calculated by

: : N
NI =Jufy £ (&)dudv = 5 5 N} (10)

M =f,f ) (s)(v—vn)dudv=2in:|-1MiJ (11)
in which n_ is the number of layers.

The detailed calculation procedure is illustrated in Fig.
11, and the openings and voids occupied by steel
components and reinforcements will be removed by the
negative area approach (Liu et al. 2012).

4.2 Fiber-based integration method for steel and
reinforcement components

The structural steel components are meshed into fibers
before the commencement of the numerical procedure,
where the robust algorithm proposed by Niceno (2002) is
employed for generating mesh-grids for arbitrary steel
sections.

The stress resultant of the j"
computed as

steel component can be
. . n L
Nd = ol 7 (e)auav =B AL 6) (o) @2

M =4l 1) (2) (v-v) dudv={; Akt (gsji )(Vsji —Vn) (13)

in which A, is the area of the i" fiber of the j" steel

component; v’; is the v-coordinate of the fiber centroid in
the uov axis; and ng is the number of fibers.

Similarly, each reinforcing bar can be treated as a
special type of steel fiber, and the strength resistance from
the j™ reinforcement component is calculated by

NF - —1Ar| fr ( rl) (14)

Md =z R Al () (v —vn) (15)

in which A’ is the area of the i reinforcing bar of the j"

reinforcement component; v{i is the v-coordinate of the
bar centroid in the uov axis; and ng denote the number of
bars.
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INPUT
Components: geometries; strain-
stress relations
Analysis: axial load N; direction
of movement 8,; number of load
step n,,: tolerance Tol

!

INITIALLIZATION
Transferring the coordinates of every component to
wov coordinate using the equations lelow; meshing the
structural steel component into fibers.

G=0-f)

(=15t comen) )

}

START ITERATION
Determining of initial strain under axial load N,

!

Lower bound: if section under compressive axial load,
then setting zero strain as &, and zero axial resistance
as Nj: else setting the maximum tensile strain as
£, and calculate the corresponding axial force as Ny .

Upper bound: if section under compressive axial load,
then setting the maximum compression strain as
&y and calculate the corresponding axial force as Ny;
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as Ny.
|
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a— “n
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Getting g according to the material property and
critical v coordinate of each component; calculating
strain increment using equation below,

Ae = (sf - sa)/nls

!

‘For ifl,nls:
g =&+ A

!

Lower bound: setting —oo as d; and calculate the
corresponding axial force as Nj,

Upper bound: setting v,,,, (naximum v coordinate
of the section) as dj; and calculate the corresponding

axial force as Ny,

df —df
— L (N, - N¥
N';,—N'g(” 1)

|
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dy =
N, =
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Calculating section curvature using equation below
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)
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Any component
failure
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END OF
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Output M-P- @ curve

!

End

Fig. 11 Flowchart of the numerical analysis
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Fig. 13 Divergence-free Quasi-Newton iteration scheme for d,

5. Numerical procedure for the moment-thrust-
curvatures analysis

The detailed flowchart of analysis is shown in Fig. 11,
where the displacement-based method and the Quasi-
Newton approach are used for the incremental and the
iterative procedures, respectively. The initial axial strain of
the section under the applied axial load should be
determined first, and the strain at the topmost of the section
is then increased till the failure value is reached. The
location of neutral axis is determined at every stain
increment and the corresponding curvature and the
corresponding moment resistance is computed.

The initial axial strain of the section under the applied
axial is calculated via the Quasi-Newton iterative procedure
as illustrated in Fig. 12.This procedure is unconditionally
stable when the lower and the upper bonds are properly
assumed at the 1% iteration. Fig. 11 shows that, the
boundaries are determined by assuming the strains as zero
and maximum fracture value for the lower and the upper
bonds respectively and the iteration can be executed via the

following equation
ek _ gk
k+1 _ k + u

e =&YK R (No = Ni) (16)

in which ¢, is the updated strain of the section; ¢_ and ¢y are
the strains of the section with the resistances being smaller
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and greater than the applied axial force respectively; and N,
and Ny are the axial resistances calculated by ¢ and ey,
respectively. The lower bound and upper bound of the
above iterative procedure are defined as:

e Lower bound: if the section under compressive
axial load, then setting zero strain as &, and zero
axial resistance as N;; else setting the maximum
tensile strain as ¢;, and calculate the corresponding
axial force as Nj.

e Upper bound: if the section under compressive
axial load, then setting the maximum compression
strain as &, and calculate the corresponding axial
force as Ny; else setting zero strain as &, and zero
axial resistance as Ny.

The similar iteration algorithm is proposed for
computing the location of the neural axis as shown in Fig.
13. The implicit function between the axial resistance N and
the location of the neutral axis “d” is established, and a
Quasi-Newton iterative method is proposed for finding the
position of the d with respect to the applied N, via the
following equation

dg — df
k — gk k
dn+1 _dL +NZIC_NII,< (Na_NL) (17)

in which d,, is the updated depth of the neutral axis; d_ is the
neutral axis depth with the axial resistance N_ smaller than
the applied axial force and dy is the neutral axis depth with
the axial resistance Ny greater than the applied axial force.
The lower bound and upper bound of this iterative
procedure are defined as:

e Lower bound: setting —oo as d; and calculate
the corresponding axial force as N, .

e Upper bound: setting v, (Mmaximum v
coordinate of the section) as d; and calculate the
corresponding axial force as Ny.

The above iterative procedures are divergence-free only
since the lower and the upper bonds are properly
determined.

Once the depth of the neutral axis d, is determined at
every strain increment at the topmost of the section, the
moment resistance can be computed using the stress
integration method in Fig. 7 and the curvature can be
calculated by

¢! = el /d (18)
where gri] is the strain at the i" step, which increases from

the strain under applied axial force e, by A& at each load
step during the incremental procedure and calculated by the
following equation.

Ae = (sf — sa)/nls (19)

in which nj, denote the number of load steps; and & is the
fracture strain.

The fracture of any components in the section is
checked during each load step. When one of the
components is loaded to exceed its failure curvature, the
analysis procedure will be terminated and the corresponding
moment resistance is then being taken as the ultimate
moment capacity.

6. Verification examples

The proposed divergence-free numerical method for
generating M-P-® curves is applicable to arbitrary steel,
reinforced-concrete and composite sections. In order to
examine its accuracy and validity, several examples from
literatures are studied as follows. In these examples, the
concrete component are divided into 100 layers and the
convergence tolerance is 0.1%.

Fig. 14 Fiber mesh of W8x31 section
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Fig. 15 Comparisons for the moment-thrust-curvatures of
W8x31 section
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A structural steel section under a series of axial loads
originally studied by Chen and Atsuta (1976) using the

closed-form expressions is studied analyzed in this example.

The section is W8x31wide-flange of height and width
both 203 mm. The thicknesses of web and flange plates are
respectively 7 mm and 11 mm. Bi-linear constitutive model
is assumed for the steel material, and the Young’s modulus
is 200 GPa. A total of 1478 fiber elements are generated by
the meshing algorithm (Niceno 2002), as shown in Fig. 14,
for constructing the steel section in the analysis. The
moment curvatures under six axial loads, e.g., 0, 0.1Py,
0.2P,, 0.4P,, 0.6P, and 0.8P,, are generated, where P,
denote the cross sectional capacity.

The analysis results using the closed-form solutions by
Chen and Atsuta (1976) are employed as benchmarks, and
the comparisons results between the proposed method and
by Chen and Atsuta (1976) are plotted in in Fig. 15, where
the M, and ¢, are the initial yield moment and the initial
yield curvature, respectively. From the comparisons, the M-
P-O curves generated by the proposed algorithm are
identical to those by the closed-form expressions and the
accuracy and reliability of the numerical procedure are
confirmed in this pure steel section example.

6.2 Reinforced-concrete sections by Sim&o et al.
(2016)
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RC section with tensile and compression reinforcement
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Fig. 16 Comparisons for the moment-thrust-curvatures of
the RC section with tensile reinforcement only

M-P-® curves for the rectangular reinforced concrete
sections is proposed by Simao et al. (2016). In this example,
two types of concrete sections, i.e., singly and doubly
reinforced, are analyzed and compared with the results by
the closed-form solutions (Sim&o et al. 2016). The width
and height of the section are 300 mm and 500 mm,
respectively, and the cover is 50 mm. The concrete grade is
C30 and the yield strength of reinforcement is 415 MPa.

The moment versus curvatures under the six levels of
axial compressions, i.e., 0 kN, 50 kN, 100 kN, 200 kN, 300
kN and 400 kN, are generated by the proposed method and
the hand calculation methods by Simé&o et al. (2016).

The comparison results are plotted in Figs. 16 and 17 for
the singly and the doubly reinforced concrete sections,
respectively, where the curvatures ranged from 0 to 0.04 are
generated. The analyzed M-P-® curves by the proposed
numerical approach are almost the same as the closed-form
expressions, showing the high accuracy in tracing the
section behaviors with nonlinear material properties.

6.3 Rectangular concrete-filled composite section by
Uy (2001)

This example employs a rectangular concrete-filled
composite section for validation, which was originally tested
by Uy (2001) and later studied by Gayathri et al. (2004) using
the fibre-based method. The length and width of the cross-



Divergence-free algorithms for moment-thrust-curvature analysis of arbitrary sections 567

section are both 160 mm. The thickness of the steel tube is 5
mm and has been meshed into fibers as shown in Fig. 18(a).

The cube strength of concrete is 30 MPa, while the yield
strength of steel tube is 770 MPa.

The analysis results by the proposed method are plotted
and compared with those by experiment (Uy 2001) and by the
fiber-based analysis approach (Gayathri et al. 2004) as
illustrated in Fig. 18(b). Both the elastic behaviours and the
ultimate moment resistances can be accurately predicted using
the numerical algorithms in this paper when compared with the
experimental results (Uy 2001), where the slight differences in
the elasto-plastic range is due to the nonlinear concrete
properties in the tri-axial loading state.

6.4 Encased composite section by El-Tawil and
Deierlein (1999)

An encased composite section is investigated in this
example which was studied by El-Tawil and Deierlein
(1999) using the finite-element method (FEM). The section
is rectangular with width and height equal to 700 mm with
the section being W14x211. This encased steel section is
meshed into 2050 fibers as shown in Fig. 19(a). The yield
strengths of reinforcement and structural steel are 414 MPa
and 345 MPa, respectively. There is twelve reinforcing bars
in the cross section. Three concrete grades with the cube
strength of 28 MPa, 69 MPa and 110 MPa are considered.

(a) Fiber mesh of the steel tube
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Fig. 19 Comparisons for the moment -curvatures of a
rectangular encased composite section

The moments versus curvatures for this section with
different grades of concrete are generated and shown in
Figs. 19(b)-19(d), where the results by the FEM (El-Tawil
and Deierlein 1999) are compared. From Fig. 19, the
moment-curvatures can be accurately reproduced by the
proposed numerical method regardless of grades of concrete
when compared with the sophisticated but less
computationally efficient FEM.
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7. Conclusions

Moment-thrust-curvatures ~ (M-P-®  curves)  can
comprehensively reflect the basic properties as stiffness and
strength of a section under axial loads, which are necessary
for an accurate determination of member deformations and
flexural rigidities. This paper proposes a divergence-free
approach, combining the displacement-control and the
Quasi-Newton scheme in the incremental-iterative
procedure, for generating the M-P-® curves of arbitrary
steel, concrete and composite sections. A section modeling
method using varied types of components as concrete,
structural steel, reinforcement and openings, is introduced
for describing any types of sections. An efficient algorithm
for computing the strength from the concrete components is
adopted, where the stress integrations are executed by layer-
based approaches. The numerical procedure is elaborated in
detail with flowcharts. Finally, several examples from
available literatures are compared for validating the
accuracy of the proposed method.
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