
6WHHO DQG &RPSRVLWH 6WUXFWXUHV� 9RO� �� 1R� � ������ ������� ���

)LQLWH�VWULS�PHWKRG�LQ�SUREDELOLVWLF�IDWLJXH�DQDO\VLV�
RI�VWHHO�EULGJHV

:�&� /L† DQG 0�6� &KHXQJ‡

'HSDUWPHQW RI &LYLO 	 (QYLURQPHQWDO (QJLQHHULQJ� &DUOHWRQ 8QLYHUVLW\�

2WWDZD� 2QWDULR� &DQDGD .�6 �%�

�5HFHLYHG -DQXDU\ ��� ����� $FFHSWHG 1RYHPEHU �� �����

$EVWUDFW� $ ILQLWH VWULS PHWKRG LV GHYHORSHG IRU IDWLJXH UHOLDELOLW\ DQDO\VLV RI VWHHO KLJKZD\ EULGJHV� )ODW
VKHOO VWULSV DUH HPSOR\HG WR PRGHO FRQFUHWH VODE DQG VWHHO JLUGHUV� ZKLOH D FRQQHFWLRQ VWULS LV IRUPHG XVLQJ
SHQDOW\ IXQFWLRQ PHWKRG WR WDNH LQWR DFFRXQW HFFHQWULFLW\ RI JLUGHU WRS IODQJH� $W HDFK VDPSOLQJ SRLQW ZLWK
JLYHQ VODE WKLFNQHVV DQG PRGXOXV UDWLR� D ILQLWH VWULS DQDO\VLV RI WKH EULGJH XQGHU IDWLJXH WUXFN LV SHUIRUPHG WR
FDOFXODWH VWUHVV UDQJHV DW IDWLJXH�SURQH GHWDLO� DQG IDWLJXH IDLOXUH SUREDELOLW\ LV HYDOXDWHG IROORZLQJ WKH
$$6+72 DSSURDFK RU WKH /()0 DSSURDFK� $IWHU WKH IDLOXUH SUREDELOLW\ LV LQWHJUDWHG RYHU DOO VDPSOLQJ
SRLQWV� IDWLJXH UHOLDELOLW\ RI WKH EULGJH LV GHWHUPLQHG�

.H\ ZRUGV� ILQLWH VWULS PHWKRG� UHOLDELOLW\� IDWLJXH� IUDFWXUH� $$6+72 DSSURDFK� /()0 DSSURDFK�

�� ,QWURGXFWLRQ

,W KDV EHHQ UHSRUWHG WKDW �� WR �� SHUFHQW RI IDLOXUHV LQ VWHHO VWUXFWXUHV DUH UHODWHG WR IDWLJXH DQG

IUDFWXUH �&RPPLWWHH� ������ 7KHUHIRUH� IDWLJXH DQG IUDFWXUH UHOLDELOLW\ HYDOXDWLRQ LV D YHU\ LPSRUWDQW

WDVN LQ GHVLJQ DQG PDQDJHPHQW RI VWHHO EULGJHV�

,Q RUGHU WR DFFXUDWHO\ FDOFXODWH VWUHVV UDQJHV DW IDWLJXH�SURQH VWUXFWXUDO GHWDLOV� UHILQHG VWUHVV DQDO\VLV

LV SUHIHUDEOH IRU FRPSOH[ EULGJH VWUXFWXUHV� ,Q WKH ODVW GHFDGH� WKH ILQLWH VWULS PHWKRG KDV SURYHG WR EH

RQH RI WKH PRVW HIILFLHQW PHWKRGV RI EULGJH DQDO\VLV DQG KDV UHFHLYHG ZLGH DFFHSWDQFH DQG UHFRJQLWLRQ

E\ WKH HQJLQHHULQJ FRPPXQLW\ �&KHXQJ HW DO� ������ 7KH WHFKQLTXH KDV PDWXUHG WR VXFK DQ H[WHQW WKDW D

FRQVLGHUDEOH QXPEHU RI GHVLJQ FRGHV LQ WKH ZRUOG QRZ VSHFLILFDOO\ UHFRJQL]H WKH ILQLWH VWULS PHWKRG DV

RQH RI WKH DFFHSWDEOH WRROV IRU EULGJH DQDO\VLV� )RU VWUDLJKW RU FLUFXODUO\ FXUYHG KLJKZD\ EULGJHV ZLWK D

FRQVWDQW FURVV VHFWLRQ� WKH ILQLWH VWULS PHWKRG XVHV D VHULHV RI EHDP HLJHQIXQFWLRQV WR GHVFULEH WKH

ORQJLWXGLQDO SURILOH RI GLVSODFHPHQW FRPSRQHQWV� 7KHUHIRUH� WKH GLPHQVLRQV RI WKH DQDO\VLV DUH UHGXFHG

DW OHDVW E\ RQH� &RQVHTXHQWO\� WKH FRVW RI DQDO\VLV LV UHGXFHG VLJQLILFDQWO\ QRW RQO\ GXH WR WKH UHGXFWLRQ

LQ WKH UHTXLUHG FRPSXWHU WLPH DQG VWRUDJH VSDFH� EXW DOVR GXH WR WKH VXEVWDQWLDO VLPSOLILFDWLRQ RI LQSXW

GDWD SUHSDUDWLRQ DQG UHVXOWV LQWHUSUHWDWLRQ� &RPELQHG ZLWK WKH IOH[LELOLW\ DSSURDFK� WKH ILQLWH VWULS

PHWKRG LV DOVR DSSOLFDEOH WR WKH EULGJHV ZLWK LQWHUPHGLDWH VXSSRUWV DQG WUDQVYHUVH VWLIIHQHUV� )RU PRUH

FRPSOLFDWHG EULGJH JHRPHWU\� VXFK DV DUELWUDULO\ FXUYHG VODE EULGJHV� KDXQFKHG FRQWLQXRXV VODE�RQ�
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JLUGHU RU ER[�JLUGHU EULGJHV� DQG FDEOH�VWD\HG EULGJHV� WKH VSOLQH ILQLWH VWULS PHWKRG �&KHXQJ HW DO�

����� KDV EHHQ GHYHORSHG� DQG FRQVLGHUDEOH FRPSXWDWLRQDO VDYLQJ LV DOVR DFKLHYHG GXH WR D VLJQLILFDQW

UHGXFWLRQ LQ WKH QXPEHU RI UHTXLUHG GHJUHHV RI IUHHGRP� 7KH DGYDQWDJH RI WKH ILQLWH VWULS PHWKRG EHFRPHV

PRUH UHPDUNDEOH IRU UHOLDELOLW\ DQDO\VLV VLQFH KXQGUHGV� WKRXVDQGV RU HYHQ PLOOLRQV VLPLODU VWUHVV DQDO\VHV

PD\ EH UHTXLUHG WR UHDFK D VDWLVIDFWRU\ DFFXUDF\ IRU UHOLDELOLW\ DVVHVVPHQW RI D FRPSOH[ VWUXFWXUH�

,Q WKH SUHVHQW VWXG\� D ILQLWH VWULS PHWKRG LV GHYHORSHG IRU WKH IDWLJXH UHOLDELOLW\ DQDO\VLV RI VWHHO

KLJKZD\ EULGJHV� 7KH IODW VKHOO VWULSV DUH HPSOR\HG WR PRGHO WKH FRQFUHWH VODE DQG VWHHO JLUGHUV� ZKLOH D

FRQQHFWLRQ VWULS LV IRUPHG E\ PHDQV RI WKH SHQDOW\ IXQFWLRQ PHWKRG LQ RUGHU WR WDNH LQWR DFFRXQW WKH

HFFHQWULFLW\ RI WKH WRS IODQJH RI JLUGHU� 7KH HIIHFWV RI ORDGLQJ DUH PRGHOHG E\ WKH IDWLJXH WUXFN

GHYHORSHG E\ /DPDQ DQG 1RZDN ������� 7KH VODE WKLFNQHVV� WKH UDWLR EHWZHHQ HODVWLFLW\ PRGXOL RI VWHHO

DQG FRQFUHWH� WKH IDWLJXH RU IUDFWXUH SDUDPHWHUV RI IDWLJXH�VHQVLWLYH GHWDLO� DQG WKH LPSDFW IDFWRU DUH

WDNHQ DV WKH EDVLF YDULDEOHV� $W HDFK VDPSOLQJ SRLQW ZLWK JLYHQ YDOXHV RI VODE WKLFNQHVV DQG PRGXOXV

UDWLR� D ILQLWH VWULS DQDO\VLV RI WKH EULGJH XQGHU IDWLJXH WUXFN LV FDUULHG RXW� DQG WKH VWUHVV UDQJHV DW WKH

VWUXFWXUDO GHWDLO DUH FDOFXODWHG� %DVHG RQ WKHVH VWUHVV UDQJHV DQG LQWHQGHG VHUYLFH OLIH� WKH IDWLJXH IDLOXUH

SUREDELOLW\ FDQ EH HYDOXDWHG E\ IROORZLQJ WKH $$6+72 DSSURDFK RU WKH /LQHDU�(ODVWLF )UDFWXUH

0HFKDQLFV �/()0� DSSURDFK� $IWHU WKH IDLOXUH SUREDELOLW\ LV LQWHJUDWHG RYHU DOO VDPSOLQJ SRLQWV� WKH

IDWLJXH UHOLDELOLW\ RI WKH EULGJH LV GHWHUPLQHG�

'HWDLOV DUH GHVFULEHG LQ WKH IROORZLQJ VHFWLRQV� 1XPHULFDO H[DPSOHV DUH SUHVHQWHG WR LOOXVWUDWH WKH

SURSRVHG PHWKRGRORJ\�

�� )LQLWH VWULS PHWKRG

,Q WKH SUHVHQW VWXG\� WKH IODW VKHOO VWULS �)LJ� �� LV HPSOR\HG WR PRGHO VODE DQG JLUGHUV RI D KLJKZD\

EULGJH� )RU D VWUDLJKW EULGJH VLPSO\ VXSSRUWHG DW ERWK HQGV� WKH GLVSODFHPHQW SDUDPHWHUV RI WKH VWULS IRU

WKH P�WK VHULHV WHUP DUH WDNHQ DV�

ZKHUH X� Y� Z DQG θ DUH GHILQHG LQ )LJ� ��

,Q WKH ORFDO FRRUGLQDWH V\VWHP� WKH GLVSODFHPHQW FRPSRQHQWV DW DQ\ SRLQW ZLWKLQ WKH PLGGOH SODQH RI

WKH VWULS DUH H[SUHVVHG LQ WHUPV RI WKH GLVSODFHPHQW SDUDPHWHUV DV IROORZV�
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)LQLWH VWULS PHWKRG LQ SUREDELOLVWLF IDWLJXH DQDO\VLV RI VWHHO EULGJHV ���

���

ZKHUH ;  [�E DQG E LV WKH ZLGWK RI WKH VWULS� U LV WKH WRWDO QXPEHU RI VHULHV WHUPV FRQVLGHUHG LQ WKH

DQDO\VLV� NP  Pπ � O DQG O LV WKH OHQJWK RI WKH VWULS�

%DVHG RQ WKHVH VKDSH IXQFWLRQV DQG WKH SULQFLSOH RI PLQLPXP WRWDO SRWHQWLDO HQHUJ\� WKH VWLIIQHVV PDWUL[

DQG ORDG YHFWRU RI WKH VWULS DUH IRUPHG DQG KDYH EHHQ OLVWHG LQ WKH ERRN ZULWWHQ E\ &KHXQJ HW DO� �������

,Q RUGHU WR WDNH LQWR DFFRXQW WKH HFFHQWULFLW\ RI WRS IODQJH RI JLUGHU� D FRQQHFWLRQ VWULS LV GHYHORSHG�

ZKLFK FRQQHFWV QRGDO OLQH L LQ WKH PLGGOH SODQH RI VODE DQG QRGDO OLQH M LQ WKH PLGGOH SODQH RI WRS

IODQJH� DV VKRZQ LQ )LJ� ��

$W DQ\ FURVV�VHFWLRQ ZLWK FRRUGLQDWH \� WKH GLVSODFHPHQWV RI QRGDO OLQHV L DQG M KDYH WKH IROORZLQJ

UHODWLRQVKLSV�

ZKHUH H LV WKH HFFHQWULFLW\�

%\ VXEVWLWXWLRQ RI (T� ��� LQWR DERYH UHODWLRQVKLSV� WKH IROORZLQJ PDWUL[ HTXDWLRQ FDQ EH REWDLQHG�
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7KXV� WKH VWLIIQHVV PDWUL[ RI WKH FRQQHFWLRQ VWULS FDQ EH GHULYHG XVLQJ WKH SHQDOW\ IXQFWLRQ PHWKRG

�&KHXQJ HW DO� ����� DV�

LQ ZKLFK α LV D ODUJH VWLIIQHVV FRHIILFLHQW� ,Q WKH SUHVHQW VWXG\� α LV WDNHQ DV ���� WLPHV WKH

PD[LPXP GLDJRQDO LWHP RI VWUXFWXUDO VWLIIQHVV PDWUL[ IRU VHULHV WHUP P�

)RU DSSOLFDWLRQV RI WKH ILQLWH VWULS PHWKRG WR EULGJHV ZLWK PRUH FRPSOLFDWHG JHRPHWU\� LW LV

UHFRPPHQGHG WR FRQVXOW WKH ERRN ZULWWHQ E\ &KHXQJ HW DO� �������

�� )DLOXUH SUREDELOLW\ XQGHU JLYHQ VWUHVV UDQJHV

7ZR DSSURDFKHV DUH DYDLODEOH IRU HYDOXDWLRQ RI IDWLJXH IDLOXUH SUREDELOLW\ RI D IDWLJXH�SURQH GHWDLO

XQGHU JLYHQ VWUHVV UDQJHV LQ WKH LQWHQGHG VHUYLFH OLIH� QDPHO\ WKH $$6+72 DSSURDFK DQG WKH /LQHDU�

(ODVWLF )UDFWXUH 0HFKDQLFV �/()0� DSSURDFK �=KDR HW DO� ������ 7KH $$6+72 DSSURDFK LV EDVHG RQ

6�1 GHVLJQ FXUYHV LQFOXGHG LQ GHVLJQ FRGH� DQG LV HDV\ WR XVH IRU VWUXFWXUDO HQJLQHHUV� 8VLQJ WKLV

DSSURDFK� WKH IDWLJXH UHOLDELOLW\ RI DQ DJLQJ VWHHO EULGJH FDQ EH HYDOXDWHG DQDO\WLFDOO\� DV ORQJ DV WKH

ORDGLQJ KLVWRU\ LV DYDLODEOH LQ WHUPV RI VWUHVV UDQJHV LQ WKH FULWLFDO IDWLJXH�VHQVLWLYH GHWDLO� 2Q WKH RWKHU

KDQG� WKH /()0 DSSURDFK LV EDVHG RQ WKH FUDFN SURSDJDWLRQ WKHRU\ LQ WKH OLQHDU�HODVWLF IUDFWXUH

PHFKDQLFV� ,I WKH LQLWLDO FUDFN VL]HV FDQ EH PHDVXUHG ZLWK UHDVRQDEOH DFFXUDF\� WKLV DSSURDFK OHDGV WR D

PRUH DFFXUDWH HYDOXDWLRQ IRU WKH IDWLJXH UHOLDELOLW\ RI D JLYHQ VWUXFWXUDO GHWDLO� ,Q DGGLWLRQ� WKH /()0

DSSURDFK LV DOVR FDSDEOH RI XSGDWLQJ WKH UHOLDELOLW\ DVVHVVPHQW RI DQ DJLQJ VWUXFWXUH DFFRUGLQJ WR FUDFN

VL]HV PHDVXUHG GXULQJ LQVSHFWLRQV�

���� $$6+72 DSSURDFK

7KH $$6+72 DSSURDFK HPSOR\V WKH IDWLJXH GHVLJQ FXUYHV LQ $$6+72 6SHFLILFDWLRQV ������ WR

HYDOXDWH WKH IDWLJXH IDLOXUH SUREDELOLW\� 7KH UHODWLRQVKLSV EHWZHHQ DOORZDEOH VWUHVV UDQJHV DQG QXPEHU

RI F\FOHV LQ WKHVH FXUYHV DUH REWDLQHG IURP WHVW UHVXOWV DQG XVHG IRU IDWLJXH GHVLJQ RI KLJKZD\ EULGJHV�

%DVHG RQ UHVXOWV RI IDWLJXH H[SHULPHQWV� :LUVFKLQJ ������ VXJJHVWHG WKDW WKH IDWLJXH IDLOXUH RFFXUV LI

WKH IROORZLQJ OLPLW VWDWH LV UHDFKHG�

���

ZKHUH 1L LV WKH QXPEHU RI ORDGLQJ F\FOHV DW VWUHVV UDQJH OHYHO 6L GXULQJ LQWHQGHG VHUYLFH OLIH� $ LV

WKH IDWLJXH VWUHQJWK FRHIILFLHQW RI WKH VWUXFWXUDO GHWDLO� ZKLOVW ∆ LV WKH GDPDJH LQGH[ DW IDLOXUH�

([WHQVLYH VWXGLHV E\ :LUVFKLQJ KDYH VKRZQ WKDW WKH F\FOHV�WR�IDLOXUH GDWD FDQ EH EHVW ILW LI $ DQG ∆
DUH ERWK PRGHOHG E\ ORJQRUPDO YDULDEOHV DQG P LV DVVXPHG DV D FRQVWDQW�

7KH $$6+72 6SHFLILFDWLRQV KDYH JLYHQ GHVLJQ YDOXHV RI $ DQG GHVLJQ FXUYHV LQ ORJ 1 � ORJ 6 VFDOHV

IRU D YDULHW\ RI VWUXFWXUDO GHWDLOV� 7\SLFDOO\� WKH GHVLJQ FXUYH LV WZR VWDQGDUG GHYLDWLRQV EHORZ WKH

PHGLDQ FXUYH IRU D SDUWLFXODU VWUXFWXUDO GHWDLO� 7KHUHIRUH� WKH PHGLDQ YDOXH FDQ EH FDOFXODWHG IURP

WKH GHVLJQ YDOXH $� DV EHORZ�
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)LQLWH VWULS PHWKRG LQ SUREDELOLVWLF IDWLJXH DQDO\VLV RI VWHHO EULGJHV ���

ZKHUH σ OQ$ LV WKH VWDQGDUG GHYLDWLRQ RI OQ $ DQG HTXDO WR ZLWK 9$ GHQRWLQJ WKH

FRHIILFLHQW RI YDULDWLRQ RI $� 7KXV

0RUHRYHU� LI WKH VWUHVV UDQJH 6L LV FDOFXODWHG XVLQJ D VWDWLF DQDO\VLV� WKH LPSDFW IDFWRU , VKRXOG EH

LQFOXGHG WR WDNH LQWR DFFRXQW WKH G\QDPLF HIIHFWV RI PRYLQJ YHKLFOHV DV EHORZ�

ZKHUH 6RL LV WKH VWUHVV UDQJH REWDLQHG IURP WKH VWDWLF DQDO\VLV� 7KH LPSDFW IDFWRU , LQ WXUQ FDQ EH

PRGHOHG E\ D ORJQRUPDO YDULDEOH �:LUVFKLQJ ������

6LQFH DOO WKH UDQGRP YDULDEOHV LQ (T� ��� DUH ORJQRUPDOO\ GLVWULEXWHG� LW LV UHDG\ WR REWDLQ WKH IDWLJXH

IDLOXUH SUREDELOLW\ 3IV RI D VWUXFWXUDO GHWDLO IRU D JLYHQ VWUHVV UDQJHV DV�

���

ZKHUH Φ� � LV WKH VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ� DQG

���

ZLWK 9 GHQRWLQJ WKH FRHIILFLHQW RI YDULDWLRQ DQG WKH WLOGH UHSUHVHQWLQJ WKH PHGLDQ IRU HDFK YDULDEOH�

���� /()0 DSSURDFK

7KH /LQHDU�(ODVWLF )UDFWXUH 0HFKDQLFV �/()0� DSSURDFK LV EDVHG RQ D FUDFN SURSDJDWLRQ WKHRU\

�+DUULV ������ 6LQFH WKH HIIHFW RI FUDFN VL]H LV WDNHQ LQWR FRQVLGHUDWLRQ� WKLV DSSURDFK \LHOGV PRUH

DFFXUDWH UHVXOWV IRU IDWLJXH UHOLDELOLW\ DVVHVVPHQW LI WKH FXUUHQW FUDFN VL]H FDQ EH PHDVXUHG�

,Q ZHOGHG EULGJH GHWDLOV� WKH ZHOGLQJ SURFHVV LQKHUHQWO\ UHVXOWV LQ LQLWLDO IODZV IURP ZKLFK FUDFN

JURZWK PD\ RFFXU XQGHU F\FOLF ORDGLQJ� 7KH PRVW FRPPRQO\ XVHG FUDFN JURZWK PRGHO LV WKH ZHOO�

NQRZQ 3DULV UHODWLRQ�

���

ZKHUH D LV FUDFN VL]H� ZKLFK UHIHUV WR WKH FUDFN GHSWK IRU WKH VXUIDFH FUDFN� RU WKH KDOI RI FUDFN

OHQJWK IRU WKURXJK FUDFN� 1 LV WKH QXPEHU RI VWUHVV F\FOHV� & DQG P DUH FUDFN JURZWK SDUDPHWHUV�

ZKLFK DUH PDWHULDO SURSHUWLHV� DQG ∆. LV WKH VWUHVV LQWHQVLW\ UDQJH� ZKLFK LV HYDOXDWHG DV
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LQ ZKLFK 6 LV WKH VWUHVV UDQJH� )�D� < � LV WKH JHRPHWU\ IXQFWLRQ WR DFFRXQW IRU WKH SRVVLEOH VWUHVV

FRQFHQWUDWLRQ� < LV D YHFWRU RI JHRPHWULFDO SDUDPHWHUV� VXFK DV WKH GLPHQVLRQV RI FUDFN DQG

VSHFLPHQ XQGHU FRQVLGHUDWLRQ �0XUDNDPL ������

'XH WR VFDWWHU LQ WHVW GDWD� FUDFN JURZWK SDUDPHWHUV & DQG P� DV PDWHULDO SURSHUWLHV� VKRXOG EH

FRQVLGHUHG DV UDQGRP YDULDEOHV� ,W LV JHQHUDOO\ DFFHSWHG WKDW� IRU VWHHO� WKH FUDFN JURZWK SDUDPHWHU &

DSSUR[LPDWHO\ IROORZV D ORJQRUPDO GLVWULEXWLRQ ZKLOH WKH FUDFN JURZWK H[SRQHQW P LV DVVXPHG WR EH D

FRQVWDQW �+DUULV ������

:KHQ WKH FUDFN JURZV IURP LWV LQLWLDO GLPHQVLRQ D� WR LWV FULWLFDO VL]H DF� IDWLJXH IDLOXUH RFFXUV �)LVKHU

������ 7KH OLPLW VWDWH HTXDWLRQ FDQ EH REWDLQHG E\ UHDUUDQJLQJ LWHPV LQ (T� ��� DQG WKHQ LQWHJUDWLQJ ERWK

VLGHV IURP D� WR DF�

���

'XH WR FRQVLGHUDEOH XQFHUWDLQWLHV LQ PDWHULDO SURSHUWLHV DQG ZHOGLQJ SURFHVV� DOVR GXH WR OLPLWHG

FUDFN GHWHFWDELOLW\ RI FXUUHQW LQVSHFWLRQ WHFKQLTXHV� FUDFN VL]HV D� DQG DF DUH ERWK UDQGRP YDOXDEOHV�

$V LQGLFDWHG E\ +DUULV ������� WKH XQFHUWDLQW\ LQ LQLWLDO FUDFN GLPHQVLRQ D� KDV D GRPLQDQW HIIHFW RQ

WKH UHVXOWV RI IDWLJXH UHOLDELOLW\ DVVHVVPHQW� DQG LW LV VXJJHVWHG WKDW DV D UHDVRQDEOH DSSUR[LPDWLRQ�

D� FDQ EH PRGHOHG E\ D ORJQRUPDO YDULDEOH� ZKLOH DF FDQ EH FRQVLGHUHG DV D FRQVWDQW� )RU YHU\

LPSRUWDQW VWUXFWXUHV� WKH GLVWULEXWLRQ SDUDPHWHUV FDQ EH GHWHUPLQHG WKURXJK PHDVXUHPHQWV� RU FDQ EH

EDFNHG RXW IURP IDWLJXH WHVW GDWD�

6LPLODUO\ WR $$6+72 DSSURDFK� D ORJQRUPDO YDULDEOH� LPSDFW IDFWRU ,� VKRXOG EH LQWURGXFHG LI WKH

VWUHVV UDQJH 6L LV GHWHUPLQHG E\ D VWDWLF DQDO\VLV�

)RU HDFK VDPSOLQJ YDOXH RI D�� WKH LQWHJUDWLRQ RQ WKH OHIW�KDQG VLGH RI (T� ��� FDQ EH SHUIRUPHG

QXPHULFDOO\� DQG WKH IDWLJXH IDLOXUH SUREDELOLW\ IRU WKH JLYHQ VWUHVV UDQJHV FDQ EH HYDOXDWHG LQ WKH ZD\

VLPLODU WR $$6+72 DSSURDFK�

���

LQ ZKLFK

���

ZKHUH 9 GHQRWHV WKH FRHIILFLHQW RI YDULDWLRQ� ZKLOH WKH WLOGH UHSUHVHQWV WKH PHGLDQ IRU HDFK YDULDEOH�

�� 6ROXWLRQ SURFHGXUH

,Q DGGLWLRQ WR WKH DIRUHPHQWLRQHG UDQGRP YDULDEOHV� ZKLFK GHWHUPLQH WKH IDWLJXH IDLOXUH SUREDELOLW\

RI D VWUXFWXUDO GHWDLO XQGHU JLYHQ VWUHVV UDQJHV� WKH VWUXFWXUDO JHRPHWU\� PDWHULDO SURSHUWLHV DQG ORDGLQJ

HWF� DOVR YDU\ IURP FDVH WR FDVH� 7KH YDULDELOLW\ LQ WKHVH VWUXFWXUDO DQG ORDGLQJ SDUDPHWHUV DIIHFWV WKH

UHVXOWV RI VWUHVV FDOFXODWLRQ� DQG PXVW EH FRQVLGHUHG EHIRUH WKH VWUHVV DQDO\VLV LV SHUIRUPHG� ,Q WKH

SUHVHQW VWXG\� WKH WKLFNQHVV RI FRQFUHWH VODE� WF� WKH HODVWLFLW\ PRGXOXV RI FRQFUHWH� (F� DQG WKH HODVWLFLW\

PRGXOXV RI VWHHO� (V� DUH WUHDWHG DV UDQGRP YDULDEOHV� 7KH XQFHUWDLQWLHV LQ RWKHU SDUDPHWHUV DUH
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)LQLWH VWULS PHWKRG LQ SUREDELOLVWLF IDWLJXH DQDO\VLV RI VWHHO EULGJHV ���

QHJOHFWHG EHFDXVH RI WKHLU VHFRQGDU\ LPSRUWDQFH� +RZHYHU� WKHLU UDQGRPQHVV FDQ EH HDVLO\

LQFRUSRUDWHG LQ WKH VDPH PDQQHU LI DQ\ FRQFHUQ LV UDLVHG� ,Q JHQHUDO� IDWLJXH LV FDXVHG E\ UHSHDWHGO\

DSSOLHG VWUHVVHV� XQGHU ZKLFK RQO\ HODVWLF GHIRUPDWLRQ RFFXUV LQ D SURSHUO\ GHVLJQHG EULGJH� )RU HODVWLF

VWUHVV DQDO\VLV� LW LV WKH PRGXOXV UDWLR ρ  (V � (F LQVWHDG RI (V DQG (F WKHPVHOYHV WKDW DIIHFWV WKH

UHVXOWLQJ VWUHVVHV� 7KHUHIRUH� RQO\ WZR EDVLF YDULDEOHV DUH FRQVLGHUHG KHUH� QDPHO\ WKH VODE WKLFNQHVV WF
DQG WKH PRGXOXV UDWLR ρ� ,I (V DQG (F ERWK KDYH ORJQRUPDO GLVWULEXWLRQ� WKH PRGXOXV UDWLR ρ DOVR IROORZV

WKH ORJQRUPDO GLVWULEXWLRQ ZLWK WKH IROORZLQJ SUREDELOLVWLF SDUDPHWHUV�

LQ ZKLFK 9 GHQRWHV WKH FRHIILFLHQW RI YDULDWLRQ� WKH WLOGH UHSUHVHQWV WKH PHGLDQ� DQG σ VWDQGV IRU WKH

VWDQGDUG GHYLDWLRQ�

$ VLPXODWLRQ WHFKQLTXH �$\\XE HW DO� ����� LV XVHG IRU WKH ILQDO VROXWLRQ� $W HDFK VDPSOLQJ SRLQW ZLWK

JLYHQ YDOXHV RI WF DQG ρ� WKH ILQLWH VWULS DQDO\VLV LV FDUULHG RXW IRU WKH FRQVLGHUHG EULGJH XQGHU IDWLJXH
WUXFN GHYHORSHG E\ /DPDQ DQG 1RZDN ������� 7KXV� WKH VWUHVV UDQJHV DW WKH IDWLJXH�SURQH GHWDLO DUH

FDOFXODWHG� ,I $$6+72 DSSURDFK LV HPSOR\HG� WKH IDWLJXH IDLOXUH SUREDELOLW\� 3IV� XQGHU WKHVH JLYHQ

VWUHVV UDQJHV LV GHWHUPLQHG XVLQJ (T� ��� DQG (T� ��� IRU LQWHQGHG VHUYLFH OLIH� ,QWHJUDWLQJ QXPHULFDOO\

RYHU DOO VDPSOLQJ SRLQWV \LHOGV WKH IDWLJXH IDLOXUH SUREDELOLW\ RI WKH VWUXFWXUDO GHWDLO DV�

���

ZKHUH IWF DQG Iρ DUH WKH SUREDELOLW\ GHQVLW\ IXQFWLRQV RI WF DQG ρ� UHVSHFWLYHO\�
,I WKH /()0 DSSURDFK LV DSSOLHG� DQ DGGLWLRQDO VDPSOLQJ RYHU WKH LQLWLDO FUDFN GLPHQVLRQ D� LV

UHTXLUHG DIWHU WKH VWUHVV UDQJHV DUH GHWHUPLQHG� 7KXV� (T� ��� EHFRPHV�

����

LQ ZKLFK 3IV LV HYDOXDWHG E\ PHDQV RI (T� ��� DQG (T� ���� ZKLOH ID
�
�D�� GHQRWHV WKH SUREDELOLW\

GHQVLW\ IXQFWLRQ RI D��

7KHQ� WKH UHOLDELOLW\ LQGH[ FDQ EH FDOFXODWHG DV�

ZKHUH Φ −�� � LV WKH LQYHUVH RI VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ�

,W FDQ EH QRWLFHG WKDW WKLV VROXWLRQ SURFHGXUH LV D FRPELQDWLRQ RI DQDO\WLFDO VROXWLRQ DQG VLPXODWLRQ

WHFKQLTXH� ,Q DGGLWLRQ� WKH SUREDELOLW\ GHQVLW\ IXQFWLRQV DUH H[SOLFLWO\ FDOFXODWHG DW HDFK VDPSOLQJ SRLQW�

VR WKDW WKH UHTXLUHG VDPSOLQJ SRLQWV DUH UHGXFHG VLJQLILFDQWO\ LQ FRPSDULVRQ ZLWK WKH 0RQWH�&DUOR

PHWKRG� OHDGLQJ WR DQ HQKDQFHG HIILFLHQF\�

�� 1XPHULFDO H[DPSOHV

���� %ULGJH JLUGHUV RI ZHDWKHULQJ VWHHO ZLWKRXW SDLQWLQJ� $$6+72 DSSURDFK

)DWLJXH UHOLDELOLW\ RI D W\SLFDO FRPSRVLWH FRQFUHWH�VODE RQ VWHHO�JLUGHU EULGJH LV HYDOXDWHG IROORZLQJ
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��� :�&� /L DQG 0�6� &KHXQJ

WKH $$6+72 DSSURDFK� 7KH EULGJH KDV D VLPSOH VSDQ RI ���� P DQG WZR ODQHV ZLWK WUDIILF LQ WKH VDPH

GLUHFWLRQ� 7KH FURVV VHFWLRQ LV VKRZQ LQ )LJ� �� )LYH VWHHO JLUGHUV DUH PDGH RI ZHDWKHULQJ VWHHO ZLWKRXW

SDLQWLQJ� 7KH ORDGLQJ HIIHFWV DUH PRGHOHG E\ WKH IDWLJXH WUXFN� GHYHORSHG E\ /DPDQ DQG 1RZDN DV

VKRZQ LQ )LJ� �� ZLWK JURVV YHKLFOH ZHLJKW �*9:� RI ��� N1� 7KH DYHUDJH GDLO\ WUXFN WUDIILF �$'77�

LV ���� ZLWK ��� LQ WKH ULJKW ODQH� ��� LQ WKH OHIW ODQH DQG �� SDVVLQJ VLGH E\ VLGH LQ ERWK ODQHV�

$FFRUGLQJ WR WKH GDWD RI /DPDQ DQG 1RZDN� HDFK WUXFN SDVVDJH FDXVHV RQH VWUHVV F\FOH� 8QGHU UHSHDWHG

WHQVLOH VWUHVVHV� IDWLJXH FUDFNV PD\ EH GHYHORSHG LQ WKH ERWWRP IODQJH RI VWHHO JLUGHU� $FFRUGLQJ WR

$$6+72 VSHFLILFDWLRQV� WKH JLUGHUV PDGH RI XQSDLQWHG ZHDWKHULQJ VWHHO EHORQJ WR FDWHJRU\ %� LI WKHUH

LV QR RWKHU VRXUFH RI VWUHVV FRQFHQWUDWLRQ�

,Q RUGHU WR FDOFXODWH WKHVH WHQVLOH VWUHVVHV� WKH EULGJH LV PRGHOHG E\ �� IODW VHOO VWULSV DQG ��

FRQQHFWLRQ VWULSV DV VKRZQ LQ )LJ� �� ZKLOVW �� VHULHV WHUPV DUH WDNHQ� 2QO\ OLWWOH LPSURYHPHQW FDQ EH

DFKLHYHG LI PRUH VWULSV DQG WHUPV DUH HPSOR\HG� $ VHULHV RI VWDWLF DQDO\VHV LV FDUULHG RXW WR HYDOXDWH

VWUHVVHV ZLWKLQ HDFK JLUGHU XQGHU WKH IDWLJXH WUXFN ORFDWHG DW GLIIHUHQW SRVLWLRQV� ,W LV IRXQG WKDW WKH

PD[LPXP WHQVLOH VWUHVV GXH WR WKH WUXFN LQ WKH ULJKW ODQH DSSHDUV LQ WKH ILUVW JLUGHU *� DW FURVV VHFWLRQ

����� PHWHUV DZD\ IURP EULGJH HQWUDQFH ZKHQ WKH PLGGOH D[OH RI WKH WUXFN MXVW DFWV DW WKLV VHFWLRQ� 7KH

PD[LPXP WHQVLOH VWUHVVHV LQ JLUGHUV *� DQG *� DOVR RFFXU DW WKLV FURVV VHFWLRQ ZLWK WKH VDPH WUXFN

)LJ� � %ULGJH ZLWK ZHDWKHULQJ VWHHO�JLUGHUV �PP�

)LJ� � )DWLJXH WUXFN



)LQLWH VWULS PHWKRG LQ SUREDELOLVWLF IDWLJXH DQDO\VLV RI VWHHO EULGJHV ���

ORFDWLRQ� +RZHYHU� LQ JLUGHUV *� DQG *�� WKH PD[LPXP WHQVLOH VWUHVVHV DSSHDU DW PLGVSDQ ZLWK WKH

PLGGOH D[OH DFWLQJ DW \  ���� P� 7KHVH UHVXOWV DUH XVHG WR ORFDWH WKH IDWLJXH WUXFN DQG WR LGHQWLI\ WKH

FULWLFDO FURVV VHFWLRQ LQ HDFK JLUGHU GXULQJ WKH VXEVHTXHQW VLPXODWLRQ SURFHVV�

7KH WKLFNQHVV RI FRQFUHWH VODE� HODVWLFLW\ PRGXOL RI FRQFUHWH DQG VWHHO� IDWLJXH VWUHQJWK FRHIILFLHQW RI

VWHHO JLUGHU� GDPDJH LQGH[ DW IDLOXUH� DQG LPSDFW IDFWRU DUH FRQVLGHUHG DV UDQGRP YDULDEOHV LQ WKH

SUREDELOLVWLF DQDO\VLV� 7KH GLVWULEXWLRQV� PHGLDQV DQG FRHIILFLHQWV RI YDULDWLRQ DUH OLVWHG LQ 7DEOH �� ,Q

WKLV WDEOH� WKH PHGLDQ RI IDWLJXH VWUHQJWK FRHIILFLHQW LV FDOFXODWHG IURP WKH GHVLJQ YDOXH $
R
 ����î����

03D�� ZKLFK LV JLYHQ LQ $$6+72 6SHFLILFDWLRQV ������ IRU GHWDLO FDWHJRU\ %� ,Q DGGLWLRQ� WKH FRQVWDQW

P LV HTXDO WR ���� DV OLVWHG LQ $$6+72 6SHFLILFDWLRQV�

%DVHG RQ WKHVH SUREDELOLVWLF GLVWULEXWLRQV� WKH IDWLJXH IDLOXUH SUREDELOLW\ RI HDFK VWHHO JLUGHU LV

HYDOXDWHG E\ IROORZLQJ WKH SURSRVHG VROXWLRQ SURFHGXUHV IRU $$6+72 DSSURDFK� 7KH UHVXOWLQJ

UHOLDELOLW\ LQGH[ RI HDFK JLUGHU LV GHSLFWHG LQ )LJ� � DV D IXQFWLRQ RI VHUYLFH OLIH� ,W FDQ EH QRWLFHG WKDW WKH

FULWLFDO JLUGHU LV *� ZLWK WKH UHOLDELOLW\ LQGH[ β  ���� DIWHU �� \HDUV LQ VHUYLFH� ZKLOVW JLUGHU *� KDV WKH

KLJKHVW UHOLDELOLW\ LQGH[ β  ���� ZLWKLQ WKH VDPH SHULRG� ,Q DGGLWLRQ� JLUGHU *� KDV WKH VDIHW\ OHYHO

DSSUR[LPDWHO\ WKH VDPH DV JLUGHU *�� ZKLOH JLUGHUV *� DQG *� KDYH WKH VDIHW\ OHYHO VLPLODU WR JLUGHU *��

,I WKH WDUJHW UHOLDELOLW\ LQGH[ LV ���� DV VXJJHVWHG E\ 0RVHV HW DO� ������� DQG WKH LQWHQGHG VHUYLFH OLIH LV

�� \HDUV� DOO WKH JLUGHUV KDYH DGHTXDWH IDWLJXH UHOLDELOLW\�

���� 6WHHO JLUGHUV ZLWK FRYHU�SODWHV� /()0 DSSURDFK

7KH VSDQ OHQJWK RI WKH EULGJH LQ WKH SUHYLRXV H[DPSOH LV H[WHQGHG WR �� PHWHUV� $ FRYHU�SODWH LV

ZHOGHG WR WKH ERWWRP IODQJH RI HDFK JLUGHU� DV VKRZQ LQ )LJ� �� 7KH GLVWDQFH IURP HDFK HQG RI WKH FRYHU�

SODWH WR WKH DGMDFHQW EHDULQJ LV ��� P� 7KH ZHOG OHJ VL]H DW WKH HQG RI FRYHU�SODWH LV �� PP� 8QGHU

UHSHDWHG WHQVLOH VWUHVVHV� IDWLJXH FUDFNV PD\ IRUP DW WKH HQG ZHOG RI WKH FRYHU�SODWH DQG SHQHWUDWH LQWR

WKH ERWWRP IODQJH� HYHQ LQWR WKH ZHE� %DVHG RQ WKH ZRUNV RI )LVKHU ������� WKH FUDFNV FDQ EH PRGHOHG

DV VHPL�HOOLSWLFDO VXUIDFH FUDFNV ZLWK WKH GHSWK D LQ WKH ERWWRP IODQJH� 7KH JHRPHWU\ IXQFWLRQ )�D� <�

FDQ EH FDOFXODWHG XVLQJ HTXDWLRQV OLVWHG LQ )LVKHU �������

)RU WKH VDPH FRYHU�SODWH� VWUXFWXUDO DQDO\VLV VKRZV WKDW WKH HQG ZHOG RQ WKH VLGH RI EULGJH H[LW

)LJ� � )LQLWH VWULS PRGHO RI VODE�RQ�JLUGHU EULGJH

7DEOH � %DVLF YDULDEOHV IRU JLUGHUV RI ZHDWKHULQJ VWHHO �$$6+72 DSSURDFK�

9DULDEOHV 'LVWULEXWLRQ 0HGLDQ &29

7KLFNQHVV RI FRQFUHWH VODE W
F

1RUPDO ��� PP �����

(ODVWLFLW\ PRGXOXV RI FRQFUHWH (
F

/RJQRUPDO ����� 03D ���

(ODVWLFLW\ PRGXOXV RI VWHHO (V /RJQRUPDO ������ 03D ����

)DWLJXH VWUHQJWK FRHIILFLHQW $ /RJQRUPDO ����×���� 03D� ����

'DPDJH LQGH[ DW IDLOXUH ∆ /RJQRUPDO ��� ���

,PSDFW IDFWRU , /RJQRUPDO ���� ���



��� :�&� /L DQG 0�6� &KHXQJ

H[SHULHQFHV KLJKHU VWUHVV UDQJH WKDQ WKH HQG RQ WKH VLGH RI EULGJH HQWUDQFH XQGHU WKH IDWLJXH WUXFN� 7KH

PD[LPXP WHQVLOH VWUHVV RFFXUV ZKHQ WKH IURQW D[OH RI WKH IDWLJXH WUXFN DFWV MXVW DERYH WKH H[LW HQG RI

FRYHU�SODWH� 8QGHU JLYHQ EHQGLQJ PRPHQW LQ D JLUGHU� WKH FULWLFDO IDWLJXH VWUHVV LV ORFDWHG LQ WKH ERWWRP

IODQJH DW WKH HQG RI FRYH SODWH� 7KHUHIRUH� LW VKRXOG EH FDOFXODWHG EDVHG RQ FURVV VHFWLRQ RI WKH JLUGHU

ZLWKRXW FRYHU�SODWH� +RZHYHU� WKH FRYHU�SODWHV VWLIIHQ WKH JLUGHUV� DQG LQFUHDVH WKH EHQGLQJ PRPHQW

VKDUHG E\ WKH JLUGHU ULJKW XQGHUQHDWK WKH WUXFN� DQG UHGXFH WKH ORDGV VKDUHG E\ RWKHU JLUGHUV� ,Q RUGHU WR

WDNH LQWR DFFRXQW WKLV HIIHFW� WKH WUDQVYHUVH ORDG GLVWULEXWLRQ IDFWRUV DUH ILUVW GHWHUPLQHG XVLQJ D ILQLWH

VWULS PRGHO RI WKH EULGJH ZLWK IXOO�OHQJWK FRYHU�SODWHV� DQG WKHQ HYDOXDWHG DJDLQ XVLQJ WKH VDPH PRGHO

EXW ZLWKRXW FRYHU�SODWHV� 7KXV� D PRGLILFDWLRQ FRHIILFLHQW IRU WKH ORDG GLVWULEXWLRQ IDFWRU RI HDFK JLUGHU

LV REWDLQHG DV λ  IFS � IR� ZLWK IFS GHQRWLQJ WKH ORDG GLVWULEXWLRQ IDFWRU RI WKH JLUGHU IURP WKH ILUVW PRGHO

DQG IR UHSUHVHQWLQJ WKH ORDG GLVWULEXWLRQ IDFWRU IURP WKH VHFRQG PRGHO� 'XULQJ VLPXODWLRQ SURFHVV� WKH

PD[LPXP VWUHVV DW HQG RI FRYHU�SODWH LV FDOFXODWHG XVLQJ WKH ILQLWH VWULS PRGHO ZLWKRXW FRYHU�SODWH� DQG

)LJ� � )DWLJXH UHOLDELOLW\ LQGLFHV RI ZHDWKHULQJ VWHHO JLUGHUV

)LJ� � 6WHHO�JLUGHU EULGJH ZLWK FRYHU�SODWHV �PP�



)LQLWH VWULS PHWKRG LQ SUREDELOLVWLF IDWLJXH DQDO\VLV RI VWHHO EULGJHV ���

WKHQ PXOWLSOLHG E\ WKLV PRGLILFDWLRQ FRHIILFLHQW λ�
,Q WKLV ILQLWH VWULS PRGHO� �� IODW VHOO VWULSV DQG �� FRQQHFWLRQ VWULSV DUH HPSOR\HG DV VKRZQ LQ )LJ� �� ZKLOVW

�� VHULHV WHUPV DUH WDNHQ� 2QO\ OLWWOH LPSURYHPHQW FDQ EH DFKLHYHG LI PRUH VWULSV DQG WHUPV DUH XVHG�

7KH WKLFNQHVV RI FRQFUHWH VODE� HODVWLFLW\ PRGXOL RI FRQFUHWH DQG VWHHO� FUDFN JURZWK FRQVWDQW &� LQLWLDO

FUDFN GLPHQVLRQ DQG LPSDFW IDFWRU DUH FRQVLGHUHG DV UDQGRP YDULDEOHV LQ WKH SUREDELOLVWLF DQDO\VLV� 7KH

GLVWULEXWLRQV� PHDQ YDOXHV DQG FRHIILFLHQWV RI YDULDWLRQ DUH OLVWHG LQ 7DEOH �� ,Q DGGLWLRQ� WKH FRQVWDQW P

LV WDNHQ DV ���� ZKLOH WKH FULWLFDO FUDFN VL]H D
F
LV GHWHUPLQHG DV ���� PP �)LVKHU ������

%DVHG RQ WKHVH SUREDELOLVWLF GLVWULEXWLRQV� WKH IDWLJXH IDLOXUH SUREDELOLW\ RI HDFK VWHHO JLUGHU LV

HYDOXDWHG E\ IROORZLQJ WKH SURSRVHG SURFHGXUHV IRU /()0 DSSURDFK� 7KH UHVXOWLQJ UHOLDELOLW\ LQGH[ RI

HDFK JLUGHU LV LOOXVWUDWHG LQ )LJ� � DV D IXQFWLRQ RI VHUYLFH OLIH� ,W FDQ EH QRWLFHG WKDW WKH FULWLFDO JLUGHU LV

*�ZLWK WKH UHOLDELOLW\ LQGH[ β  ���� DIWHU �� \HDUV LQ VHUYLFH� ZKLOVW JLUGHU*�KDV WKH KLJKHVW UHOLDELOLW\

LQGH[ β  ���� LQ WKH VDPH SHULRG� ,I WKH WDUJHW UHOLDELOLW\ LQGH[ LV ���� DQG WKH LQWHQGHG VHUYLFH OLIH LV ��

\HDUV� JLUGHU*�KDV LQDGHTXDWH IDWLJXH VWUHQJWK DQG VKRXOG EH VWUHQJWKHQHG� ,Q IDFW� LI DOO WKH FRYHU�SODWHV DUH

H[WHQGHG WR WKH IXOO OHQJWK RI VSDQ� WKH HQG ZHOGV ZLWK KLJK VWUHVV FRQFHQWUDWLRQ ZLOO EH UHPRYHG IURP WKH

]RQHV RI WHQVLOH VWUHVV� 7KXV� WKH IDWLJXH FDWHJRU\ RI VWHHO JLUGHU ZLOO EH FKDQJHG IURP ( WR % �$$6+72

������ DQG FRUUHVSRQGLQJ IDWLJXH UHOLDELOLW\ ZLOO EH HQKDQFHG VLJQLILFDQWO\ DW D OLWWOH H[WUD FRVW�

7DEOH � %DVLF YDULDEOHV IRU VWHHO JLUGHUV ZLWK FRYHU�SODWHV �/()0 DSSURDFK�

9DULDEOH 'LVWULEXWLRQ 0HDQ &�2�9

7KLFNQHVV RI &RQFUHWH 6ODE W
F

1RUPDO ��� PP �����

(ODVWLFLW\ 0RGXOXV RI &RQFUHWH (F /RJQRUPDO ����� 03D ���

(ODVWLFLW\ 0RGXOXV RI 6WHHO (
V

/RJQRUPDO ������ 03D ����

&UDFN *URZWK &RQVWDQW & /RJQRUPDO ���� ×��−�� 03D−�PP−��� ����

,QLWLDO &UDFN 'LPHQVLRQ D� /RJQRUPDO ����� PP ���

,PSDFW )DFWRU , /RJQRUPDO ���� ���

)LJ� � )DWLJXH UHOLDELOLW\ LQGLFHV RI JLUGHUV ZLWK FRYHU�SODWHV



��� :�&� /L DQG 0�6� &KHXQJ

�� &RQFOXVLRQV

,Q WKH SUHVHQW VWXG\� D ILQLWH VWULS PHWKRG IRU IDWLJXH UHOLDELOLW\ DQDO\VLV RI KLJKZD\ EULGJHV KDV EHHQ

GHYHORSHG� 7KH IODW VKHOO VWULSV DUH XVHG WR PRGHO WKH FRQFUHWH VODE DQG VWHHO JLUGHUV� ZKLOH D FRQQHFWLRQ

VWULS LV IRUPHG WR WDNH LQWR DFFRXQW WKH HFFHQWULFLW\ RI JLUGHU WRS IODQJHV� 7KH ORDGLQJ HIIHFWV DUH

PRGHOHG E\ WKH IDWLJXH WUXFN GHYHORSHG E\ /DPDQ DQG 1RZDN� $W HDFK VDPSOLQJ SRLQW ZLWK JLYHQ

YDOXHV RI VODE WKLFNQHVV DQG PRGXOXV UDWLR RI PDWHULDOV� D ILQLWH VWULS DQDO\VLV LV FDUULHG RXW WR GHWHUPLQH

VWUHVV UDQJHV DW IDWLJXH SURQH GHWDLOV� ZKLOH WKH $$6+72 DSSURDFK RU /()0 DSSURDFK LV XVHG WR

FDOFXODWH WKH FRUUHVSRQGLQJ IDWLJXH IDLOXUH SUREDELOLW\ RI WKH VWUXFWXUDO GHWDLOV� $IWHU WKH IDLOXUH

SUREDELOLW\ LV LQWHJUDWHG RYHU DOO WKH VDPSOLQJ SRLQWV� WKH IDWLJXH UHOLDELOLW\ RI WKH EULGJH LV REWDLQHG�

1XPHULFDO H[DPSOHV KDYH VKRZQ WKH FDSDELOLW\ RI WKH SURSRVHG PHWKRG�

$FNQRZOHGJPHQWV

7KH ILQDQFLDO VXSSRUWV IURP WKH 1DWXUDO 6FLHQFHV DQG (QJLQHHULQJ 5HVHDUFK &RXQFLO RI &DQDGD DUH

JUDWHIXOO\ DFNQRZOHGJHG�

5HIHUHQFHV

$$6+72 ������� $$6+72 /5)' %ULGJH 'HVLJQ 6SHFLILFDWLRQV� $PHULFDQ $VVRFLDWLRQ RI 6WDWH +LJKZD\ DQG
7UDQVSRUWDWLRQ 2IILFLDOV� :DVKLQJWRQ� '� &�

$\\XE� %�0� DQG 0FFXHQ� 5�+� ������� ³6LPXODWLRQ�EDVHG UHOLDELOLW\ PHWKRG´� 3UREDELOLVWLF 6WUXFWXUDO
0HFKDQLFV +DQGERRN� 6XQGDUDUDMDQ� &� HGLWRU� &KDSWHU �� &KDSPDQ 	 +DOO /WG�� 1HZ <RUN� 1<�

&KHXQJ� 0�6�� /L� :� DQG &KLGLDF� 6�(� ������� )LQLWH 6WULS $QDO\VLV RI %ULGJHV� ( 	 )1 6321� /RQGRQ�
&RPPLWWHH RQ )DWLJXH DQG )UDFWXUH 5HOLDELOLW\ RI WKH &RPPLWWHH RQ 6WUXFWXUDO 6DIHW\ DQG 5HOLDELOLW\ RI WKH
6WUXFWXUDO 'LYLVLRQ� ������� ³)DWLJXH UHOLDELOLW\ � WR �´� -� 6WUXFWXUDO (QJLQHHULQJ� $6&(� ������� �����

)LVKHU� -�:� ������� )DWLJXH DQG )UDFWXUH LQ 6WHHO %ULGJHV� &DVH 6WXGLHV� -RKQ :LOH\ 	 6RQV� 1HZ <RUN� 1<�
+DUULV� '�2� ������� ³3UREDELOLVWLF IUDFWXUH PHFKDQLFV´� 3UREDELOLVWLF 6WUXFWXUDO 0HFKDQLFV +DQGERRN� 6XQGDUDUDMDQ�
&� HGLWRU� &KDSWHU �� &KDSPDQ 	 +DOO /WG�� 1HZ <RUN� 1<�

/DPDQ� -�$� DQG 1RZDN� $�6� ������� ³)DWLJXH�ORDG PRGHOV IRU JLUGHU EULGJHV´� -� 6WUXFWXUDO (QJLQHHULQJ�
$6&(� ������� ��������

0RVHV )� 6FKLOOLQJ� &�*� DQG 5DMX� .�6� ������� )DWLJXH (YDOXDWLRQ 3URFHGXUHV IRU 6WHHO %ULGJHV� 1&+53
5HSRUW ���� :DVKLQJWRQ� '�&�

0XUDNDPL� <� ������� 6WUHVV ,QWHQVLW\ )DFWRUV +DQGERRN� 3HUJDPRQ� 2[IRUG� 8.�
=KDR� =�� +DOGDU� $� DQG %UHHQ� )�/� ������� ³)DWLJXH�UHOLDELOLW\ HYDOXDWLRQ RI VWHHO EULGJHV´� -� 6WUXFWXUDO

(QJLQHHULQJ� $6&(� ������� ����������
:LUVFKLQJ� 3�+� ������� ³3UREDELOLVWLF IDWLJXH DQDO\VLV´� 3UREDELOLVWLF 6WUXFWXUDO 0HFKDQLFV +DQGERRN�
6XQGDUDUDMDQ� &� HGLWRU� &KDSWHU �� &KDSPDQ 	 +DOO /WG�� 1HZ <RUN� 1<�
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