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Abstract.  Stress intensity factors are numerically investigated for interfacial edge crack between two 
dissimilar composite plates jointed with single side composite patch. Variation of stress intensity factor 
under Mode I loading condition is examined for different material models and fiber orientation angles of 
composite plates and patch. ANSYS 12.1 finite element analysis software is used to obtain displacements of 
crack surfaces in the numerical solution and repaired plates are modeled in three dimensions. Obtained 
results are presented in the form of graphs. It is found that fiber orientation angle of composites is an 
effective parameter on interfacial stress intensity factor. 
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1. Introduction 

 
The fiber composite materials are taking over the place of traditional materials to decrease the 

weight of air, land, and sea vehicles. Adhesives are commonly preferred at joints of fiber 
composites that are used in construction of these vehicles, in which the lightness, rigidity, and 
reliability are important. Since geometrical discontinuities occur in mechanical joints due to the 
joint holes, loss of strength in plates due to the stress condensation is observed. This brings the 
adhesive joints, in which uniform stress distribution is observed, to the front when compared to the 
demountable joints. 

Although there are various types of adhesive joints depending on the status of the parts to be 
jointed, single lap and double lap joint types are preferred commonly. Variations in joint types 
designate the strength of the joint so that the reliability of the construction. In addition to 
numerical studies (Apalak 2006, Her 1999, Sheppard et al. 1998) on stress and damage analysis, 
which are conducted by using Finite Element Method (FEM) for different adhesion parameters, 
experimental studies (Abdelaziz et al. 2006, Atas et al. 2011, Temiz 2006, Zhang et al. 2010) also 
showed that the variations in joint types, humidity, temperature, and adhesive thickness vitally 
affect the strength of the joint. 

Adhesive joints are used also in repair of defects on composite materials beside the joint of 
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composite materials.  The easy applicability of single lap joint and patch, which is the reason to 
be preferred, provided achieving successful results, especially in repair of cracks on the body and 
inner surface of planes, by using composite patches (Belhouari et al. 2004). 

With the developments in FEM besides the experimental studies (Jones and Chiu 1999, 
Schubbe and Mall 1999, Seo and Lee 2002), which were conducted to understand the effect of 
patch and to obtain ideal repair design, the number of numerical studies increased. Oudad et al. 
(2009) investigated the performance of metallic structures that are repaired with fiber composite 
patches by using 3D nonlinear FEM. It was mentioned by Oudad et al. (2009) that the size of the 
plastic region at crack tip is remarkably reduced with the use of composite patch. The performance 
of circular composite patch for single and double lap repair on plates with central crack was 
investigated with using a 3D FEM by Albedah et al. (2011). It was found by Albedah et al. (2011) 
that double sided patches decrease the stress intensity factor and circular patches provide mass 
gain. The mechanical behavior of A17075-76 material with a V-shape notch that is repaired with 1 
and 4 layers of composite patches was studied by Gu et al. (2011) by using FEM. The contour 
integral method was used to investigate the effect of layer layout besides the material and 
thickness of adhesive epoxy and patch on stress intensity factor by Gu et al. (2011). It was noted 
by Gu et al. (2011) that shear strength and adhesive thickness are the major factors on performance 
of the patch. Bezzerrouki et al. (2008) compared the stress intensity factor of aluminum plates 
with edge crack that are repaired with double-side patch with single layer adhesive and single-side 
patch with double layers of adhesive by using FEM. Bezzerrouki et al. (2008) found that 
increasing the shear strength in double-side patch and decreasing the thickness of adhesive while 
increasing the patch thickness in single-side patch bring advantage in repair of edge cracks on 
aluminum plates. 

The literature is concentrated on repair of aluminum alloys that are widely used in aerospace 
industry. However, with the recent technologic developments the use of composite materials is 
spread out so that the analyses of cracks at adhesive joints gained importance. The most effective 
damages in composite plates that are jointed with adhesive are the cracks in between plates and 
interfacial crack in between the adhesive and the plate. The analyses of interface cracks in 
composite plates gain importance at this point. The asymptotic solution for interface crack 
problem in anisotropic material was studied by Hwu (1993). The FEM was used by Sun and Qian 
(1997) to solve the interface crack problem in orthotropic materials. Ikeda et al. (2006) calculated 
the SIF for interface cracks in dissimilar anisotropic materials by using the formulations of Stroh 
(1962). The energy release rates under plain strain conditions were calculated by using virtual 
crack extension method thru FEM. The presented method accurately provided mode-separated 
stress intensity factors using relatively coarse meshes for the finite element method. The SIF for 
3D interfacial cracks in dissimilar anisotropic materials were calculated with M-integral method 
by Nagai et al. (2007a, b). Excellent agreement was achieved between the numerical results 
obtained by the presented method and the corresponding results proposed by other researchers. 
Rogel and Sills (2010) examined delamination between two layers of a fiber-reinforced composite 
material oriented in the directions θ / (θ-90°). The behavior of the stress and displacement fields 
near the crack tip was studied. In order to calculate the stress intensity factors, a three-dimensional 
interaction energy or conservative M-integral was extended and implemented in conjunction with 
the finite element method. The displacement extrapolation method was also extended for this case. 
Sills and Ikeda (2011) investigated stress intensity factors for interface cracks between orthotropic 
and monoclinic material. Two different expressions used in the literature for the stress intensity 
factors of interface cracks was discussed and compared for orthotropic and monoclinic materials. 
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Hemant et al. (2005) obtained strain energy release rate components for an interface crack in 
two-dimensional orthotropic media using the finite element analysis. The individual and total 
strain energy release rates were calculated using the modified crack closure integral method. Nagai 
et al. (2007a, b) applied the virtual crack extension method and the thermal M-integral method for 
a crack along the interface between two different materials to the thermoelastic interfacial crack in 
anisotropic bimaterials. The moving least-squares approximation was used to calculate the value 
of the thermal M-integral. 

It was shown by various studies (Belhouari et al. 2004, Bezzerrouki et al. 2008, Bouiadjra et al. 
2007, Madani et al. 2008) that the characteristics of the adhesive and especially the composite 
patch are effective on the stress intensity factor. The fiber orientation angle of continuous fiber 
reinforced composites plays a vital role in mechanical behavior of the material. 

The interfacial stress intensity factor of composite plates that are jointed with adhesive, have an 
edge crack, and repaired with composite patch on single side are numerically investigated. The 
effect of the fiber orientation angle in plates and composite patches on stress intensity factor is 
investigated by using a 3D finite element model for various composite materials. The numerical 
analysis is conducted with ANSYS 12.1 finite element analysis software. The stress intensity 
factor at crack tip of the composite plate is calculated by using displacement extrapolation method. 
The obtained results are presented with graphs. 

 
 

2. Material and method 
 
2.1 Stress intensity factor of interface crack between dissimilar orthotropic materials 
 
Firstly, stress intensity factor of interfacial edge crack are examined for two dissimilar 

orthotropic plate having arbitrary fiber orientations. Hwu (1993) defined the stress intensity factors 
of an interface crack between dissimilar anisotropic materials. 
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where r is distance from crack tip, lk is an arbitrary characteristic length, εα (α = 1, 2, 3) involve the 
bimaterial constant,   denote a diagonal matrix, 1i . Matrix Λ is composed of three 
eigenvectors 
 

],,[ 321                                 (2) 
 

of the following eigenvalue problem 
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where δα (α = 1, 2, 3) are eigenvalues which are given by Ting (1986) as the explicit solution 
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where tr stands for the trace of a matrix; ε is called the oscillation index. M* is a bimaterial matrix 
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obtained from the Barnett-Lothe tensors (Barnett and Lothe 1973) of two materials 
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Here, the subscripts 1 and 2 denote upper and lower materials, respectively (Fig. 1). 
For orthotropic materials, the matrices S* and L are expressed in the following form (Liou and 

Sung 2008) 
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The Cij (i, j = 1,…,6) is the stiffness coefficients of the material and the μi, (i = 1,…,3) in Eq. 
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(11) are the positive roots of imaginary parts of the compatibility equation. 
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and in case of plane strain 
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The Sij (i, j = 1,…,6) is the compliance coefficients of the material ([C]=[S]-1). The stress-strain 
relationship for orthotropic material is given in Eq. (15). 
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It is noted that for orthotropic materials the two roots μ1 and μ2 in Eq. (16.c) have a relation in 

between as 
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In this case, [S*] and [L] can be rewritten as 
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If the fibers in a composite plate are rotated as θ1 and θ2 degrees from the x-axis (Fig. 1), the 

modified Barnett-Lothe tensors can be obtained by using (Dongye and Ting 1989, Qian and Sun 
1998) 
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If Eqs. (17.a)-(17.b) are put into the Eqs. (8)-(9), the D and W matrices can be obtained by 

using Eqs. (18.a)-(18.b) in the following form 
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In here, coefficients of the [D] and [W] matrices are 
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Fig. 1 Interfacial edge crack between two dissimilar orthotropic materials 
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In Eq. (22), superscripts 1 and 2 on L11, L22 and S12 denote the upper and lower materials. 

Finally, explicit solution of matrix Λ are given by (Qian and Sun 1998) 
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and sgn stands for sign function. 
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Fig. 2 Finite element model and calculation of relative crack displacements for the crack face 

 
 

2.2 Numerical method 

 
In order to calculate stress intensity factors, displacement extrapolation method is used. 

Displacement extrapolation method for interfacial crack between anisotropic materials can be 
written as (Nagai et al. 2007a, b) 
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where Δu, Δv, and Δw are relative crack surface displacements in the -x, -y, and -z directions, 
respectively. 

In this study, the relative crack surface displacements Δu, Δv, and Δw across the crack faces are 
obtained from finite element method. For each coinciding nodes on crack surface near the crack tip, 
surface displacements are calculated and substituted into the Eq. (25) to obtain the stress intensity 
factor (Fig. 2). Then obtained stress intensity factors are plotted. Excluding the quarter point, a 
straight line is fit through the consecutive points near the crack tip and the correlation function R2 
is calculated. The line with R2 closest to the unity is chosen provided it is sufficiently near the 
crack tip when r → 0 (Sills et al. 2005). 

 
2.3 Problem definition 
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Fig. 3 Calculation of stress intensity factor at the crack tip according to the displacement 
extrapolation method 

 
 
 

The dimensions of the specimen jointed with composite patch were chosen as 300 mm height, 
50 mm-wide, and 2 mm-thick (Fig. 3). The interfacial crack length (a) between the composite 
plates was chosen to be 25 mm. A uniform tension stress (σ) of 50 MPa was applied on the upper 
edge, while it was fixed on the bottom edge of the plate. The single side of the composite plate 
was jointed from outside surface by using adhesive and carbon, boron, glass, or graphite 
composite patches. At the same time, these materials were selected as composite plate materials, 
too. The thickness (tp) of the composite patches were chosen as 1.0 mm and the fiber orientation 
angles of the composite plates (θ1 and θ2) (Fig. 1) and the composite patch (θ3) were varied from 0 
to 90 degrees (Fig. 4). The material properties of the composites and the adhesive used in analyses 
are tabulated in Table 1. The Young’s modulus, Poisson’s ratio, and the thickness of the adhesive 
were taken as 1500 MPa, 0.3, and 0.3 mm, respectively. 

 
 
 
Table 1 Material properties used in analyses 

Material E1
* (MPa) E2, E3 (MPa) G12, G13 (MPa) G23 (MPa) v12, v13 (-) v23 (-)

Boron/Epoxy 195120 25421 7234 4933 0.168 0.035

Graphite/Epoxy 172400 10340 4820 3100 0.3 0.18

Glass/Epoxy 27820 5830 2560 2240 0.31 0.41

Carbon/Epoxy 145000 10000 7000 3700 0.25 0.5 

Adhesive 1500 1500 576.923 576.923 0.3 0.3 

*E, G, and v are Young modulus, Shear modulus, and Poisson’s ratio, respectively 
*1-Fiber longitudinal direction 2-Fiber transverse direction 3-Thickness direction 
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Fig. 4 Dimensions of the problem

 
 

Fig. 5 Finite element model of the problem 
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Fig. 6 Maximum crack opening at the free surface of two dissimilar orthotropic plates 
 
 
Table 2 Material properties of two dissimilar orthotropic plates for centered crack problem 

Mat.* C11 C12 C13 C22 C23 C33 C44 C55 C66 

1 1.5958 0.3663 0.0197 0.8697 0.1591 0.8503 0.4132 0.2564 0.4274

2 2.8136 1.2582 0.8464 3.4895 0.8815 2.9452 1.0811 1.3298 1.3089

*Material No. 1: Aragonite; Material No. 2: Topaz 
 
 
Table 3 Stress intensity factors for a 100m x 100m bimaterial plane strain problem 

[θ1 / θ2] 
aKI /  aKII /  

Exact Present study Exact Present study 

[0 / 0] 1.0000 1.0018 0.1169 0.1146 

[0 / 90] 1.0000 1.0011 0.1207 0.1210 

[90 / 0] 1.0000 0.9965 0.0940 0.0983 

[0 / -45] 1.0015 0.9970 0.1188 0.1160 

 
 

2.4 The finite element model 
 
The 3D finite element model of the problem is presented in Fig. 5. The 20-node Solid95 type 

elements were used for the composite plates, the composite patch, and the adhesive, while, 
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singular element was used at the crack tip. The fiber orientation of the plate and the patch were 
obtained by modeling the coordinate system of elements with respect to θ1, θ2, and θ3 (Okafor and 
Bhogapurapu 2006). Out of plane displacements and big local rotations occurred in 3D finite 
element model for the single side patch cases (Ayatollahi and Hashemi 2007, Madenci and Guven 
2006, Turaga and Ripudaman 1999, Toudeshkya et al. 2011). Hence, to obtain more sensitive 
results, geometrically nonlinear analyses were carried out in this study. The maximum crack 
opening was obtained in the free surface of the repaired composite plate (Fig. 6). For this reason, 
the SIF values were calculated from the displacements (obtained with FEA by using ANSYS 
software) at the free surface of the composite plate (ANSYS 2009). 
 
 
3. Results and discussion 
 

First of all, for the verification of the analysis procedure, an unrepaired plate with a crack 
example that exists in the literature was modeled in this study (Fig. 7). The unrepaired plate model 
consisted of 17195 nodes and 5800 Plane82 elements. The material properties were given in Table 
2. The normalized values ( aKI / ) of the calculated SIF values are presented in Table 3. 

The variation of the SIF (KI) with respect to the fiber orientation angle (θ1) of the upper plate 
for different fiber orientation angle (θ3) of the composite patch is presented in Fig. 8. For all values 
of θ1, the KI decreased with the increase of fiber orientation angle of the composite patch. The load 
carried by fibers increased with the increase in θ3, so that the strength of the plate. The increase in 
θ1 increased the KI for all values of θ3. However, the increase in KI was larger for larger values of 
θ3. The change in the KI from θ1 = 0° to 90° was 31.95 mmMPa  for θ3 = 0°, while it was 52.72 

mmMPa  for θ3 = 90°. Also, it was observed that the increase in θ1 did not change the effect of 
the patch’s fiber orientation angle on the KI. The change in the KI from θ3 = 0° to 90° was 

 
 

 

Fig. 7 Interfacial centered crack problem 
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Fig. 8 Variation of KI (MPa mm ) with the θ1 for different composite patch angles θ3 when θ2 = 0 

 
 

 

Fig. 9 Variation of KII (MPa mm ) with the θ1 for different composite patch angles θ3 when θ2 = 0 

 
 
158.26 mmMPa  for θ1 = 0°, while it was 137.49 mmMPa  for θ1 = 90°. 

The values of the KII were smaller when compared to KI. KII decreased with the increase of 
composite patch’s fiber orientation angle, except for θ1 = 0° and 90° (Fig. 9). The maximum value 
of the KII was calculated as 98.29 mmMPa  for θ3 = 0°. 
While investigating the effect of varying fiber orientation angle θ1 for different composite patch 
materials (carbon/epoxy, boron/epoxy, graphite/epoxy, and glass/epoxy), the fiber orientation 
angle of lower plate and the composite patch were chosen to be constant (θ2 = θ3 = 0) (Fig. 10). 
Among the all patch material types, the boron/epoxy had the highest values of E1 and E2, while the 
glass/epoxy had the lowest values. Hence, the maximum value (KI) was calculated as 320.25 
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mmMPa  for glass/epoxy composite patch at θ1 = 90° and the minimum was calculated as 167.38 
mmMPa  for boron/epoxy composite patch at θ1 = 0°. Since the mechanical characteristics of the 

carbon/epoxy and graphite/epoxy are almost same, the variation of SIF with respect to the θ1 was 
obtained on top of each other for these composite patch materials. The increase of θ1 increased the 
value of KI for each material. However, the increase in the value of KI was smaller for stronger 
composite patch material, such as boron/epoxy. The change in the value of KI from θ = 0° to 90° 
for boron/epoxy was 21.91 mmMPa , while it was 49.17 mmMPa  for glass/epoxy material. 

 
 

 

Fig. 10 Variation of KI (MPa mm ) with the θ1 for different composite patch materials when θ2 = θ3 = 0 

 
 

 

Fig. 11 Variation of KII (MPa mm ) with the θ1 for different composite patch materials when θ2 = θ3 = 0
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KII, which was observed mostly for mixed mode loading conditions (for θ1 values different than 
0° and 90°), had smaller values when compared to KI. As it was observed for KI, the values of KII 
increased with use of softer composite patch material (Fig. 11). The maximum value of KII was 
calculated as 320.25 mmMPa  for glass/epoxy composite patch material at θ1 = 30°. The value of 
KII was increased with the increase of θ1 up to 30° for carbon/epoxy, graphite/epoxy, and 
glass/epoxy composite patch materials then decreased to zero with the increase of θ1 up to 90°. For 
boron/epoxy composite patch material the behavior was same but the increase continued until θ1 
reached to 45°. 

The effect of the fiber orientation angle (θ1) for different lower plate materials (boron/epoxy, 
graphite/epoxy, and glass/epoxy) on the stress intensity factor (KI and KII) is presented in Fig. 12. 
The fiber orientation angle of lower plate and the composite patch were chosen to be constant (θ2 = 
θ3 = 0). The increase of θ1 increased the value of KI for each material type. However, the increase 
in the value of KI was larger for stronger lower plate material, such as boron/epoxy. The use of 
stronger lower plate material resulted with an increase also in the values of KII (Fig. 12). The value 
of KII was increased with the increase of θ1 up to 45° for boron/epoxy and graphite/epoxy lower 
plate materials then decreased to zero with the increase of θ1 up to 90°. For glass/epoxy lower 
plate the behavior was same but the increase continued until θ1 reached to 60°. 

The investigation of the patching two different materials (boron/epoxy, graphite/epoxy, and 
glass/epoxy were used as lower plate, while the carbon/epoxy, boron/epoxy, graphite/epoxy, and 
glass/epoxy were used as upper plate) that have the same fiber orientation angle (θ1 = θ2) presented 
that the value of the KI increases as the fiber orientation angle (θ1 = θ2) increased (Fig. 13). 
However, the increase in the value of KI was larger for stronger plate material combinations, such 
as carbon-boron (C-B in the Fig. 13). Since the material characteristics of Carbon and Boron are 
similar, a similar behavior was observed in case of Carbon-Graphite and Boron-Graphite plate 
material combinations. The use of softer lower plate in plate material combinations was resulted 

 
 

 

Fig. 12 Variation of KI and KII (MPa mm ) with the θ1 for different lower materials when θ2= θ3 = 0 
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Fig. 13 Variation of KI and KII (MPa mm ) with the θ1 = θ2 for different lower and upper materials 
when θ3 = 0 

 
 
with approximately same behavior regardless the type of the upper plate. 

Similar behaviors were observed for the variation of KII with respect to the material 
combinations and fiber orientation angles (Fig. 13). The value of KII was increased with the 
increase of θ1 up to 30° for carbon-boron, carbon-graphite, and boron-graphite plate materials then 
decreased to zero with the increase of θ1 up to 90°. For the use of glass/epoxy lower plate in a 
combination with carbon/epoxy, boron/epoxy, and graphite/epoxy upper plate the behavior was 
same but the increase continued until θ1 reached to 60°. 
 
 
4. Conclusions 

 
The interfacial edge crack problem on dissimilar orthotropic plates that are jointed with 

adhesive and repaired with composite patch at single side were numerically analyzed by using 
displacement extrapolation method in this study. The displacements of the nodes at crack surface 
were calculated by using a 3D finite element model in ANSYS FEA software. The fiber 
orientation angle of orthotropic composite plates and composite patches were varied. The results 
of stress intensity factor that were obtained for various composite material configurations can be 
summarized as follows: 

• Increasing the fiber orientation angle of upper plate (θ1) increases the stress intensity factor 
– KI. 

• The increase in fiber orientation angle of composite patch (θ3) decreases the stress intensity 
factor – KI. Increasing the θ1 does not change the effect of fiber orientation angle of 
composite patch on KI. 

• KII has smaller values when compared to KI. Except for θ1 = 0° and 90°, KII decreases with 
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an increase in composite patch’s fiber orientation angle. 
• The variation of the KI at all values of θ1 with respect to the material type is boron/epoxy > 

carbon/epoxy = graphite/epoxy > glass/epoxy. 
• Both the values of KI and KII increase as the material becomes softer. 
 

To conclude, the use of the composite patch has an important role in the repair of interface 
cracks. The choose of fiber orientation angle in the direction of the load to be carried will 
considerably decrease the stress intensity factor, hence will prevent the opening of the crack. 
Besides the fiber orientation angle of the composite patch, the material type of the patch has an 
importance in repair applications. It is important to choose a patch material type that has higher 
modulus elasticity (in the loading direction) than the plates to be repaired. In application, to obtain 
an efficient repair of the interface crack, these can be listed as the primary recommendations. 
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