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Abstract. This paper focuses on thermal post-buckling analysis of functionally graded beams with
temperature dependent physical properties by using the total Lagrangian Timoshenko beam element
approximation. Material properties of the beam change in the thickness direction according to a power-law
function. The beam is clamped at both ends. In the case of beams with immovable ends, temperature rise
causes compressible forces and therefore buckling and post-buckling phenomena occurs. It is known that
post-buckling problems are geometrically nonlinear problems. Also, the material properties (Young’s
modulus, coefficient of thermal expansion, yield stress) are temperature dependent: That is the coefficients
of the governing equations are not constant in this study. This situation suggests the physical nonlinearity of
the problem. Hence, the considered problem is both geometrically and physically nonlinear. The considered
highly non-linear problem is solved considering full geometric non-linearity by using incremental
displacement-based finite element method in conjunction with Newton-Raphson iteration method. In this
study, the differences between temperature dependent and independent physical properties are investigated
for functionally graded beams in detail in post-buckling case. With the effects of material gradient property
and thermal load, the relationships between deflections, critical buckling temperature and maximum stresses
of the beams are illustrated in detail in post-buckling case.

Keywords: functionally graded material; temperature dependent physical properties; thermal post-
buckling analysis; total lagrangian finite element model

1. Introduction

Functionally graded materials (FGMs) are a new generation of composites where the volume
fraction of the FGM constituents vary gradually, giving a non-uniform microstructure with
continuously graded macro properties such as elasticity modulus, density, heat conductivity, etc.
Typically, in an FGM, one face of a structural component is ceramic that can resist severe thermal
loading and the other face is metal which has excellent structural strength. FGMs consisting of
heat-resisting ceramic and fracture-resisting metal can improve the properties of thermal barrier
systems because cracking and delamination, which are often observed in conventional layered
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composites, are reduced by proper smooth transition of material properties. FGMs have many
practical applications, such as reactor vessels, biomedical sectors, aircrafts, space vehicles, defense
industries and other engineering structures. As nuclear power plants, aerospace vehicles, thermal
power plants etc. are subjected to large thermal loadings, FGMs have found extensive applications
in these applications. The design of FGM structural elements (beams, plates, shells etc.) in the
high thermal environments is very important. Especially, in the case of structural elements with
immovable ends, temperature rise causes compressible forces end therefore buckling and
post-buckling phenomena occurs. With the increased use of FGMs, understanding the mechanical
behavior of FG structures is very important. It is known that buckling and post-buckling problems
are nonlinear problems. In recent years, with the development of technology in aerospace
engineering, structural engineering, robotics and manufacturing make it inevitable to excessively
use non-linear models that must be solved numerically. Because, closed-form solutions of
non-linear problems of beams with general loading and boundary conditions using elliptic
integrals are limited.

In recent years, much more attention has been given to the thermal buckling of FG beam
structures. Thermal buckling of thick, moderately thick and thin cross-ply laminated beams
subjected to uniform temperature distribution is analyzed by Khdeir (2001). Thermoelastic
equilibrium equations for a functionally graded beam are solved in closed-form to obtain the axial
stress distribution by Sankar and Tzeng (2002). Thermal buckling load of a curved beam made of
functionally graded material with doubly symmetric cross section is investigated by Rastgo et al.
(2005). Li et al. (2006) analyzed thermal post-buckling of Functionally Graded clamped-clamped
Timoshenko beams subjected to transversely non-uniform temperature. Buckling and vibration
behaviour of a functionally graded sandwich beam having constrained viscoelastic layer is studied
in thermal environment by using finite element formulation by Bhangale and Ganesan (2006).
Nirmula et al. (2006) derived analytical expressions for the thermo-elastic stresses in a three-
layered composite beam system whose middle layer is a functionally graded material.
Three-dimensional thermal buckling and postbuckling analyses of functionally graded materials
subjected to uniform or non-uniform temperature rise are examined by using finite element
method by Na and Kim (2006). Two-dimensional thermoelasticity analysis of functionally graded
thick beams is presented using the state space method coupled with the technique of differential
quadrature by Lu et al. (2006). Thermoelastic stress field in a functionally graded curved beam,
where the elastic stiffness varies in the radial direction, is considered by Mohammadia and
Drydena (2008). Rahimi and Davoodinik (2008) studied thermal behaviour analysis of the
functionally graded Timoshenko beam. A third-order zigzag theory based finite element model in
conjunction with the modified rule of mixtures and Wakashima—Tsukamoto model for estimating
effective modulus of elasticity and coefficient of thermal expansion, respectively, is presented for
layered functionally graded beams under thermal loading by Kapuria et al. (2008). Based on
Kirchhoff’s assumption of straight normal line of beams and considering the effects of the axial
elongation, the initial curvature and the stretching-bending coupling on the arch deformation,
geometrically nonlinear governing equations of functionally graded arch subjected to mechanical
and thermal loads are derived by Song and Li (2008). Lim et al. (2009) investigated
temperature-dependent in-plane vibration of functionally graded (FGM) circular arches based on
the two-dimensional theory of elasticity. Buckling of beams made of functionally graded material
under various types of thermal loading is studied based on the Euler—Bernoulli beam theory by
Kiani and Eslami (2010). Thermal post-buckling behaviour of uniform slender FG beams is
investigated independently using the classical Rayleigh-Ritz (RR) formulation and the versatile
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finite element analysis based on the von-Karman strain-displacement relations by Anandrao et al.
(2010). Free vibration analysis of initially stressed thick simply supported functionally graded
curved panel resting on two-parameter elastic foundation (Pasternak model), subjected in thermal
environment is studied using the three-dimensional elasticity formulation by Farid et al. (2010).
Akbas and Kocatiirk (2011) investigated post-buckling analysis of a simply supported beam
subjected to a uniform thermal loading by using total Lagrangian finite element model of two
dimensional continuum for an eight-node quadratic element. Kocatiirk and Akbas (2011) studied
post-buckling analysis of Timoshenko beams with various boundary conditions subjected to a
non-uniform thermal loading by using the total Lagrangian Timoshenko beam element
approximation. Akbas and Kocatiirk (2012) discussed thermal post buckling of 2-D functionally
graded beams. Akbas (2012) studied termal post—buckling of functionally graded beams. Kocatiirk
and Akbas (2012) investigated post-buckling analysis of functionally graded Timoshenko beams
under thermal loadings. In a recent study, Akbas and Kocatiirk (2012) examined post-buckling
behavior of Timoshenko beams subjected to uniform temperature rising with temperature
dependent physical properties.

It is seen from literature that post-buckling studies with temperature-dependent physical
properties for functionally graded beams has not been broadly investigated. Post-buckling
behavior of functionally graded Timoshenko beams subjected to temperature rising with
temperature dependent physical properties are studied in this paper by using the total Lagrangian
Timoshenko beam element approximation. The considered highly non-linear problem is solved
considering full geometric non-linearity by using incremental displacement-based finite element
method in conjunction with Newton-Raphson iteration technique. The distinctive feature of this
study is post-buckling analysis of functionally graded Timoshenko beams under thermal loading
considering full geometric non-linearity and temperature dependent physical properties by using
the total Lagrangian finite element model of Timoshenko beam. The differences of the analysis
results in the case of temperature dependent and independent physical properties are investigated
in detail in post-buckling case for functionally graded beams.

The development of the formulations of general solution procedure of nonlinear problems
follows the general outline of the derivation given by Zienkiewicz and Taylor (2000). The related
formulations of post-buckling analysis of Timoshenko beams with various boundary conditions
subjected to a non-uniform thermal loading are obtained by using the total Lagrangian finite
element model of Timoshenko beam. In deriving the formulations for post buckling analysis under
uniform thermal loading and temperature dependent physical properties for FGM, the total
Lagrangian Timoshenko beam element formulations given by Felippa (2012) are used. There is no
restriction on the magnitudes of deflections and rotations in contradistinction to von-Karman strain
displacement relations of the beam. The difference between temperature dependent and
independent physical properties are investigated in detail in post-buckling case. The relationships
between deflections, critical buckling temperature, maximum stresses of the beams and
temperature rising are illustrated in detail in post-buckling case.

2. Theory and Formulations

The clamped-clamped beam configurations, with co-ordinate system O (X,Y,Z) are shown in
Fig. 1.
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Fig. 1 Clamped-clamped FG beam subjected to temperature rising and cross-section
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Fig. 2 A two-node C° beam element

In this study, the Total Langragian Timoshenko beam element is used and the related
formulations are developed for temperature dependent physical properties by using the
formulations given by Kocatiirk and Akbas (2012) which was developed for thermal loading by
using the formulations given by Felippa (2012). In the present study, finite element model of
Timoshenko beam element is developed by using a two-node beam element shown in Fig. 2. Each
node has three degrees of freedom: Two node displacements u,; and u,;, and one rotation ¢; about Z
axis.

In this study, the material properties are both temperature-dependent and position-dependent.
The effective material properties of the FG beam, P, i.e., Young’s modulus E, coefficient of
thermal expansion ay, coefficient of thermal conductivity &, temperature rise 7, yield stress o, and
shear modulus G vary continuously in the thickness direction (Y axis) according to a power-law
function and a function of temperature 7 as follows

P(Y,T)=(PT(T>—PB<T))(§+§T + Py(T) (1)

where Pr and Pj are the material properties of the top and the bottom surfaces of the beam that
depends on temperature (7). It is clear from Eq. (1) that when Y=—4/2, P=Pp, and when Y =1h/2,
P =Pr. Where n is the non-negative power-law exponent which dictates the material variation
profile through the thickness of the beam.
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The beams considered in numerical examples are made of Austenitic Stainless Steel (316) and
pure Molybdenum. The bottom surface of the functionally graded beam is pure Molybdenum and
the top surface of the functionally graded beam is Austenitic Stainless Steel-316.

The coefficients of temperature 7 for Austenitic Stainless Steel (316) are expressed as follows
(from Incropera and DeWitt (1985), Detail of the ITER Outline Design Report (1994), ITER
Documentation Series: No. 29 (1991), ASME Code Cases: Nuclear Components (1992))

E(T)=205.91-2.6913x107 T —4.1876x107° T* (Gpa) (2a)
a(T)=(11.813+1.3106x10‘2T—6.1375><10_6 T2)><10‘6 (1/K) (2b)
k(T)=9.0109+1.5298x107> T (W/mK) (2¢)
0,(T)=448.69—1.193T +1.4787x107 T? - 6.3134x107 T°  (Mpa) (2d)

where E is Young’s modulus, oy is thermal expansion coefficient, k£ coefficient of thermal
conductivity and g, is yield stress. Poisson’s ratio is taken as v = 0.27. In this study, the unit of the
temperature is taken as Kelvin (K). These equations are valid for temperatures ranging from 300 K
to 1000 K.

The coefficients of temperature 7T for pure Molybdenum are expressed as follows (from Shinno
et al. (1988), Detail of the ITER Outline Design Report (1994), ITER Documentation Series: No.
29 (1991), Hashizume and Miya (1987), Tietz and Wilson (1965))

E(T)=338.93-3.413x1072 T -8.2007x107° 7* (Gpa) (3a)
a(T) = (4.99o4+ 1.1837x107* 7 —3.5877x107’ Tz)x 10°° (1/K) (3b)
k(T)=152.78-5.0884x107 T +9.6754x10°° T* (W/mK) (3c)
0,(T)=309.75+0.165T =3.675x107* T* +1.0535x107" T° (Mpa) (3d)

These equations are valid for temperatures ranging from 300 K to 2100 K.

A particle originally located at P, (X, Y) moves to P (x, y) in the current configuration, as shown
in Fig. 3. The projections of Py and P along the cross sections at Cy and C upon the neutral axis are
called Cy (X, 0) and C (x., y.), respectively. It will be assumed that dimensions of the beam cross
section do not change, and that the shear distortion y << 1 so that cos y can be replaced by 1.
Felippa (2012).

x=x,—Y(siny +sinycosy) = x, —Y[sin(y/ + 7/)+(1+cos7)siny/]= x,—Ysin@ 4
y=y.—Y(cosy +sinysiny) =x, —Y[cos(t// +7)+(1 +cos;/)cosy/]= y.—Ycosé ®)
where x. = X + uxc and y. = uyc. Consequently, x = X + uyc — Y sin 8 and y = uyc + Y cos 6. From

now on we shall call uyc and uyc simply uy and uy, respectively, so that the Lagrangian
representation of the motion is
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Fig. 3 Lagrangian kinematics of the C° beam element with X-aligned reference configuration: (a)
plane beam moving as a two-dimensional body; (b) reduction of motion description to one
dimension measured by coordinate X. This figure is given by Felippa (2012)

x| | X+uy—Ysin® 6
y| | uy+Ycosé ©)
in which uy, uy and 8 are functions of X only. This concludes the reduction to a one-dimensional

model, as sketched in Fig. 3(b). For a two-node C, element, it is natural to express the
displacements and rotation functions as linear in between the node displacements

Uxy

u ()] [1=¢ 0 0 1+¢ 0 o'“ng
w=|uy,(X)|==| 0 1-¢ 0 0 1+¢& 0 | ' |=Nu %

oy | 2l 0 0 1-¢ 0 0 1+c|"

“| Uy2

0,

in which {= (2X/ Ly) — 1 is the isoparametric coordinate that varies from {=—1 atnode 1 to {=1
at node 2.
The Green-Lagrange strains are given as follows Felippa (2012)

[e]:[el}:[exx }:{(1+u;()cos¢9+u'ysin9—Y¢9’—1}
)

2e,y —(I+u'y)sin@ +uy sin@

|:€—YK} g
y @)
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e=(+uy)cos@+uysin@—1; y=—(1+uly)sin@+uysing;, k=6’ )

where e is the axial strain, y is the shear strain and « is curvature of the beam, uy = duy, dX, uy =
duy/dX, 8'=d6/dX. The second Piola-Kirchhoff stresses with a temperature rise can be expressed
by inclusion of the temperature term as follows

. {SXX} _ {sl } _ [s? +E(Y,T)(e - aX(Y,T)AT(Y))}

Sy | 1S, s3+G(Y,T)e,

s1° _[E@,T) 0 Te—ax(Y,T)AT(Y)
BN 0 GU,T) e,

(10)

where slo, 520 are initial stresses, £ is Young’s modulus and G is the shear modulus, ay is coefficient
of thermal expansion in the X direction and 7= T, + AT, where T is installation temperature and
AT is the uniform temperature rise.

The temperature AT = AT(Y) is governed by heat transfer equation of

dT(Y)
dy[ @ } 0

By integrating Eq. (11) using boundary conditions 7 (4/2)=Tr and T (—h/2)=Tj, the following
expression can be obtained

(11)

hi2

1 1
AT(Y)=T, +(T, - Tp) j K(y)dY _mmdy (12)

Using constitutive Eq. (10), axial force N, shear force J/ and bending moment M can be
obtained as

N=[sda=] [s0 + EQY.T)(e— Yi— oy (V. T)AT(Y)) ] dA
A

(13)
N=N"+A4_e-B_x-N, (14)
v=[s,da=[[s+Gr.1)e,Jaa=r"+ 4, » 15)
y y
M= j —Ys, dA= I —Y[s0 4 EQV.T) e~ Y — o, (Y.T)AT(Y))]dA (16)
A A
M=M"-B_e-D_ x—M, (17)
NozjslodA (18a)
4
Vo= IsgdA (18b)
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A4°=J—X$¢4 (180)
A, = [E(.17)da (192)
y
B, = [E(Y.T)YdA (19b)
y
D, =[E(Y,T)YdA (19¢)
y
AH,=£(H}§T)dA (20)
(N, M, )= ! E(Y,T)a(Y,T)AT(Y)(1,Y)dA @1

where 4,,, By, Dy and A, are the extensional, coupling, bending and transverse shear rigidities,
respectively. Ny and My are the thermal axial force and the bending moment, respectively.

For the solution of the total Lagrangian formulations of TL Timoshenko beam problem,
small-step incremental approaches from known solutions are used. As it is known, it is possible to
obtain solutions in a single increment of the external force only in the case of mild nonlinearity
(and no path dependence). To obtain realistic answers, physical insight into the nature of the
problem and, usually, small-step incremental approaches from known solutions are essential. Such
increments are always required if the constitutive law relating stress and strain changes is path
dependent. Also, such incremental procedures are useful to reduce excessive numbers of iterations
and in following the physically correct path. In the iterations, the temperature loading is divided by
a suitable number according to the value of temperature. In high temperature values, the
temperature loading is divided by large numbers. After completing an iteration process, the load is
increased by adding load increment to the accumulated load.

In this study, small-step incremental approaches from known solutions with Newton-Raphson
iteration method are used in which the solution for #n + 1 th load increment and ith iteration is
obtained in the following form

du, =(K;)'R),, (22)

where (K iT)S is the system stiffness matrix corresponding to a tangent direction at the ith iteration,
dul, is the solution increment vector at the ith iteration and n+ 1 th load increment, (R;H)S is the
system residual vector at the ith iteration and n+ 1 th load increment. This iteration procedure is
continued until the difference between two successive solution vectors is less than a selected
tolerance criterion in Euclidean norm given by

(™ — ) (i —

Dl
D .
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A series of successive approximations gives

i+l
n+l

0 i i
Uy =U,, +du,  =u, +Au, (24)

where

Aujy =" du (25)
k=1

The residual vector R.,, for a finite element is as follows
Ro=f-p (26)

where fis the vector of external forces and p is the vector of internal forces given in Appendix.
The element tangent stiffness matrix for the total Lagrangian Timoshenko plane beam element
is as follows which is given by Kocatiirk and Akbag (2011) and Felippa (2012)

K, =K, +K; (27)

where K is the geometric stiffness matrix, and K, is the material stiffness matrix given as follows
by Kocatiirk and Akbas (2011) and Felippa (2012)

m

_ T
KM—i[B SB dX 8)

The explicit forms of the expressions in Eq. (27) is given in Appendix. After integration of Eq.
(28), Ky can be expressed as follows

K, =K. +K. +K3, (29)

where K L is the axial stiffness matrix, K Z is the bending stiffness matrix, K 5\4 is the shearing
stiffness matrix and explicit forms of these expressions remain the same as given by Kocatiirk and
Akbas (2011) except for modulus of elasticity £ depends on temperature 7 in the present study. As
defined before, 4., By, Dy and A, are the extensional, coupling, bending and transverse shear

e . ) . ) ) b .
rigidities, respectively. A,,; appears in the matrix K aM, D, appear in the matrix Ky, 4,,; appear in

the matrix K ;4

The geometric stiffness matrix K¢, B,, and the internal nodal force vector p remains the same as
given by Kocatiirk and Akbas (2011) and Felippa (2012) and given in Appendix.

After obtaining the displacements of nodes, the second Piola-Kirchhoff stress tensor
components S, S, S,, can be obtained by using Eq. (10). The relation between the Cauchy stress
tensor components oy, 0, 0y, and the second Piola-Kirchhoff stress tensor components S, Sy, S,
is given in Kocatiirk and Akbas (2011).

The beams considered in numerical examples are elastic, with undeformed length L,
rectangular cross-section of width b and thickness /4 (see Fig. 1).
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3. Numerical results

In the numerical examples, the post-buckling deflections as well as the maximum. Cauchy
normal stresses, critical buckling temperatures are calculated and presented in figures for
temperature dependent and independent physical properties for various thermal loads. To this end,
by use of usual assembly process, the system tangent stiffness matrix and the system residual
vector are obtained by using the element stiffness matrixes and element residual vectors for the
total Lagrangian Timoshenko plane beam element. After that, the solution process outlined in the
previous section is used for obtaining the related solutions for the total Lagrangian finite element
model of Timoshenko plane beam element. the numerical integrations, five-point Gauss
integration rule is used.

In Table 1, the central deflections V(L /2) of the beam for uniform temperature rise AT = 35K,
n = 0 are calculated for various numbers of finite elements x,, for L//# =80, b =1 m, 7 =1 m with
temperature-dependent physical properties. Where, temperature rise AT =35 K corresponds to
yield temperature for L/ = 80 in the post-buckling case which is plotted in Fig. 11a.

It is seen from Table 1 that, when the number of finite elements is x, = 120, the considered
displacements converge. Therefore, in the numerical calculations, the number of finite elements is
taken as x,, = 120.

The beams considered in numerical examples are made of Austenitic Stainless Steel (316) and
pure Molybdenum. The bottom surface of the functionally graded beam is pure Molybdenum and
the top surface of the functionally graded beam is Austenitic Stainless Steel (316). In this study,
the material of the beam is considered in the elastic range, so as not to exceed the yield stress (o,)
that is a function of temperature. Hence, if the stress of the beam equals to yield stress, then the
analysis is interrupted. So, plastic buckling and plastic post-buckling cases are not considered in
this study. In numerical examples, the initial temperature (installation temperature) of the beam is
assumed to be 7y = 300 K. The height of the beam is # = 1 m and the width of the beam is b =1 m.

Table 1 Convergence analysis for the central deflections V(L /2) of the beam for various numbers of finite
elements n for AT=35K,L/h=80and n=10

The central deflections V(L /2) of the beam

X, V(L/2) (m)
20 0.2349
30 0.2596
40 0.2676
50 0.2712
60 0.2732
70 0.2744
80 0.2750
90 0.2754
100 0.2756
110 0.2757

120 0.2757
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Fig. 4 The material properties versus temperature rising: (a) Young’s Modulus; (b) coefficient of thermal
expansion; (c) yield stress; (d) coefficient of thermal conductivity
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Fig. 5 Variations of Young’s Modulus with some given values of the uniform temperature rising: (a) n = 0
(Full Austenitic stainless steel (316)); (b) n=10.5; (c) n = 3; (d) n = oo (Full pure Molybdenum)
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Fig. 5 Continued

stresses (true stresses) can be obtained after obtaining the second Piola-Kirchhoff stresses by using
the relations between the Cauchy and the second Piola-Kirchhoff stresses tensor components given
by Kocatiirk and Akbag (2011) and Felippa (2012).

Young’s Modulus, the coefficient of thermal expansion, yield stress and coefficient of thermal
conductivity versus temperature rising are illustrated in Fig. 4 by using Egs. (2) and (3) for
Austenitic Stainless Steel (316) and pure Molybdenum.
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Fig. 6 Variations of the coefficient of thermal expansion with some given values of the uniform temperature
rising: (a) n = 0 (Full Austenitic stainless steel (316)); (b) n = 0.5; (¢) n = 3; (d) n = oo (Full pure
Molybdenum) and the yield stresses
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Fig. 6 Continued

It is seen from Fig. 4(a) that with increase in temperature, Young’s modulus decreases. Because,
with the temperature increase, the intermolecular distances of the material increase and
intermolecular forces decrease. As a result, the strength of the material decreases. It is seen from
Fig. 4(b) that, with temperature increase, the coefficient of thermal expansion increases. It is seen
from Fig. 4(c) that, increase in temperature causes decrease in the yield stresses. Also, It is seen
from Fig. 4 that, with temperature increase, in spite of the coefficient of thermal conductivity of
Austenitic stainless steel (316) decreases, but the coefficient of thermal conductivity of pure
Molybdenum increases.
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Fig. 7 Variations of the yield stresses with some given values of the uniform temperature rising: (a) n = 0
(full austenitic stainless steel (316)); (b) n = 0.5; (c) n = 3; (d) n = o (full pure molybdenum)
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Fig. 7 Continued

In Fig. 5, Figs. 6 and 7, the variations of material properties (Young’s Modulus, the coefficient
of thermal expansion and the yield stresses, respectively) distributions along the height of the
beam are presented for some given values of the uniform temperature rising A7 and some given
values of the power-law exponent with temperature dependent physical properties.

It is seen from Fig. 5, Figs. 6 and 7 that with increase in temperature, the physical properties of
materials varies considerably. Also, It is seen from Figs. 5, 6 and 7 that, the material power law
index » play an important role on the properties of the materials.
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Fig. 8 The material properties distributions along the height of the beam for some given values of the
power-law exponent # for for the uniform temperature rising A7=700 K for temperature independent
physical properties: (a) Young’s Modulus; (b) Coefficient of thermal expansion; (c) the yield stresses;
(d) Coefficient of thermal conductivity £
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Fig. 8 Continued

In Figs. 8 and 9, the variations of material properties (Young’s Modulus, the coefficient of
thermal expansion, the yield stresses and the coefficient of thermal conductivity, respectively)
distributions along the height of the beam are presented for some given values of the power-law
exponent n for the uniform temperature rising AT = 700 K for temperature independent and
temperature dependent physical properties respectively.
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Fig. 9 The material properties distributions along the height of the beam for some given values of the
power-law exponent n for for the uniform temperature rising A7=700 K for temperature dependent
physical properties; (a) Young’s Modulus; (b) Coefficient of thermal expansion; (c) the yield stresse;
(d) Coefficient of thermal conductivity &
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Fig. 9 Continued
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Fig. 10 Critical buckling uniform temperature AT, (K) versus the ratio L/h and some given

values of the power-law exponent n for temperature dependent and independent physical
properties forb=1mand 2=1m

It is seen from Figs. 8 and 9 that, when the material power law index n increases, Young’s
modulus and the yields stress decreases, the coefficient of thermal expansion decreases. As a result,
the strength of the material decreases with increase the power law index n. Because when the
material power law index #» increase, the material of the beam get close to the pure Molybdenum
and it is known from the physical properties of the pure Molybdenum and Austenitic stainless steel
(316) that the Young modulus and the yields stress of pure Molybdenum is approximately greater
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than that of Austenitic stainless steel (316). Also, It is seen from Figs. 8 and 9 that, the selection of
power law index n may play an important role in the responses. It can be seen from Figs. 8 and 9
that there are very significant differences between the temperature independent and temperature
dependent physical properties.

In Fig. 10, the critical buckling uniform temperature AT versus the ratio L/4 of the beam and
some given values of the power-law exponent n is presented for temperature dependent and
independent physical properties forb=1mand 2 =1 m.

It seen from Fig. 10 that, the beam buckles at lower temperatures for higher L /A ratios for
temperature dependent case. when the material power law index »n increases, the beam buckles at
high temperatures: Because when the material power law index n increase, the material of the
beam get close to the pure Molybdenum and it is known from the physical properties of the pure
Molybdenum and Austenitic stainless steel (316) that the strength of pure Molybdenum is
approximately greater than that of Austenitic stainless steel (316). Hence, the beam buckles at high
temperatures with increase the material power law index 7. Also it is seen Fig. 10 that, decrease of
the ratio L / h of the beam causes increase in the difference between the critical buckling
temperatures for the temperature dependent and independent physical properties. In small L/ A
ratios, the critical temperatures for the temperature-independent physical properties are greater
than the critical temperatures of the temperature-dependent physical properties. In Fig. 10, the
elastic buckling limits are shown by circles. It is mentioned before that, the material of the beam is
considered in the elastic range, so as not to exceed the yield stress. Hence, if the stress of the beam
equals to yield stress, then the analysis is interrupted. So, plastic buckling and plastic
post-buckling cases are not considered in this study. It is seen Fig. 10 that, the temperature-
dependent physical properties must be taken. In Fig. 10, an another interesting point that incerase
the material power law index n increases, the elastic limits of temperature dependent and
independent cases are converge.

In Fig. 11, the specified transversal displacement V(L /2) versus uniform temperature rising AT
is presented for temperature dependent and independent physical properties for L /4 = 80, 90, 100
ratios and some given the material power law index n.

It is seen from Fig. 11 that the difference of the transversal displacements of the midpoint of the
beam with the temperature dependent and independent physical properties in post-buckling case
increases with decrease in the ratio L/ h. It is mentioned before that, if temperature dependent
physical properties are not considered in the design of structural elements, there will be an
important error. Also, it is seen from Fig. 11 that increase in the material power law index n
generally causes increase in the deflections and the beam buckles at high temperatures: Because
when the material power law index n increase, the material of the beam get close to the pure
Molybdenum and it is known from the physical properties of the pure Molybdenum and Austenitic
stainless steel (316) that the strength of pure Molybdenum is approximately greater than that of
Austenitic stainless steel (316). In Fig. 8, furcation points can be seen. As it is known, buckling
occurs at the furcation points: Actually these points are bifurcation points. As it is known,
according to the initial arbitrary deviation from the straight position of the beam, buckling can
occur in either positive or negative directions. In this study, deviation from the straight position is
always taken as positive for buckling analysis. The symmetrical branches according to AT axis
would be obtained if the deviations from the straight positions were taken as negative values. The
transversal displacements for the temperature-dependent physical properties are greater than those
for the temperature-independent physical properties. Also, it is seen from Fig. 11 that the material
of the beam yields after certain temperatures that are shown by circles on the figures in the post-
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Fig. 11 The specified transversal displacment V(L /2) versus uniform temperature rising A7 with
temperature dependent and independent physical properties for L/4 = 80, 90, 100 ratios:
(@n=0;(b)yn=0.5and (c)n=1
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buckling case: After the corresponding temperature, plasticity must be considered which is out of
the scope of this study.

In Fig. 12, maximum Cauchy normal stresses versus uniform temperature rising AT is
presented for temperature dependent and independent physical properties for some given the
material power law index n for L/h=120,b=1mand # =1 m.

The maximum Cauchy normal stresses for the temperature dependent and independent physical
properties in the post-buckling case within elastic limit are given in Fig. 9. Also, it is seen from
Fig. 12 that increase in the material power law index, the beam buckles at high temperature.
Before the buckling furcation point, the maximum Cauchy normal stresses increase almost linearly,
but after furcation point, the stresses increase suddenly. This situation is expected and natural in
buckling phenomenon. Also, it is seen from Fig. 9 that the yield stress for the beam with
temperature dependent physical properties is lower than the yield stress for the beam with
temperature independent physical properties.

4. Conclusions

Thermal post-buckling analysis of functionally graded Timoshenko beams subjected to
temperature rising is investigated for temperature dependent and temperature independent physical
properties by using the total Lagrangian Timoshenko beam element approximation. Material
properties of the beam change in the thickness direction according to a power-law function. The
considered highly non-linear problem is solved considering full geometric non-linearity by using
incremental displacement-based finite element method in conjunction with Newton-Raphson
iteration method. The difference between the analysis results for the temperature dependent and
independent physical properties are investigated in detail in post-buckling case. The relationships
between deflections, critical buckling temperatures, maximum stresses of the beams and
temperature rising are illustrated in detail in post-buckling case.

It is observed from the investigations that there are huge differences of the analysis results for
the temperature dependent and temperature independent physical properties for functionally
graded beams in the post-buckling case. Especially, increase in temperature causes a huge increase
in the difference of the analysis results for the temperature dependent and temperature independent
physical properties. The material power law index » and temperature dependent material properties
play an important role on the behavior of thermal post-buckling case. Therefore, considering the
temperature dependence of the physical properties of beam material and choice of the material
power law index n are very important for safe design of functionally graded structures. After
certain temperatures, the material of the beam begins yields partially and for increasing
temperatures the yield region extends and after certain temperature the beam yields fully and fails
in the case of the temperature-dependent physical properties. The yield stresses of material for
temperature dependent physical properties are lower than the yield stresses of temperature
independent physical properties. Hence, for safe design of structural elements, the
temperature-dependent physical properties must be considered. Also, it is seen from the results
that functionally graded material has a great performance for high. It is observed from open
literature that the effect of temperature dependent physical properties on the analysis results are
not considered broadly for functionally graded beams. Taking into consideration of the
temperature dependent physical properties is very important for failure analysis and safe design of
functionally graded structures.
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Appendix

The components of the material stiffness matrix: the axial stiffness matrix K s bending
. . b . . . s
stiffness matrix K j; and shearing stiffness matrix K, are as follows

cl CoSm —C,Vmlo /2 —c —CpSy C¥mlo /2 |
CuSp ) —VuLloSn /2  —C,S, —s. —VuloS,, /2
ko - EMAy | =c,r,Ly/2 =7,Los, 2 vilol4  c,yuLo!2 vaLos,!2  yalyl4 (A1)
M L, —c) —C,S, CoVmbLo /2 cl CouSpm CpVmLo /2
— S, —s2 VuLoS, /2 CSom s VnLoS, /2
= CoVulo /2 = 7uLlos, /2 yaLol4  curulo/2 vuLes, /2 yalyl4
(00 0 00 0]
00 0 00 O
» EM)I,|00 1 00 —1
Hr = L, (00 0 00 0 (A2)
00 0 00 O
100 -100 1]
I s —c,5,, —aLys, 2 —s CiS o Lys, /2 |
—CpSpy cl -c,L,/2 c,s, —c2 —c,aL,/2
ke 2G4 | —aiLys, 12 c,onLy/2 Ly /4 oylys, /2 —c,aly/2  allyl4 (A3)
M L, —s2 CpSm oyLys,, /2 s2 —CpSp o Lys,, /2
CiS -c -c,o4Ly/2  —c,s, cl —c,oLy /2
—aLys,, /2 —c,only /2 ofLyl4 oLy, /2 —c,oqLy /2 ofLy/4 |

where m stands for beam midpoint, (=0, and 8,, = (6, + 6,) / 2, ®,, = 0, + @, ¢,y = COS W, Sy, = SIN
Wy € =1L cos (0, — )/ Ly, 01 =1+ e, and y,, = L sin (w — 8,)) / Ly (See Fig. Al for symbols). The
axis of the considered beam initially is taken as horizontal, therefore ¢ = 0. The matrix S is defined
as follows

E(T)4, 0 0

S=| 0 G4, 0 (Ad)
0 0 1,4,
B,, matrix is as follows
1 _Cm _Sm _%L07m Cm Sm _%Loym
Bm:B§:0:? Sm —Cm %Lo(l‘f‘em) Sm —Cm %L0(1+em) (AS)

o1 0 0 -1 0 0 1
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Fig. A1 Plane beam element with arbitrarily oriented reference configuration (Felippa (2012))

The geometric stiffness matrix K¢ is given as follows

[0 0 s, 0 0 s, ]
0 -c, 0 0 -c,
I% N, | Sw —C -sLy(+e,) —s, ¢, —3L(1+e,)
G210 0 -5, 0 0 -5,
0 C, 0 0 Cp
:Sm —c, —sL(+e,) —s, ¢, —3L(I+e,) (A6)
0 0 ¢, 0 0 ¢, |
0 0 S, 0 0 S,
+V_m Sw —Cp —%LoVw =S, Cn —<Ly7,
210 0 -c, 0 0 -c,
0 0 -5, 0 0 -,
Cn S, — TLoVw —Cp —Sm —5 LoV, |

in which V,, and V,, are the axial and shear forces which are evaluated at the midpoint. The internal
nodal force vector is as follows Felippa (2012)

1 1
_Cm _Sm _3L07m cm Sm _ELoym

p:LOB,,ZzzLL Sw  —Cuw TLy(+e,) s, —c, TL(l+e,) (A7)
oL 0 0 -1 0 0 1



where z' = [N ¥ M]. The external nodal force vector can be expressed as follows
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where fy, fy are the body forces, ¢y, ty, mz are the surface loads in the X, Y directions and about the

Z axis, h, is the thickness, /4 is the height.





