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Abstract. Calm water wave resistance plays a very important role in ship hull design. Numerical
methods are meaningful for this reason. In this study, two prevailing methods, the Neumann-Kelvin and
the Rankine source method, were implemented and compared. The Neumann-Kelvin method assumes
linearized free surface boundary condition and only needs to mesh the hull surface. The Rankine source
method considers nonlinear free surface boundary condition and meshes both the ship hull surface and
free surface. Both methods were implemented and the wave resistance of a Wigley III and three Series
60(Cb=0.6, 0.7, 0.8) hulls were analyzed. The results were compared with experimental results and
the merits of both numerical techniques were quantified. Based on the results, it is concluded that the
Rankine source method is more accurate in the calculation of the wave-making resistance. Using the
Neumann-Kelvin method, it is found to be easier to model the hull and can be used for slender ships to
solve problems like wave current coupling calculation.

Keywords: calm water wave resistance; Neumann-Kelvin method; rankine source method; experiment;
nonlinear free surface boundary condition

1. Introduction

Calm water resistance is mainly composed of wave-making and frictional resistance. For a given
ship speed, frictional resistance is in proportion to the wetted surface area. Since the wetted surface
does not vary greatly for a given ship displacement, the change of frictional resistance is limited.
However, for a given Froude number, wave-making resistance is extremely sensitive to the shape of
the ship hull. Modification of the hull shape can significantly decrease wave-making resistance, thus
the optimization of wave-making resistance is very important.

The mathematical model of wave-making resistance is not difficult, however, the solution of
governing equations is not a challenging task due to the nonlinearity of the boundary conditions.
First, the shape of ship hull surface is nonlinear; second, the free surface boundary condition contains
nonlinear terms; third, the free surface boundary is satisfied on unknown free surface, which is
usually nonlinear. Moreover, the free surface can only be obtained after solving Laplace’s equation,
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which makes the process of solution iterative. Due to these difficulties, there is not a closed form
analytic solution to the wave-making resistance problem.

Background on literature survey, the first stage of research in wave-resistance calculation was the
linear theory, which solves the problem using linearized boundary conditions, for example, Michell’s
thin ship theory (Michell 1898). The linearization of the boundary conditions brings convenience in
calculation, even analytical solution can be derived. However, linear ship theory is only effective
under the assumption that the hull form is linear (very thin or very flat) and the free surface boundary
condition is also linear(wave height is small compared to wave length). These assumptions are
violated for realistic hull forms, thus the linear theory can not give satisfactory result for realistic hull
forms.

Following the linear theory, the Neumann-Kelvin method appeared. The Neumann-Kelvin method
satisfies an accurate hull surface boundary condition but only satisfies the linearized free surface
boundary condition on the calm water surface. In the Neumann-Kelvin method, the Kelvin sources
are distributed on the ship hull surface. Michell (1898), Havelock (1928, 1932) and Peters (1949)
gave the analytic expressions of the velocity potential of the translating point source, which is called
the Green’s function. Noblesse (1981) analyzed different expressions of the Green’s function and
fitted them into a unified form. According to Noblesse’s remarkable work, the Green’s function is
composed of three parts. The first part is the Rankine source part, it indicates the influence of point
source in an infinite fluid domain, Hess and Smith (1962, 1967) derived the velocity potential gen-
erated by point sources distributed on a flat panel. The second part of the Green’s function is the
double integral part, which represents the near-field disturbance of the point source in a fluid domain
with the free surface. Newman (1987) calculated the double integral part by sum of Chebysheyv series
and an additional term for the singularity; Ponizy and Noblesse (1994) gave the result of the double
integral by numerical interpolation. The third part of the Green’s function is the single integral part,
which represents the far-field disturbance. The numerical calculation of the single integral part is
difficult because the integrand is highly oscillatory(Baar 1986, Baar and Price 1988). One way to
calculate the single integral part involves two expansions given by Bessho (1964). Ursell (1960)
derived an additional term and make these two expansions completely complementary. Numerical
result of this method were given by Baar (1986), Ursell (1960), Marr (1996), Wang and Rogers
(1989). The other way to calculate the single integral part is by the numerical integration. However,
due to the oscillatory behavior of the integrand, the typical numerical integration methods (e.g., the
Simpson method or the adaptive method(Abramowitz and Stegun 1964)) are extremely inefficient.
So new method must be applied in the numerical calculation of the single integral part. One such
method is developed by Levin (1982, 1997). Levin’s method convert the calculation of an integral
into the calculation of an partial differential equation. However, when Levin’s method is applied to
the single integral part of the Green’s function, Faddeyeva function(Faddeyeva et al. 1961) need to be
calculated, which is difficult and time consuming. The other numerical integral method is the deepest
descend method(Motygin 2014). This method convert the oscillatory integrand into a non-oscillatory
one. Then the routine numerical integration methods can be used in the calculation.

As the research about wave-making resistance goes on, the nonlinear methods came into being.
Maruo (1966) and Eggers (1966) developed the second order thin ship theory. In their study, the
Taylor expansion was used and it caused contradictions at the ship’s bow and stern. Wehausen (1967)
and Yim (1968) improved the second order theory by mapping the free surface and hull surface into
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a reference domain. Another variant of the second order method is Guilloton’s method(Guilloton
1964, 1965). This method maps the result of linear Michell theory into a better approximation by
inverse streamline tracing method. Among the nonlinear methods, the Rankine source method is
a promising one. Dawson (1977) calculated wave-making resistance by this method. His method
started from the result of double model flow and then calculated the disturbance of this base flow.
He also applied a forward difference scheme to the free surface boundary condition to satisfy the
radiation condition. Dawson’s method can get accurate result for some realistic hull forms. However,
there are some problems with the Rankine source method. One is the numerical dispersion due to
the use of the different scheme in the free surface boundary condition(Han and Olson 1987a, Schultz
and Hong 1989a). Schultz and Hong (1989a) and Cao (1991a) developed the raised panel method.
In their study, the panels were at some distance over the free water surface to reduce the numerical
dispersion. Another problem with the Rankine source method is the oscillation of panel source
strength(Raven 1998). To solve this problem, Raven (1998) shifted the collocation point of each
element forward to reduce the oscillation. Based on the existing work, Raven (1996) and Janson
(1997) developed the fully nonlinear Rankine source method and achieved success on many full hull
forms. Hess et al. (1980) applied higher order panels to the Rankine source method and improved
the result of wave-resistance calculation.

Currently, the prevailing numerical methods of wave-making resistance are the Neumann-Kelvin
method and the Rankine source method. Since the Rankine source method considers the nonlinear
free surface boundary condition, theoretically it is more accurate than the Neumann-Kelvin method.
However, the Neumann-Kelvin method only requires meshing on the ship hull surface, which is a
typical practice in seakeeping analysis in the industry. The Rankine source method needs meshing
both on the ship hull and the free surface. Both the hull surface and free surface need to be remeshed
in every iteration. This brings difficulties in modeling and calculation. Moreover, Neumann-Kelvin
methods can easily work with other Kelvin source method to solve wave-current coupling prob-
lems(e.g., Wang and Rogers (1989), Guha (2012), Guha and Falzarano (2015a, b)). All in all, there
are pros and cons for these two methods, thus it is meaningful to test the limitations of these two
methods. However, the published results about these two methods are limited. In this study, both
methods were implemented and the wave-making resistance of a Wigley III hull and three Series 60
hulls (Cb=0.60, 0.70, 0.80) were calculated. By comparison of these two methods author tries to
qualify the limitations of these two method.

Here is a brief introduction to this paper. The second section mainly describes the governing
equations. Details of Kelvin source method are described in the third section. The fourth part de-
scribes the Rankine source method. The results of Wigley III and three Series 60 ships are given in
the fifth section. Finally, the conclusions are given in the sixth section.

2. Governing equations

In this paper, the coordinate system moves with the ship and has the same speed, but it does not
follow the trim and sinkage. The x axis points to the forward direction, the y axis points to port and
the z axis points upward. The origin is at the midship.
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Fig. 1 Coordinate system

2.1 Gonverningequationso fthetotal potential

In assumption of the ideal fluid, the fluid domain is an irrotational field. ® is the velocity poten-
tial; n is the free surface elevation; (X, Y, Z) is any point in the fluid domain; U is the speed of the

ship. The governing equations of the wave-making resistance problem are

Continuity
VD=0

The kinematic free surface boundary condition
Oxnx + Oyny —Pz=0 at Z=nX.Y)

The dynamic free surface boundary condition
| 2
WU =V —gn=0 ar Z=nX7Y)

The hull surface condition
d,=0

il is the normal vector of the hull surface, as shown in Fig. 3.
The infinite depth condition

O, =0 when Z— —o0

(1

2)

3)

“4)

(&)

Additionally, there should be the radiation condition which guarantees that there are no waves
ahead of the ship. Egs. (1) to (5) together with the radiation condition are the governing equations of

the wave-making problem.
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2.2 Gonverningequationso fthe perturbationpotential

In the study of wave-making problem, for the continence in study, the total velocity potential ®©
is decomposed into the incoming flow potential —UX and the perturbation potential ¢

O=-UX+¢ (6)

Substitute Eq. (6) into Eq. (1) to Eq. (5). The governing equation in term of perturbation
potential ¢ are

Continuity
Vi =0 (N
The kinematic free surface condition
(-U + ¢X)77X +oyny — ¢z = 0 on Z-= T](X, Y) (8)
The dynamic free surface condition
1 1 )
=g Udx - 5IV¢| on Z=nXY) )
The hull surface condition
¢, = U cos(n, x) (10)
The infinite depth condition
¢pz=0 Z—> —o0 (11)

The radiation condition

, X>0, VX2 47?2 5 o0

1
O —
¢ = ( VX2 + Yz) (12)

1
0| ———=1,X<0, VX2 + Y2 > o0

VX2 +Y?

@ ¢
—————— =0, and o denotes that ——
VX2 1 12 VX2 + Y?

there are no waves ahead of the ship bow.
Egs. (7) to (12) are the governing equations of the wave-resistance problem in term of perturba-
tion potential ¢.

O denotes that = 1. The radiation condition guarantees

3. The Neumann-Kelvin method
3.1 Linearizationofthe freesur faceconditions

Expand the free surface conditions (8) and (9) on the calm water surface by Taylor expansion
and keep the linear terms:
Unx+¢z=0 on Z=0 (13)
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U
n——¢x=0 on Z=0 (14)
8
Substitute Eq. (14) into Eq. (13), the combined free surface condition is
dxx + KO¢Z =0 on Z=0 (15)

Where Ky = g/U>. Egs. (7), (10), (11), (12) and (15) are the governing equations of the
Neumann-Kelvin method.

3.2 Theintegralidentity

To reduce the number of freedom in the calculation, the surface panel method is used in the
Neumann-Kelvin method. As shown in Figs. (2) and (3), assume there is a virtual fluid domain
D; inside of the hull surface; D, is the fluid domain outside of the hull surface; ¢° is the velocity
potential outside of the ship hull; ¢ is the velocity potential inside of the ship hull; S fe 1s the free
water surface outside of the ship hull; S ; is the free water surface inside of the ship hull; S is the
ship hull; S, is the outside surface of ship hull; S ; is the inside surface of ship hull; 77 is the normal
vector pointing into the fluid domain; 7, is the normal vector of boundary of D, . #; is the normal
vector of boundary of D;.

In D,, by Green’s theorem(Brard 1972)

1
T¢ = 566 (¢°Gn, - ,G)ds (16)
T She+Sfe

X is the coordinate of field point; Xy is the coordinate of source point. ¢° is supposed to be 0 on

Az

De

Fig. 2 Surfaces of different domains
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Fig. 3 Normal vectors of different domains

other boundaries of D,.

1 when X is in D,
T = % when X is on Sn (17)
0 when X is not in D,
Similarly,
(1-T)¢' = 41 ggﬁ (¢'Gn - ¢,G) ds (18)
T JISi+S fi
Combine Egs. (16) and (18). Since the S, and S ; are the same surface S with different normal
vector, denote them as Sp,. By Fig. (3), on hull surface: 6‘—; = i%’ 6(_26 = —(;—7"; on free water surface:
6% = —%, 6%6 = —%. In the whole fluid domain
¢= %ffsh{[¢z—¢z]G+[¢"—¢€]Gn}ds
+ % f fs B [4,G — ¢°Gy]dS (19)

1 . .
t ffsﬁ |4.G - ¢'G, | ds

On the free surface S 7, and S ;, by the linear assumption of the Neumann-Kelvin method, a% ~
—%, dS =~ dXdY. The surface integral can be changed to a double integral.

L f f (&G — ¢°G) dS
i S fe

1 (20)
= f fs . (¢°Gz - ¢,G) dxdy
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¢° and G both satisfies the free surface boundary condition (15), substitute it into Eq. (20)
1 e
— Gz — ¢5,G)dXdY
47T fjs‘ﬂ (¢ ‘ ¢Z )

1 e
= G — ¢°Gxx)dXdY
4nKy ffs‘ fe (¢XX ¢ XX)

e f j; . |(#5xG + 65Gx) — (6°Gxx + #Gx)| dXay 21

:471'11(0 ff; [(¢§(G)X - (¢6GX)X] axdy
fe

f .. (¢5G - ¢°Gx), dxdy

:47TK()

Using the Green’s theorem

56de + Qdy = ff (‘E - 8—P) xdy (22)

L is the boundary of D. Let P =0

ff —dxdy 95Qdy (23)
L

Ny

Fig. 4 Directions of the line integrals
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Using Eq. (23)

1
e _ (4 X Y
p f fs . (4G - ¢°Gx), dXd

| (24)
yra SECM (¢%G - ¢°Gx)dy
By Egs. (21) and (24)
= [ wc-scas
dr S fe
1 (25)
~ 47K, 9%,@ (¢XG —¢ GX) ay
Similarly
iiﬁf[%6—¢@4¢9
A Sﬁ
1 _ ‘ (26)
“ (40~
Substitute Egs. (25) and (26) into Eq. (19). By Fig. (4), Cpe = Cp, Cpi = =C},
1 , .
¢=1;j]‘ﬂﬁ—¢ﬂG+{d—¢1G4ds
’ @7)

+

e § o5 - okl +[o - o] arfar

By Eq. (27), the point sources and dipoles are distributed both on the ship hull surface §,, and
the waterline C,,. The source strength o is

o5 = ¢ - 4, (28)

The dipole strength is
mg = ¢ — ¢ (29)

The fluid inside of the ship hull surface is virtual, so ¢' can be chosen arbitrarily. If ¢! = ¢¢,
then o is zero and only dipoles exist; if ¢ = ¢¢, then my is zero and only point sources exist. If ¢;
is other values, then it is the combination of point sources and dipoles. So the combination points
sources and dipoles are not unique(Only point sources are used in this study, m, is set to be zero later
in the derivation(see Eq. (33)).

Set the local coordinate at any point on the waterline C,,. 77 is the normal vector pointing outside
of the ship hull. ’is tangent to C,,, 7 is vertical both to 7 and 7. The local coordinate system is shown
in Fig. (4). Set

a, = cos(X,1); ar=cos(X,7); «a,=cos(X,n) (30)

By Eqgs. (28) to (30), in the local coordinate system on the waterline C,,

- omy omy
¢ — o = oQy, — _— = —_ 1
oy — Py sy — Y ar 57 (€29
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Then substitute Eq. (28) to Eq. (31) into Eq. (27)

1 1
= — G G,)dS GydY
¢ 47Tfsh(Us +myG,) +47rKo 96;,,’”[! X

1 omy omy
+ —a;— —a;— |GdY
47K S‘éh (0’sa'n @ ot @ or )

(32)

Only the point sources are used in this study, set my; = 0

1 1
= — GdS + ., GdY 33
o= L ([ ois s e f -

By equation above, the sources are distributed on the hull surface and the waterline. Substitute
Eq. (33) into Eq. (10). G contains the term —1/|R], R = X — X;. When X — Xj, —1/|R| is 0/0. Use a
hemisphere to remove this singularity, as shown in Fig. (5).

. 0 1
Jim ff o (‘z‘e)"s"S
=1lim ffi (—l)ast (34)
&—0 e OR\ R

=270
Substitute Egs. (33) and (34) into Eq. (10)

1 1 1
-0+ — G,dS + G,d
27 4n ffsh T T anko 9% s Tney (35)

=U cos(n, x)

Ax

Fig. 5 Removal of the singularity
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Eq. (35) is the integral identity of the Neumann-Kelvin method. It is satisfied on the hull surface.
If the Green’s function is known, the only unknown variable is 0. In this study, the hull surface is
discretized into flat panels and the source strength is a constant in every panel. Eq. (35) is satisfied
on one point in every panel, which is called the collocation point. The waterline is also discretized
and set the source strength of the waterline the same with the source strength of the panel in which
the waterline belongs to. The number of unknown variable is the same with the number of equations.
This study mainly used rectangular panels in the meshing and some triangular panels were also used
for the continence of modeling. The mesh on the hull surface is shown in Fig. (6).

3.3 The Green function

The Green function for the wave-making resistance problem is determined by coordinates of the
source and field points, the velocity of fluid U, and the wave number g/U?. Then normalize the
coordinates of source and field point by the wave number. As a result of the normalization, the
Green’s function only relies on relative position of source and field points. Using the coordinates
defined above, the Green’s function can be written in the form(Wehausen and Laitone 1960)

1 1
G = —— 4 —
ro r
. 4_1 fﬂ/Z 0 J[‘x’ Ik ek cos(kx cos ) cos(ky sin 0) (36)
7z Jo 0 kcos28—1
/2

+4 f dfessec’? sin(x sec 6) cos(y sec? 6 sin 6) sec” 0
0

Fig. 6 Mesh on the hull surface
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(e1,y13) = (X0 Y1, Z0) (37)
(¥0,30.20) = 775 (Xo. Y0, Z0) (38)
(x,¥,2) = (x1 — X0, ¥1 = Y0, 21 + 20) (39)
ro = \/(xl — x0)* + (y1 = ¥0)* + (21 — 20)* (40)
r= NG = X0 + 01 = Y0P + (1 + 20 @41

(X1, Y1,7;) is the dimensional coordinate of the field point; (Xo, Yo, Zo) is the dimensional coordinate

of the

source point; ry is the distance between the field and source points; r is the distance between

field and the image of the source point above the xy plane. f denotes the principle value of the
integral.
The Green function can be divided into three parts:

1.

1 1 ) . . . .
R = —— + —, the Rankine source term, which denotes the potential of point source in an
ro r

infinite fluid domain.

4 k 0 k 0
D= ”/2 do J% dke - cos(kx 0032 2(:051( ysinf) , the double integral term, which denotes the
near—ﬁeld potential of the source. D is non-oscillatory and symmetric in x and y directions.
W =4 "/2 dfezsec’ 0 sin(x sec 0) cos(y sec” @ sin @) sec’ 6, the single integral term, which de-

notes the far—ﬁeld potential of the source. W is a wavelike disturbance which represents waves
generated by translating point source.

The following subsections will discuss the calculation of the Green function.

3.4 The Rankine source potential

. 1 . . . o
R includes two terms, —— and —, which represent the potential of a point source and its image
r

1o

source in an infinite fluid domain. Hess and Smith (1962, 1967) in their remarkable work gave
results of the potential and velocity generated by point sources distributed on quadrilateral panels.
Their results were used to calculate the Rankine source part R.

3.5 The nearfield potential

D is the double integral part of the Green’s function. It can be calculated by the sum of Chebyshev

series

and a singularity(Newman 1987, Eq. 48)

16 16 18 o) 2k
DxS+ 3 % > Plf(R)Y ( 1+ 9) (ﬂ ) 42)

i=0 j=0 k=0



A comparison of the neumann-kelvin and rankine source methods for wave resistance calculations 383

(R, 8, @) is the spherical coordinates, where

R=x2+y2+72, 0= arctan(\/L_]

Y+ 43)

« = arctan (X)
<

f(R) is a function of R
2R (O<R<1
2R-5)/3 (1<R<4)
f(R) = (44)
(R-7)/3 @A<R<10)
1-20/R (10<R< )
Coeflicients P;j; are given in four tables by Newman (1987). § is the term to remove singularity
near origin(Newman 1987, Eq. 21)

S ==-U;+zU3z —yV3 —xU,
1
+ 3[=2°Us + y'(Us + Us) = x*Us]

+ yzVs + xzUy — xyV4

+ E[Z U7 +Yy (V5 + V7)—x U4]
1
+ 5[—zzyV7 — 2xUg — yzz(U5 + U7)
+y (Us + Ug) + x*zUs — x*yVs] + xyzVe
Where
2l"7‘l 721
Uy, = f cos™ Olog(v)do (46)
7 Joz
2
2m (L
V= — cos”™" @sinflog(v)do 47
T Jozx
2
v=2zcos’f— ycos@sin 8 + i|x| cos 6 (48)

U,, and V,, are still in the integral form. To improve the calculation efficiency, V,, terms can be
calculated by trigonometric series(Newman 1987, Eq. 27)

22—m [%m—%]
Vi = > Cp=Diksinln - 2601

k=0

p )Mk (49)

R+ x
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Fig. 7 Value of D(x,y,z) when z = —0.1 Fig. 8 Value of D(x,y,z) whenz = —1.0

Fig. 9 Value of D(x,y, z) when z = —10.0

U,, can be calculated by iterative formula

mU,, +(m—1)U,,_»
_m1-1-3-...-(m—3)_22—m

2 2:4-6-...-(m) 2 50
[%m_%] m—2k
C;’;(—l)k(m — 2k) cos[(m — 2k)a] _P
kz:(; (R + x)
Uo=210g(R+x) 1)
I' is the gamma function
I(n)=®n-1! (52)

n is a positive integer. The double integral term D can be calculated by Eq. (42) to Eq. (52). The
results are shown in Figs. (7) to (9). By these results, it is clear that D only has effect on the fluid
domain which is near the point source. The influence of D decays rapidly when the field point is far
away from the source point. So D presents the near-field influence of the point source in the fluid
domain.
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f f
000002 004
000001 A 0 oz\ /\
. (\ Ny
02 0 0 08 10 12 14 o i v \IV Yoy s
14

-0.00001 v

002
-0.00002

-0.04

-0.00003

Fig. 10 f when x = —10,y = 10,z = -5 Fig. 11 f when x = -10,y = 10,z = -1.5

™ OAWA L |
VA

Fig. 12 f when x = —10,y = 10,z = 0.5

3.6 The far-field potential

W is the single integral part of the Green’s function. Calculation of W is difficult since the
integrand oscillates severely, especially when z — 0. Define f as the integrand of W

f=é€ sec” 0 sin(x sec 6) cos(y sec” @sin 6) sec® 6 (53)

f is shown in Fig. (10) to Fig. (12).

From the results we can see that f is increasingly oscillatory when z goes close to 0. Both the
frequency and amplitude grows fast when z — 0. For this reason, the calculation of W only has very
low efficiency by the routine numerical integration method(e.g., the Simpson method).

Numerical integration

Due to the oscillatory behavior of the integrand, W can not be calculated by the routine integration
method. One idea is to change the integrand into a less oscillatory one. The steepest descend method
is used in this study. W can be written in the form

W = 2Im(I(x,y,z) + I(x, -y, 2)) (54)
where
I(x,y,2) = f e gt (55)
0

wxy,z,0)=z(1+2) +i(x =y V1 + 2 (56)
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By Jordan’s lemma and the steepest descend method(Motygin 2014), change the integral path

t— eiet

z, ) o0 ]
I(x,y,2) = f PEENES PR f WLt tte H)dt (57)
0 0

where

cos 20 = _—Z, sin 26 = -

¥+ 22 V2 + 22
1+ |zl/ \y? + 22
cosf = \/% (59)

_ 2 1 2
sin 8 = sign(-y) \/1|Z|/++Z (60)

3 |x| sin
"~ 2(Jzl cos 6 — ysin6)

(58)

(61)

*

The two integrals in Eq. (57) can be transformed into integrals on [—1, 1]

1y 1 1

fo g(n)dr = %‘flg(t*(t; D)dt:flf(t)dt (62)
o 1 1 1 1

fo g(z)dtzzL a _t)zg(%)dt: f_lf(t)dt (63)

An efficient method to calculate the integral fol f(®)dt is by the Clenshaw-Curtis quadrature(Gentleman
1972).

] (o)
dy.
dt =dy+2 ) ———— 64
Lf(r)z o+ ;1_(2@2 (64)
where 5 (m
dy = J_rf f(cos 0) cos(2k0)do (65)
0

dy can be calculated by the trapezoidal rule

N-1
d; ~ % {}% + @ + nz:; f(cos(%)) cos(#) (66)

W can be calculated by Eq. (54) to Eq. (66).

The functional method

The other way to calculate the single integral term W is by functional series. W can be expressed
by two Bessel’s series(Bessho 1964)

When - is small

W

(59

W = —2¢3 Z(_l)ngnKn(%p)Jén(x) cos(na) (67)
n=0
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Table 1 A combination of two methods in calculation of far-field disturbance

-03<z<0 z7<-0.3
Bessho’s series
¥ <8y The steepest (Eq. 67)
descend method The steepest
By <x<I2vy descend method

Bessho’s series
x> 124fy (Eq. 63)

When ip is large

\f

R 1

W = 2red > £nl(5p)Yan(x) cos(ne) (68)
n=0 2
where
p=V+2 a=tn'®) (69)
Z

1 n=1
& = 70
{2 nx?2 70)

There is an additional term which is missing from the Bessho’s series(Ursell 1960) and this term
makes the two Bessho’s series truely complementary. However, this missing term is only effective
near the xy plane. In this study, the Bessho’s function will not be used near the free surface, so this
additional term will not be discussed here.

A combination of the two methods

In this study, a combination of the numerical integration and the Bessho’s series is used to cal-
culate W. In the domain near the xy plane and in the transformed area of two Bessho’s series, the
numerical integral is used. Bessho’s series is used in the rest of the fluid domain. The detailed
algorithm is shown in Table (1).

The results of W are shown in Fig. (13) to Fig. (15). Fig. (13) shows that the value of W oscillates
much when z — 0, thus the accurate numerical integral method should be used in this domain. As
z grows, the oscillation decays as value of z grows. When z = —1.0, both the numerical integration
and Bessho’s series are used. By Fig. (15), the value of W is continuous. These two method give the
same result in the domain far away from the xy plane.

4. The Rankine source method

4.1 Free surface boundary condition

In the Rankine source method, the free surface boundary conditions are linearized on a base flow.
Set

O=y+y (71)
n=H+§ (72)
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0
Dy is the virtual fluid domain;
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@ and ¢ refer to the perturbation flow.
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Fig. 15 Value of W when z

Y and H are the potential and wave elevation of the base flow

Substitute Egs. (71) and (72) into Egs. (2) and (3) and keep the linear terms about the perturbation

flow.

Uxnx +Yyny + oxHx + oyHy — Y7 — ¢z

[U? - Vy - Vy — 2VyVy] — gn

1
2
Substitute Eq. (74) to Eq. (73). The combined free surface condition is

Uy + Uy + Y
g(pxHx + ¢yHy) + gz + ¢z)

on z=H(x

)i

ol
¢Y6Y

1.9
>Wxox
+ 20 z707] —

y)

bl

4.2 The integral identity

S is surface composed of the free surface and the hull surface

Dp is the fluid domain; ¢/ is the perturbation potential in D;; ¢ is the perturbation potential in Dp.
Different from the Neumann-Kelvin method, the virtual domain D; has no free surface and denotes
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the whole domain above S . X is the field point; Xy is the source point. The normal vectors of different
domain are as shown Fig. (16).
By the Green’s theorem

1_i 1 il
= f fs (¢'Gn, - Ggy,)dS (76)

Since ¢ is the perturbation potential, the integral on other boundaries is 0.

1 when X is in Dy
t= % when X is on S a7
0 X is in Dg
Similarly
1
E _ E E
(1-ngf = erfs ("G, — Got,)ds (78)
By Fig. (16),0on S
0 0 0
~ -2 - = 79
on 8nE 8n1 ( )
Combine Eq. (76) and Eq. (78), consider Eq. (79)
1
0= f f (¢} — )G + (¢" - ¢")G,| ds (80)
T JJs

By Eq. (80), we can see there is sources and dipoles distributed on S. Since the fluid domain Dg
is virtual, ¢* can be set to ¢* = ¢/. So the velocity potential is continuous on S.

b= iffacds (81)
47T S

o=¢,- ¢ (82)

-
Hull n|¢ Ln

n

o is the source strength

Virtual domain D,

——
-
Ng n

S
Flow domain Dg

Fig. 16 Normal vectors in the Rankine source method
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Substitute Eq. (6) into Eq. (82)

1
O=-UX+— ff oGdS (83)
dr Ky

Substitute Eq. (83) into Egs. (4) and (75) and the source strength o can be calculated. In
numerical calculation, S is discretized into flat panels and the source strength is a constant in every
panel. The mesh in the Rankine source method is shown in Fig. (17).

In Eq. (83), S is the whole free water surface. L is the ship length. In numerical calculation, the
panels can only cover part of the free surface. In this study. panels cover the free surface which is L
ahead of the bow, L behind the stern and L in width. The free surface elevation varies severely near
the ship hull and decays far away the ship hull. For this reason, the panels are dense near the ship
hull and relative sparse far away the ship hull. The distribution of the mesh seeds in y direction is a
geometric sequence and the coefficient is /by = 1.1, as shown in Fig. (18).

4.3 The forward shift of the allocation point

In the Rankine source method, the source strength over one panel is a constant and the boundary
condition is satisfied on one point which is called the allocation point. For intuition the alloca-
tion should be the geometry center. However, calculated source strength oscillates severely for this
choice. That is to say, the calculated result of the source strength varies severely between the nearby
panels(Raven 1998). This is the sign of error in the numerical calculation. One method to solve this
is to move the allocation point ahead of the geometry center, as shown in Fig. (18). By this method,
the result of the source strength is continuous over the nearby panels. Since the location of the al-
location point can be chosen freely over the panel, the forward shift of the allocation point would
not introduce extra error in the calculation. The prove of the effectiveness of this method is give by

Fig. 17 Mesh in the Rankine source method
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Raven (1998). In this study, the distance between the allocation point and the geometry center is

10% of the panel length, ¢ = 0.1a, as shown in Fig. (18).
4.4 The raised panel method

In the Rankine source method, the discretization of source strength and the use of difference

scheme in the boundary condition introduce the numerical w
Schultz and Hong 1989b). That is to say, the calculated wave 1

ave dispersion(Han and Olson 1987b,
ength is different from the actual wave

length. To reduce the wave dispersion, the panels are above the free surface at some distance, which

raised panels

4+ free water surface

Hull
mea

n water surface

Fig. 19 The raised panel method
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is called the raised panel method. The effectiveness of this method is given by Musker (1989) and
Cao (1991b). In the Rankine source method, the free surface elevation varies in every iteration. So
the free surface should be remeshed in every iteration. In the raised panel method, the panels are
above the free surface and the calculated result is not sensitive to the distance of panels above the
free surface(Raven 1996). So the free surface does not need to be remeshed in every step. This can
bring much convenience in calculation and this is another advantage of the raised panel method. The
panels should not be too close to the free surface since the effect of the raised panel method is too
weak to reduce the wave dispersion. The panels should not be too far away from the free surface
either since this would cause the singularity in the calculation. In this study, the panels are above the
free surface 15% of the panel length, 6 = 0.15a, as shown in Fig. (19).

4.5 The difference scheme

The boundary conditions requires the derivative of velocity. The forward difference scheme in x
direction can introduce virtual frictional force and thus satisfy the radiation condition(Dawson 1977).
The result of calculation is not sensitive to the choice of the difference scheme(Raven 1996). In this
study, four point forward scheme is used in x direction

af _10fi; = 15fi1; +6fi2,j = fi-3,j
ox 6Ax
Central scheme is used in y direction
a_f ~ fi,j+1 —fi,j_l
ay 2Ax

(84)

(85)

4.6 Initial conditions

In the derivation of the Rankine source method, there is no restriction on the initial condition.
In practice, often a uniform ship speed and calm water free surface are chosen. However, for highly
nonlinear cases(e.g., the Froude number is very large), the simple initial conditions may lead to
divergence of the result. For these highly nonlinear cases, the choice of initial conditions is important.
The principle is to choose the initial conditions which are close to the (expected) final result, for
example, choose the initial conditions as the result from Dawson’s method. This is in accordance
with the assumptions of the perturbation method. From Egs. (71) and (72), ¢ and ¢ should be small
variables compared with  and H.

4.7 The convergence criteria

By the free surface boundary condition (75)

0 0
g(oz —pxHx — ¢yHy) + (l//Xa—X + l//Ya_Y)
Wxex +¥yey +Yz9z) (86)
0 0
= —g& + (L//Xa—X + L//Ya—Y)Ed on Z=HX,Y)
Where
€& =Yz —yYxHx —yyHy (87)
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Fig. 20 Wave elevation and contour of Wigley III, F,, = 0.3

1
€= 5(U2 — Y% — ¥y —y3) - gH (88)

Set e, = €5 = 0 be the convergence criteria. This can be explained physically and mathematically.
Mathematically, when €, and € are both 0, then the right hand side of equation is 0. Since Eq. (86) is
satisfied on the whole free surface Z = H(X, Y), by the left hand side of Eq. (86), ¢, = ¢, = ¢, = 0.
As ¢ is the disturbance potential, this means the algorithm is convergent. Physically, from Eqgs. (87)
and (88), ¢ = €¢; = 0 means that  and H satisfy the kinematic and dynamic free surface boundary
condition, which implies that ¢y and H are already the convergent solution.

In every iteration, calculate € and €; on every panel on the free surface. Then the convergence
criteria is

(&) max < aU (89)
(€d)max < bU2 (90)

a and b are chosen as constants, usually a = b = 0.005.
In this study, the Rankine source is implemented and the calculated free surface elevation and
contour are shown in Fig. (20).

5. Comparision of the Neumann-Kelvin and Rankine source methods

To compare the Neumann-Kelvin and Rankine source method, and to explore the limitations of
these two methods, both methods were implemented and the wave-making resistance of a Wigley 111
ship and three Series 60(Cb=0.6, 0.7, 0.8) ships were calculated by both methods. The results were
compared to the experimental results. In the calculation, for the Neumann-Kelvin source method,
approximately 2000 elements were used for the ship hull surface; for the Rankine source method,
approximately 2000 elements were used for the ship hull surface and 6000 elements were used for
the free surface. The results are shown in Fig. (21)

The calculated results by two methods were compared with experiment results from DTMB(Todd
1963). Only the total drag coefficients were given by the experiments and the wave-making coeffi-
cients were calculated by the three-dimensional transform(Lewis 1988). The result of Wigley III was
also compared with the calculated result by Marr (1996). For the Wigley III and Series 60(Cb=0.6)
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Fig. 21 Comparision of the Neuman-Kelvin and the Rankine source method on four ships

ship, the results were shown for Froude number Fn = 0.1 ~ 0.4. For the Series 60(Cb=0.7,0.8)
ship, the results were shown for shorter range of Froude number due to the lack of experiment data
for the high Froude number. This is reasonable because Series 60(Cb=0.7,0.8) ship are full form
ships. When the Froude number is too high, wave breaking would appear in the experiment, which
is not considered in the potential theory. Moreover, the full form ship usually can not travel at a high
Froude number in actual use.

From the results we can see that the Neumann-Kelvin method can yield relative good result
for the Wigley III ship(compared to the series 60 ships), especially when the Froude number is
small. But it gives unrealistic results of wave-making resistance for the series 60 ships. As the
block coefficient grows, the curve of wave-making resistance begins to oscillate at a lower Froude
number and oscillates more severely. This is because the Wigley III is an idealized hull form and
somewhat like the thin ship. The waves generated by the ship are close to the linear waves. However,
the Series 60 ships are more realistic ship hulls. As the block coefficient of hull forms grows, the
waves generated by the ship are highly nonlinear at a lower Froude number. This violate the basic
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assumption of the Neumann-Kelvin method.

Compared to the Neumann-Kelvin method, the Rankine source method gives much more satis-
factory result for Wigley III and all three Series 60 ship hulls. Unlike the Neumann-Kelvin method,
the Rankine source method uses nonlinear free surface condition. So as the block coefficient and the
Froude number grows, the Rankine source method can still satisfy the highly nonlinear free surface
boundary condition. However, For the Series 60(Cb=0.7,0.8) ships, when the Froude number is high,
the Rankine source generates large error. This may caused by the direct pressure integral over the hull
surface in the calculation. Since the pressure on the fore half and rear half of the ship hull is oppo-
site, the wave-making resistance is the subtraction of two large numbers. This may cause numerical
errors in the calculation. One possible solution is by the wave cut analysis, which is discussed by the
author’s another paper(Yu and Falzarano 2017).

6. Conclusions

In this study, two methods of calculating wave-making resistance were explored. The first method
is the Neumann-Kelvin method, which assumes the linear free surface condition. The key point of
the Neumann-Kelvin method is to calculate the Green function, especially the single integral part. In
this study, the derivation of the integral identity and the method to calculate the Green function were
discussed.

The second method of calculating wave-making resistance is the Rankine source method, which
uses the nonlinear free surface condition. The raised panel method and the shift of collocation point
were used in this study. The integral identity, initial conditions, and convergence criteria were also
discussed in this paper.

In this study both the Neumann-Kelvin and the Rankine source method were implemented and
the wave-making resistance of a Wigley III ship and three Series 60 (Cb=0.6,0.7,0.8) ships were
calculated. The Neumann-Kelvin method can only give satisfactory result for Wigley III ship but the
Rankine source method can give much more reasonable results for all ships. The main difference
of the results is due to the treatment of free surface boundary condition. This study denotes that the
free surface boundary condition is very important to problem of wave-making resistance. Based on
the results of this paper, the Rankine source method is more accurate in the calculation of the wave-
making resistance. However, the Neumann-Kelvin method is much more convenient in modeling
since it only needs to mesh the ship hull surface. Moreover, the Neumann-Kelvin method can be
used to solve wave and current coupling problems(e.g., Xie et al. (2015), Liu and Falzarano (2016),
Guha and Falzarano (2016)). As the result of this paper, although the Neumann-Kelvin method is
limited, it may still be valuable in practical use for cautious considerations.
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