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Abstract.  The 3D numerical analysis is carried out to investigate the settlement behavior of flexible mat 
foundations subjected to vertical loads. Special attention is given to the improved analytical method 
(YS-MAT) that reflects the mat flexibility and soil spring coupling effect. The soil model captures the 
stiffness of the soil springs as well as the shear interaction between the soil springs. The proposed method 
has been validated by comparing the results with other numerical approaches and field measurements on mat 
foundation. Through comparative studies, the proposed analytical method was in relatively good agreement 
with them and capable of predicting the behavior of the mat foundations. 
 
Keywords:    soil-structure interaction; mat foundation; soil spring; coupling effect; settlement 

 
 
1. Introduction 
 

Mat foundations are usually used as a load distributing element supported by piles or directly 
placed on soils or rocks having sufficient load-carrying capacity. The mat foundations are 
cost-effective, with savings up to 20% of the total cost, compared to deep foundations (Briaud 
1993). 

The structure part of mat foundation can be modelled as a flexible or a rigid plate. The 
conventional rigid method has been used for practical design of mat foundation. This method 
assumes a mat to be a rigid body, which does not consider the mat flexibility and the thickness 
would have to be greater. Also, even very thick ones deflect when loaded by the superstructure 
loads (Bowles 1997). Alternatively, mat foundation can be designed as the flexible plate. The 
flexible theory of plates can be categorized as the thin and thick plate theory. In practice, there are 
two main approaches to model the soil beneath the shallow foundation. These models are known 
as the Winkler model and the continuum model which makes use of the FE analysis (Dutta and 
Rana 2002, Colasanti and Horvath 2010). 

The continuum model is computationally difficult to exercise and requires extensive training 
because of the three-dimensional and nonlinear nature of the problem. Also the time consuming, 
both in modelling and computation, can be exhausting. However, the Winkler model is relatively 
easy and simple to exercise. For the design and analysis of the flexible mat foundation, the 
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conventional spring model can be used because this model only needs one parameter to simulate 
the soil-structure interaction which is preferred by geotechnical engineers due to its simplicity. In 
this mode, the soil is related to the Winkler foundation model. 

One very popular method for modeling the soil-structure interaction has its origins in the work 
done by Winkler in 1867. This model is considered to provide vertical reaction by a composition 
of independent vertical springs. In most cases, when a concentrated load applied to the surface, it 
must not deflect only under the load, but it also must deflect with displacements diminishing with 
distance in the adjacent areas. However, the Winkler model assumes that no interaction exists 
between adjacent points in the soil, therefore, it does not properly represent the characteristics of 
many practical foundations. To compensate for this limitation, several researchers have been done 
by considering the interaction between the spring elements (Filonenko-Borodich 1940, Pasternak 
1954, Vlasov and Leontiev 1960, Selvadurai 1979, Horvath 2002, Jeong and Seo 2004, Houy et al. 
2005, Civalek 2007, Colasanti and Horvath 2010). Kerr (1964) stated that the Pasternak 
foundation can be a possible mathematical model for the generalized foundation, which takes into 
account the effect of shear interaction among adjacent points in the foundation. Out of these 
two-parameter foundation models, the Pasternak foundation model is a well-used one (Guler 2004, 
Calim and Akkurt 2011, Maheshwari and Khatri 2012, Lee et al. 2014). 

In order to overcome the restrictions of a conventional Winkler model, an improved analytical 
method (YS-MAT) of the mat foundation design using Pasternak’s shear layer model has been 
proposed. It is intermediate in complexity and theoretical accuracy between the Winkler model 
and continuum model. The validity of the proposed method is tested through other analytical 
methods and the field measurement. 

 
 

2. Proposed analytical method 
 
2.1 Modeling of flexible mat 
 
In the past, the rigid method has often been used for the practical design of mat foundation. 

This method cannot consider the mat flexibility, because this method assumes a mat to be a rigid 
body. Much work has been conducted to analyze the effect of mat flexibility. Typically, a plate 
element has been used as a mat (raft) in several numerical methods (Clancy and Randolph 1993, 
Poulos 1994, Zhang and Small 2000, Lal et al. 2007, Ayvaz and Oguzhan 2008, Darilmaz 2009). 
However, the plate element has only three degrees of freedom per node (z-axis displacement and 
x- and y- axis rotations). Therefore, it cannot consider the horizontal (membrane) behavior of a 
flexible mat because horizontal degrees of freedom (x- and y-axis) are excluded. 

In order to consider the flexibility of mat, in this study, a flat shell element (Choi and Lee 1996, 
Won et al. 2006, Jeong and Cho 2014) was adopted. It was obtained by combining a Mindlin plate 
element and a membrane element with torsional degrees of freedom as shown in Fig. 1. The 
displacement field of plate element can be explained in terms of vertical displacement (z-axis) and 
rotations (x- and y- axis), and that of membrane element can be described in terms of horizontal 
displacements (x- and y- axis) and rotation (z- axis). Consequently, we can consider the mat 
flexibility by using the flat shell element. 

The stiffness matrix of the flat-shell element (kflat - shell = mat) was constructed by combining the 
stiffness matrix of the plate element (kplate) and that of the membrane element (kmembrane). The 
stiffness matrix of the plate element (kplate) is represented as 
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Fig. 1 Modeling of flexible mat (Flat-shell element) 
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where, E is the Young’s modulus, t is the thickness of the plate, v is the Poisson’s ratio, and is the 
shear correction factor (5/6 for rectangular cross-section). 

Next, the stiffness matrix of the membrane element kmembrane is represented as 
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where, C is the constitutive modulus, γ is the shear modulus. Bm, ,G and R  are the strain matrices 
representing the relationship between the displacements and the strains. bm, g, and r are also the 
strain matrices for the infinitesimal rotation fields. 
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2.2 Soil-structure interaction 
 
Much research has been done to find a physically close and mathematically simple 

representation of a soil-structure interaction. Most of the previous work began with the Winkler’s 
model. This model is frequently referred to as a one parameter model, and it is expressed by the 
following equation 

) () ,( yx,wkyxp s                              (4) 
 
where, p(x, y) is the reactive pressure of the foundation, ks is the coefficient of subgrade reaction 
(Winkler foundation modulus), and w(x, y) is the settlement. 

This model has a displacement discontinuity between the loaded and the unloaded part of the 
foundation surface, therefore, this model cannot transmit the shear stresses derived from the lack 
of spring coupling. A demerit of the model is that it does not take into account the interaction 
between the soil springs. In reality, the soil surface does not show any discontinuity (Fig. 2). 

In this study, Pasternak’s shear layer model (1954) was incorporated for the soil 
spring-coupling effects. In order to introduce continuity of vertical displacements, this model 
assumed the shear interactions between the spring elements are existent (Fig. 3). Pasternak model 
provides mechanical interactions between the individual soil springs and flat shell element, and 
thus it shows a more realistic behavior of the soil reaction. As a result, the proposed analytical 
method can be represented the coupled soil-structure interactions. 

 
2.3 Method of analysis by coupled soil resistance 
 
As mentioned, the typically used Winkler’s hypothesis ignores the effect of shear within 

subgrade. Thus, the continuity of the soil mass is not properly taken into account. Therefore, in  
 
 

P

 

(a) Winkler foundation model 
 

P

 

(b) Actual displacement profile of mat foundation 

Fig. 2 Foundations under uniformly distributed loads 
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Distributed load, q(x,y)

w(x,y)

x,y

z

Shear layer Spring element
 

Fig. 3 Pasternak foundation model 
 
 

this study, Pasternak’s subgrade model was incorporated to involve the soil spring-coupling effects 
as 

) ,() ,() ,( 2 yxwkyxwkyxp gs                       (5) 

 
where, ks is the coefficient of subgrade reaction (Winkler foundation modulus), kg is the constant 
to consider the shear within subgrade, and 

2  is the Laplacian operator. 
The spring-coupling effects are then incorporated in terms of the second derivative of 

displacement. Also, the values of ks and kg parameter can be determined by using a methodology 
given by Selvadurai (1979), as shown in Eq. (6). 
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where, Es is the elastic modulus of the subgrade soil, and v is Poisson’s ratio of soil. Hs is the 
thickness of soil, which corresponds to the end of the influence zone for the foundation, based on 
Boussinesq’s method (= 2.0B). 

Eq. (5) can be expressed as follows 
 

}{][}]{[}{ 2 wkwkp gs                            (7) 
 
where, {p} is the external load vector, [ks] is the individual soil stiffness matrix, [kg] is the 
coupled-soil stiffness matrix, and {w} is the displacement vector. 

A finite-difference approximation of Eq. (7) by taking into account the soil coupling can be 
written as 

i,ji,jgi,ji,jsi,j wkwkp }{][}{][}{ 2                        (8) 
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Next, using forward-, central-, and backward-difference schemes for discretizing the second- 
order derivative terms (soil coupling), respectively, and then gives 
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The final governing equation for the soil stiffness (ksoil) is obtained by combining the stiffness 

of a series of individual soil springs (ks) and the coupled-soil spring stiffness (kg) as follows 
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Finally, the stiffness matrix of mat foundation is defined by the combination of the mat and the 

supporting soil. Therefore, the global stiffness matrix of a mat foundation system can be written as 
 

     soilflat-shell kkK                              (11) 

 
Idealized 3D model of present study is shown in Fig. 4. 
 
2.4 Algorithm 
 
An improved analytical method was proposed on the basis of modeling for mat flexibility and 

coupled soil springs. This analytical method has been incorporated in a computer software 
program called YS-MAT. For given conditions, such as the geometry, the loads, the properties of 
the mat foundation, and stiffness of soil springs, the displacements and internal forces (the bending 
moments and shear forces) on mat foundation can be calculated by YS-MAT. An algorithm of 
YS-MAT is shown in Fig. 5. 
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Soil spring element (ks)
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(Flat-shell element)

Shear layer

Coupled soil spring (kg)

 

Fig. 4 Idealized 3D model for mat foundation used in proposed method (YS-MAT) 

850



 
 
 
 
 
 

3D analytical method for mat foundations considering coupled soil springs 

 

Start

Construct stiffness matrix of flat-shell element
[Kflat-shell = Kplate + Kmembrane ]

<Output>
Displacement, reaction force, shear force, and 

bending moment of mat foundation

End

< Input >
Geometry, mat properties, boundary conditions, 

loads, and stiffness of soil spring 

Assemble stiffness matrices of flat-shell and soil
[Kmat] = [Kflat-shell]+[Ks]+[Kg]

Construct stiffness matrix of
individual soil spring [Ks]

Construct stiffness matrix of 
soil spring coupling [Kg]+

Adjust global stiffness matrix [K]' and 
load vector [F]' by boundary conditions

Calculate displacement vector 
[W]=[K]'-1 [F]'

Fig. 5 Flow chart of YS-MAT 
 
 

3. Validation of proposed method with numerical analysis 
 
YS-MAT was validated against well-known existing numerical methods: finite element method 

(FEM), using the commercial package ABAQUS (Dassault Systemes 2012) and plate on spring 
analysis, using the program GEO5 Plate (Fine 2012). Validation exercises were undertaken for 
two different loading cases: (1) concentrated load; (2) uniformly distributed load. The response of 
mat foundation is presented in terms of settlement and bending moment distributions. Figures of 
both cases are shown in Fig. 6. A square mat of size 12 × 12 m with a thickness of 1.0 m is rested 
on a homogeneous soil. Table 1 shows the material properties used in this study. In the GEO5 
Plate program, the mat was modelled as a plate element. Therefore, the element cannot consider 
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the membrane behavior of a mat. However, in YS-MAT, flat shell element was used for the 
modeling of the flexible mat. 
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(a) Concentrated load 
 

E=3.0*105 kPa

v=0.3

1.0 m

150kPa

12 m

12 m

A A’q = 150kPa
24.0 m

 

(b) Uniformly distributed load 

Fig. 6 Schematic diagram of mat foundation 
 
 

Table 1 Material parameters used for numerical analysis 

Material E (MPa) ν γ  (kN/m3) Hs (m) Model 

Mat 30,000 0.2 24 - L.E. ** 

Rock 

300 0.3 22 24 L.E. 

ks (kPa/m) * kg (kN/m) * 
YS-MAT 

24,038 923,077 

* ks, kg: Estimated by Eq (6) 
** L.E. is linear elastic model 

852



 
 
 
 
 
 

3D analytical method for mat foundations considering coupled soil springs 

 

3

4

5

6

7

8

9

10

11

0 2 4 6 8 10 12

Se
tt

le
m

en
t

(m
m

)

Length (m)

Winkler (no coupling)

YS-MAT (coupling)

FEM

-2000

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

0

0 2 4 6 8 10 12

B
en

di
ng

 m
om

en
t 

(k
N

-m
)

Length (m)

Winkler (no coupling)

YS-MAT (coupling)

FEM

(a) Settlement (b) Bending moment 

Fig. 7 Comparison of settlement results along centerline of mat foundation for nine concentrated loads 
 
 
First numerical example is the concentrated load (Fig. 6(a)). Nine concentrated loads of P = 

2,500 kN placed at the center and around the center of the mat foundation are considered 
symmetrically. The settlements along the centerline are presented in Fig. 7(a). It is found that the 
proposed analytical method shows a reasonably good agreement with other methods, and closely 
approaches the settlement of FEM rather than plate on spring method (Winkler analysis). Also, the 
bending moment distributions along the centerline are shown in Fig. 7(b). For the results of FEM 
and YS-MAT, the flexibility of mat is considered by using shell elements, while for that of 
Winkler analysis, the flexibility of mat is not considered. Additionally, the combination of the 
shell elements and the shear interaction between the springs is reflected in the proposed method, 
resulting in lower bending moment of the mat, compared to the Winker model. The proposed 
method using the coupling effect predicts accurately the general trend from FEM. 
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Fig. 8 Comparison of results along centerline of mat foundation for uniformly distributed load 
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Second numerical example is the uniformly distributed load (Fig. 6(b)). The settlement and 
bending moment are plotted in Fig. 8. The existing spring analysis method based on the Winkler 
foundation model gives a uniform displacement and moments equal to zero. This is because the 
foundation does not have any curvature due to the fact that the soil springs are not coupled to each 
other. On the other hand, the settlement results by the proposed method differ from that by the 
Winkler model which has a uniform displacement. The proposed method gives a dish-shaped 
settlement of the mat foundation which would be expected in a real situation, and is in good 
agreement with literature reviews (Straughan 1990, Vallabhan and Das 1991, Dutta and Rana 
2002), because the soil springs do interact with each other. It is found that the proposed analytical 
method closely approaches the settlement and bending moment of FEM than Winkler analysis. 
Therefore, it is thought that YS-MAT can be used with some confidence in the preliminary design 
of mat foundations. 

 
 

4. Comparison with field measurement data 
 

Validation was also undertaken against field data form the literatures. The mat and soil 
properties used the same as their research reports. The measured settlement of the mat foundation 
reported by Johnson (1989) is compared with the predicted values from YS-MAT and FEM. The 
test site was located in the northwest sector of Lackland Air Force Base near San Antonio, Texas. 
The large mat is 33 × 64 m with a thickness of 1.06 m and supports the 11 story Wilford Hall 
Hospital. The applied uniform pressure of 115.63 kPa was applied over the whole mat area, and 
the mat was installed in clay soils. Fig. 9 shows the schematic figures of mat foundation and 

 
 

64 m

33 m

A A’q = 115.63kPa

(a) Plan view 
 

1.06 m

115.63kPa

64 m

Navarro

clay

(b) Section view 

Fig. 9 Wilford Hall Hospital 
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Table 2 Material parameters used for a field case 

Case 

Material Properties 

Type 
Depth 
(m) 

E 
(MPa)

ν 
γ 

(kN/m3)
ϕ 

(deg.) 
c 

(kPa) 
Hs 

(m) 
Model **

Johnson 
(1989) 

Mat Concrete 0 ~ 1.06 30,000 0.2 24 - -  L.E. 

Soil Clay 

0 ~ -16.2 140.9 0.3 17.3 27 287 66 M.C 

ks (kPa/m) * kg (kN/m) * 
YS-MAT

3,770 1,192,324 

* ks: The value obtained from Johnson (1989), kg: Estimated by Eq. (6b) 
** M.C. is Mohr Coulomb elasto-plastic model, L.E. is linear elastic model 
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Fig. 10 Settlement behavior of large mat foundation 
 
 

subsurface profile. The input parameters are summarized in Table 2. 
Fig. 10 shows a series of settlement curve of the large mat foundation. The measured maximum 

settlement is about 31.75 mm, Winkler foundation is 30.11 mm, YS-MAT is 31.48 mm, and 
ABAQUS 3D is 32.46 mm. These numerical methods provide an acceptable design prediction. 
The proposed methodology YS-MAT approximately predicts the settlement of mat foundation 
when compared with the results from Winkler foundation. 

 
 

5. Conclusions 
 
The main objective of this study is to propose an improved analytical method for analyzing a 

mat foundation that can consider mat flexibility and soil coupling effect. Through comparisons 
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with other numerical methods and field measurement, it is found that the proposed analytical 
method is in good agreement with measured data. On the basis of the findings of this study, the 
following conclusions are drawn: 

 

 The analytical method is intermediate in complexity and theoretical accuracy between 
general three-dimensional FE analysis (ABAQUS 3D) and the conventional analysis method 
(Winkler spring model). 

 By taking into account the mat flexibility and soil coupling, the proposed analytical method 
is an appropriate and realistic representation of the settlement behavior of flexible mat 
foundation. It provides results that are in good agreement with the field measurement and 
numerical analyses. 

 Proposed analytical method produces a relatively larger settlement of mat foundation than 
the results obtained by the existing method. Also, the settlement and bending moment of 
mat foundation obtained by the proposed method is similar to that of ABAQUS 3D when 
compared with the results of the existing method. 

 Compared to the results of the field measurement, the proposed method is shown to be 
capable of predicting the settlement of a large mat foundation. The membrane action of flat 
shell element and soil coupling effect can overcome the limitations of conventional method. 
Therefore, the proposed method could be used in the preliminary design of large mat 
foundation. 
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