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Abstract.  Laboratory investigation reveals that rockfills exhibit significant stress-path-dependent behavior during 
shearing, therefore realistic prediction of deformation of rockfill structures requires suitable constitutive models to 
properly reproduce such behavior. This paper evaluates the capability of a strain hardening model proposed by the 
authors, by comparing simulation results with large-scale triaxial stress-path test results. Despite of its simplicity, the 
model can simulate essential aspects of the shear behavior of rockfills, including the non-linear stress-strain 
relationship, the stress-dependence of the stiffness, the non-linear strength behavior, and the shearing contraction and 
dilatancy. More importantly, the model is shown to predict the markedly different stress-strain and volumetric 
behavior along various loading paths with fair accuracy. All parameters required for the model can be derived entirely 
from the results of conventional large triaxial tests with constant confining pressures. 
 

Keywords:  rockfills; stress path; shear behavior; strain hardening; volumetric change 

 
 
1. Introduction 
 

Rockfill has been extensively used for the construction of dams and embankments, which have 

become increasingly high and complex during the past decades (Charles 2008). Stability of such 

rockfill structures used to be the predominant consideration (e.g., Griffiths and Marquez 2007, 

Florkiewicz and Kubzdela 2013, Sloan 2013, Terzi and Selcuk 2015). Nowadays realistic 

prediction about the deformation becomes increasingly important, particularly for concrete face 

rockfill dams (Hunter and Fell 2003, Seo et al. 2009, Modares and Quiroz 2015, Zhang et al. 

2015) and for high embankments for airports or high-speed railway in mountain areas (Soriano 

and Sanchez 1999, Nagahara et al. 2004, Xu et al. 2009, Canizal et al. 2015). Finite element or 

finite difference analysis is usually adopted for deformation prediction (Duncan 1996, Costa and 

Alonso 2009, Kovacevic et al. 2013, Alonso et al. 2015, Zhou et al. 2016), which requires 

developing suitable constitutive models to represent the behavior of rockfills observed in 

experimental study, including the non-linear stress-strain relationship, the stress-dependence of the 

stiffness, the non-linear strength behavior, and the intense shearing contraction and dilatancy. 

Duncan and Chang (1970) proposed a hyperbolic elastic model to simulate the non-linear 
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stress-strain behavior of soils. This simple model has been widely used in engineering practice and 

extensive experience has been gained (e.g., Li et al. 2016). However, it cannot reproduce the 

volumetric behavior of rockfill correctly, particularly the shearing dilatancy before the peak 

strength under low confining pressure and continuing contraction under high confining pressure, 

because it is based on generalized Hooke’s law. To overcome the limitations of elastic models, 

elastoplastic models have been developed for rockfills during the past decades (Varadarajan et al. 

2006, Liu and Zou 2012, Indraratna et al. 2014, Xiao et al. 2014), intended to achieve more 

realistic prediction in numerical analysis but with the expense of increasing complexity. Xu and 

Song (2009) proposed a strain hardening model for rockfills, which was shown to reproduce the 

observed shear behavior of rockfills with fair accuracy. The model has the advantage of simplicity, 

and all parameters can be derived from a set of large-scale triaxial tests, which is important for 

engineering practice.  

However, those advanced constitutive models for rockfills were seldom calibrated against the 

results of stress-path triaxial tests on rockfills. The main reason is simply because there was little 

reported research on the shear behavior of rockfill along other loading paths except for those with 

constant confining pressures. Because of the large particle size, large-scale triaxial apparatus are 

required to investigate the stress-strain behavior and strength characteristics of rockfill (e.g., 

Charles and Watts 1980, Nair and Latha 2012, Indraratna et al. 2015, Alonso et al. 2016). The 

diameter of rockfill specimen is usually 300 mm, but could be as large as 1 m (Hu et al. 2011, 

Ovalle et al. 2014), so that the particle size and grading of rockfills tested in the laboratory could 

be comparable to those in the field. A large pressure chamber as well as a high loading capacity is 

required, and the whole system becomes much more complicated compared to a conventional 

triaxial apparatus for a specimen with a diameter of 30 mm-100 mm. It is therefore expensive and 

difficult to build such a large apparatus and carry out testing. As a result, only a limited number of 

large-scale triaxial apparatuses have been built around the world, while most were designed to 

operate with a constant cell pressure. Thus, in previous laboratory investigations rockfill 

specimens were usually loaded with a constant cell pressure.  

However, the stress-strain behavior of soil is in general dependent on the loading-path. The 

stress-path-dependent behavior has been investigated extensively for fine grain soils such as sand 

and clay (e.g., Bishop and Wesley 1975, Lade and Duncan 1975, Xu et al. 2007a, 2007b, Gasparre 

et al. 2014, Sun et al. 2015). Due to the lack of related research on rockfills, there are great 

uncertainties about their behavior along more general stress paths, which further impose 

uncertainties on the development of constitutive models. 

To overcome such uncertainties and to further calibrate the proposed constitutive model, the 

authors performed a series of large-scale triaxial tests on limestone rockfill specimens, which were 

loaded along different stress paths (Xu et al. 2012). The large-scale triaxial apparatus in Tsinghua 

University was used. The control software and servo-control unit were designed capable of 

varying the deviator force and the cell pressure at pre-specified rates independently and 

simultaneously, so that desired stress paths could be achieved with fair accuracy. Test procedure 

and major findings were reported in details by Xu et al. (2012). Further stress-path testing on 

granite rockfill specimens was reported by Yang et al. (2010). The results of those tests reveal that 

the stress-strain behavior and volumetric behavior of rockfill are significantly influenced by the 

loading paths as well as the confining pressures.  

The aim of this paper is to evaluate the capability of the strain hardening model proposed by 

Xu and Song (2009) to predict the shear behavior of rockfills along various stress paths. All 

parameters are derived entirely from conventional large triaxial tests with constant confining 
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pressures. The predicted stress-strain and volumetric behavior along other loading paths are 

compared with laboratory test results. The key parameter of this model, ϕv0, which is the mobilized 

friction angle at the lowest point of the εν − ε1 curve, is further discussed. 
 

 

2. The strain hardening model for rockfills 
 

A brief introduction about this model is given as below, and its application to other stress paths 

will be evaluated in the next section. 
 

2.1 Yield function and hardening rule 
 

The Mohr-Coulomb yield function F can be written in terms of principal effective stresses as 

follows 

' ' ' '
'1 3 1 3 sin cos

2 2
m mF c

   
 

 
  

 
(1) 

Compressive stresses are assumed positive. The mobilized friction angle ϕm is used in Eq. (1), 

which increases during shearing as plastic strain develops. For rockfills, cˈ=0 is assumed. 

The deviator stress q in triaxial compression test can be expressed as a function of the axial 

strain ε, using the simplified hyperbolic curve, which is shown in Fig. 1, as that adopted in the 

hyperbolic model by Duncan and Chang (1970) 

1

i ult

q

E q





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(2) 

where qult is the asymptotic value of the hyperbolic curve, and can be related to the peak 

compressive strength qf by dividing by a factor of Rf: qult=qf/Rf. The rockfill strength qf can be 

calculated from σ̍3 and the peak friction angle ϕp. The nonlinear strength characteristics of rockfills 

can be represented as (Duncan et al. 2014) 

'

3
0 log( )p

ap


   

 

(3) 

where ϕ0 is the value of ϕp for σˈ3=pa, and Δϕ is the reduction in ϕp for a 10-fold increase in σ̍3. pa 

is the atmospheric pressure. Xu et al. (2012) demonstrates that stress path has only minor 

influence on the strength behavior of rockfill, despite of the significant effect on the stress-strain 

and volumetric behavior. 

Ei is the initial tangent modulus, which is dependent on σ̍3 and can be expressed as 

'

3( )n

i a

a

E Kp
p




 

(4) 

The axial strain ε can be divided into elastic strain ɛ
e
 and plastic strain ɛ

p
, i.e., ɛ=ɛ

e
+ɛ

p
, as shown 

in Fig. 1. ɛ
e
 can be estimated as: ɛ

e
=q/Eur, where Eur is the Young’s modulus during unloading-

reloading, and can be related to Ei through a constant factor Rm: Eur=RmEi. 
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Fig. 1 The hyperbolic curve representing the non-linear stress-strain relationship of rockfills 

 

 

ɛ
p
 is approximated as the plastic octahedral shear strain γoct

p
, which is defined as 
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(5) 

From the above equations, the mobilized friction angle 
' '

1 1 3

' '

1 3

( )
sin

( )
m

 


 

 


  can be finally 

expressed as a function of γoct
p
. During continued loading, the mobilized friction angle ϕm develops 

as γoct
p
 increases, resulting in isotropic hardening of the yield surface. The upper limit of ϕm is set 

to be ϕp, which defines the failure surface. 

 

2.2 Flow rule 
 

The flow rule is of non-associated type, with the plastic potential function P given by 

' ' ' '

1 3 1 3 sin
2 2

mP
   


 

 
 

(6) 

The mobilized dilation angle ψm is used in the plastic potential function. 

For sands subjected to shearing, the mobilized dilation angle ψm can be linked with the 

mobilized friction angle ϕm based on Rowe’s stress-dilatancy theory (Rowe 1962). However, there 

can be significant deviations from test results when Rowe’s stress-dilatancy theory is directly 

applied to compacted rockfills, mainly due to the pronounced influence of particle crushing. For 

detailed discussions one is referred to Xu and Song (2009).  

Xu and Song (2009) proposed a simple solution but with fair accuracy, based on analyzing test 

results of different rockfills. Two parameters ϕv0 and Rd are introduced and the mobilized dilation 

angle ψm is expressed as 

0
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Fig. 2 ϕm−ɛ1 and ɛv−ɛ1 for rockfill specimens loaded with different confining pressures 

 
 

ϕv0 is the mobilized friction angle at the lowest point of the ɛv−ɛ1 curve, i.e., dɛv/dɛ1=0 (Fig. 2). 

A further improvement to the method is proposed here, as it is observed that the rockfill volume 

might continue to contract without obvious trend to dilate at high confining pressure. In such 

situation the value of ϕv0 can be approximated as the peak friction angle. For convenience, a 

constant value of ϕv0, i.e., the average value under different confining pressures, can be taken in 

the calculation. Rd is introduced as an empirical factor, which can be determined by fitting the 

experimental data at each confining pressure. The magnitude of Rd is found to vary approximately 

linearly with the confining pressures, and can be further approximated as 
'

3
1 2d

a

R k k
p


  , where k1 

and k2 are two constants. By introducing ϕv0 and Rd, combined with the non-linear stress-strain 

relationship and the non-linear strength criterion, the model can simulate the varying volumetric 

behavior of rockfills during shearing at different confining pressures, i.e., shearing dilatancy at low 

confining pressure and shearing contraction at high confining pressure, as demonstrated in Fig. 2, 

which is well observed in large-scale triaxial tests on rockfills. A detailed discussion will be 

presented in Section 4.  
 

 

3. Prediction of the shear behavior of rockfills along different loading paths 
 

The capability of the model described previously, to predict the shear behavior of rockfills 

along various loading paths, was evaluated by comparing predicted results with those observed in 

the large-scale stress-path triaxial tests, which were performed by Xu et al. (2012) and Yang et al. 

(2010) on limestone rockfill specimens and granite rockfill specimens, respectively. The strain-

hardening model was implemented in the finite difference program FLAC, by modifying the in-

built Mohr-Coulomb model, using the embedded language FISH (Itasca 2005). The model 

parameters were derived entirely from the results of tests with constant confining pressures, i.e., 

conventional large triaxial tests. Next, the parameters were used to predict the stress-strain and 

volumetric behavior of the rockfills subjected to various loading paths. The predicted results were 
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compared with those observed in the laboratory. 

 

3.1 Comparison with the stress-path test results by Xu et al. (2012) 
 

The tests were performed in the large-scale triaxial apparatus in Tsinghua University, as shown 

in Fig. 3. The quarried limestone rockfill tested in this research consists of angular particles with a 

light grey color. The rockfills were taken from the construction site of the high embankment under 

the runway for Kunming New International Airport in south-western China. The maximum height 

of the embankment is 54 m. The specimens had a diameter of 300 mm and a height of 730 mm. 

The dry density of the specimens was 20.5 kN/m
3
. Specimens were fully saturated before 

consolidation to the specified isotropic effective stress, followed by monotonic compression to 

failure in drained condition along different loading paths, including constant lateral effective stress 

σ̍3, constant mean effective stress pˈ=(σ̍1+2σ̍3)/3, and constant vertical effective stress σ̍1. Detailed 

description about the rockfills and testing procedure can be found in Xu et al. (2012).  

The parameters for the simulation were derived entirely from the results of conventional large 

triaxial tests with constant σ̍3. The strength parameters (ϕ0, Δϕ, Rf) and stiffness parameters (K, n, 

Rm) are identical to those for the Duncan and Chang model, and were derived following the 

procedure described by Duncan and Chang (1970). The three parameters for the flow rule, ϕv0, k1 

and k2, were derived following the procedure described by Xu and Song (2009). The parameters 

thus determined are summarized in Table 1. These parameters were adopted in the model to 

simulate the conventional large triaxial tests. As shown in Fig. 4, fair consistence was found 

between the calculated results and the experimental results. Of particular interest is that the effect 

of confining pressure on the volumetric behavior was reproduced. At low confining pressure, the 

rockfill volume contracted initially, followed by dilation at large strains; while at high confining 

pressure, significant contractive strain continued to develop, which could be a result of more 

particle breakage (Zhang et al. 2013). 

The same parameters were adopted to calculate the shear behavior along other loading paths. 

Although the modeling was performed after the publication of the test results, such simulation can 

be deemed as a “genuine” prediction about the behavior along other loading paths because the 

parameters were derived entirely from the results of conventional large triaxial tests with constant 

σ̍3. 
 

 

 
Fig. 3 The large-scale triaxial apparatus in Tsinghua University 
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The predicted results are compared with the experimental results. Fig. 5 shows the predicted 

and observed stress-strain and volumetric behavior of three specimens sheared at the same initial 

isotropic effective stress state p̍0=1000 kPa, but along three different stress paths in the p̍-q space, 

i.e., constant σ̍3, constant p̍, and constant σ̍1, as shown on the insert. The effect of loading direction 

on the volumetric response is highlighted. When the loading direction varied from constant σ̍3 to 

constant σ̍1, more dilative strain was observed. 

Fig. 6 shows the results of two specimens loaded at different p̍0, but along the same loading 

direction with constant p̍. Similar to the observations in previous Fig. 4, here a higher mean 

effective stress also led to more contractive behavior. As can be seen from Figs. 5 and 6, the 

predicted results compare fairly well with the experimental results, not only for the stress-strain 

behavior but also for the volumetric behavior. It is interesting to note that the model was originally 

developed, based on observations of conventional triaxial tests, in which the confining pressure 

was kept constant, while the confining pressure was varying during loading along other stress 

paths. 

However, some discrepancies do exist. The prediction did not reproduce the slight strain 

softening behavior for the specimens loaded with constant p̍ and with constant σ̍1. This is because 

the model in its current form does not aim to simulate the post-failure behavior of compacted 

rockfills. But it is possible to implement isotropic softening of yield surface after reaching the peak 

strength during further development of the model. Furthermore, more contractive volumetric 

strains were predicted (Figs. 5 and 6). However, those differences are relatively small, particularly 

for engineering practice. 
 

 

 
Fig. 4 Comparison between numerical simulation and experimental results for limestone rockfill 

specimens loaded with constant confining pressures 
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Table 1 Parameters for the limestone rockfill 

ϕ0 Δϕ Rf K n v Rm ϕv0 k1 k2 

44.54 8.26 0.83 587.75 0.2963 0.3 5 39.0 1.1425 0.0412 

 

 
Fig. 5 Comparison between numerical simulation and experimental results for limestone rockfill 

specimens loaded from p̍0=1000 kPa along different loading paths 

 

 
Fig. 6 Comparison between numerical simulation and experimental results for limestone rockfill 

specimens loaded with constant p̍ 
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Fig. 7 Comparison between numerical simulation and experimental results for granite rockfill 

specimens loaded with constant confining pressures 
 
Table 2 Parameters for the granite rockfill 

ϕ0 Δϕ Rf K n v Rm ϕv0 k1 k2 

49.27 9.02 0.8 1225 0.15 0.3 5 42.0 1.21 0.0138 

 
 

3.2 Comparison with the stress-path test results by Yang et al. (2010) 
 

The tests were also performed in the same large-scale triaxial apparatus in Tsinghua University. 

The granite rockfills specimens had a dry density of 19.8 kN/m
3
. After isotropic consolidation, the 

specimens were loaded in drained condition with constant σ̍3 or with constant p̍. Each shearing test 

consisted of initial monotonic compression, followed by an unloading-reloading loop at large 

strains along the same stress path. The results of the initial monotonic compression were used in 

this investigation. 

The parameters for the simulation were also derived only from the results of conventional large 

triaxial tests with constant confining pressures, and are summarized in Table 2. A comparison was 

made between the calculated results and those observed during four conventional large triaxial 

tests, as shown in Fig. 7. Fair consistence was found, though more volumetric dilatation was 

calculated at large strains for the specimen sheared with the lowest confining pressure (σ̍3=200 

kPa). 

Simulations with the same parameters were carried out, to predict the response of other four 

specimens, which were loaded at different initial isotropic stress states, but along the same loading 

direction with constant p̍. As shown in Fig. 8, the influence of the mean effective stress on both the 

stress-strain relationship and the volumetric behavior was predicted with reasonable accuracy. 

0

1000

2000

3000

4000

5000

6000

7000

8000

q
 (

k
P

a
)

-6%

-3%

0%

3%

6%

9%

0% 3% 6% 9% 12% 15% 18%

Axial strain

V
o

lu
m

e
tr

ic
 s

tr
a

in

p’

q

'

3 1400kPa 

'

3 200kPa 

'

3 700kPa 

'

3 2000kPa 

'

3 1400kPa 

'

3 200kPa 

'

3 700kPa 

'

3 2000kPa 

experimental results

numerical modeling

751



 

 

 

 

 

 

Ming Xu, Erxiang Song and Dehai Jin 

 
Fig. 8 Comparison between numerical simulation and experimental results for granite rockfill 

specimens loaded with constant p̍ 

 

  
(a) ϕv0 for the limestone rockfill (b) ϕv0 for the granite rockfill 

Fig. 9 Variation of ϕv0 with corresponding confining pressures for conventional tests and stress path tests 
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To reproduce the complex shear behavior of rockfills, Rowe’s stress dilatancy theory is revised 

by proposing the mobilized friction angle ϕv0 and Eq. 7, so that the stress-dependent stress-strain 

behavior, the stress-dependent strength behavior, and the stress-dependent volumetric behavior can 

be integrated in this simple model without requiring too many parameters. The mobilized friction 

angle, at which the volumetric behavior is changing from contraction to dilation, is defined as ϕv0 
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(Xu and Song 2009). This mobilized friction angle ϕv0 is introduced as an important parameter to 

link the mobilized friction angle to the mobilized dilation angle of rockfills. 

The values of the mobilized friction angle ϕv0 for the limestone rockfill and the granite rockfill 

in the conventional large triaxial tests by Xu et al. (2012) and Yang et al. (2010) are plotted against 

the effective confining pressure σ̍3 in Figs. 9(a) and 9(b), respectively. For those two rockfills 

loaded at higher confining pressures, the volume continued to contract without obvious dilation, 

i.e., tests with σ̍3=600 kPa and 1000 kPa by Xu et al. (2012), and tests with σ̍3=1400 kPa and 2000 

kPa by Yang et al. (2010). In such situation, the value of ϕv0 was approximated as the mobilized 

friction angle at large strain (about 15%) at the end of the test, which was the peak friction angle. 

The error was expected to be small as both curves of ϕm−ɛ1 and ɛv−ɛ1 became relatively flat at large 

strain. In contrast, Xu and Song (2009) noticed that both the quarried rockfill and the alluvial 

rockfill tested by Varadarajan et al. (2006) showed dilatant behavior after initial contraction during 

shearing at all confining pressures. 

As can be seen from Figs. 9(a) and 9(b), the values of ϕv0 of those two rockfills in conventional 

large triaxial tests seem to decrease with increasing confining pressure. This is different from the 

previous observation by Xu and Song (2009), in which the values of ϕv0 of two rockfills were 

found relatively constant at different confining pressures, though the quarried rockfill showed a 

higher value of ϕv0 at a low σ̍3=300kPa. Therefore, a more generalized conclusion about the 

dependency of the mobilized friction angle ϕv0 on the confining pressure needs further exploration 

on existing experimental data of conventional large triaxial tests on different rockfills. 

The values of the mobilized friction angle ϕv0 are also derived from large triaxial stress path 

tests, and are plotted against the corresponding confining pressures in the same figure. More 

scatter is observed, and it is difficult to define a clear link with the confining pressure due to the 

limited number of tests. However, the values of ϕv0 for stress path tests seem to be located below 

those for conventional tests, indicating that a smaller mobilized strength is required to dilate 

during shearing along those two stress paths, i.e., constant p̍ and constant σ̍1. It is interesting to 

note that a relatively shorter distance towards the failure envelope is required along those two 

stress paths, compared to that for a conventional test with constant σ̍3. Thus this observation also 

demonstrates the influence of the loading path direction on the deformation behavior of rockfills. 

Further laboratory investigation is required to identify the interlink among the values of ϕv0, the 

corresponding confining pressure, and the stress path, since there are only very limited large 

triaxial tests performed along other stress paths. 

As a simplification, a constant value of ϕv0 is adopted in the model, as plotted as the dashed line 

in Figs. 9(a) and 9(b). In general, satisfactory predictions are observed for both conventional tests 

and stress path tests (Figs. 4-8). The simulation results were found not to be too sensitive to the 

variation of this parameter, mainly because the slope of the ɛv−ɛ1 curve is relatively flat at its 

lowest position and thus a variation of ϕv0 by a few degrees would not induce large difference to 

the results. Furthermore, though the value of ϕv0 is constant, it can still imposes influence on the 

volumetric behavior at different confining pressures, as the confining pressure determines the non-

linear stress-strain behavior and non-linear strength envelope of rockfills. A lower confining 

pressure leads to a higher peak friction angle and thus a higher curve of mobilized friction angle 

against axial strain (ϕm−ɛ1). As a result, less axial strain is required to reach the same mobilized 

friction angle at lower confining pressure, indicating a quicker initiation of the dilation. If the peak 

friction angle at high confining pressure is smaller than the specified value of ϕv0, the volume will 

continue to contract with a decreasing rate, as shown in Fig. 2. 

Compared with other advanced constitutive models for rockfills, the proposed model has the 
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advantage of simplicity, which makes it attractive for routine design. The model can be easily 

implemented into a commercial finite element or finite difference program by modifying the 

existing Mohr-Coulomb model, in which the friction angle as well as the dilation angle is not 

specified as a constant, but is expressed as a function of the plastic octahedral shear strain and 

continues to be updated during the process of loading. Ten parameters are required (Table 1), 

among which seven parameters are identical to those for a hyperbolic model, while the other three 

(ϕv0, k1, k2) can be derived from the same set of large triaxial tests. As shown previously, despite of 

its simplicity, the model has proven to be able to predict the shear characteristics of rockfills with 

fair accuracy, not only for conventional tests but also for stress path tests. 

There are also limitations with this model at its current version. As isotropic hardening is 

assumed, no plastic strain is predicted during unloading and reloading. However, the error is 

expected to be small for many engineering problems. Another limitation is that only elastic 

behavior occurs during proportional loading, e.g., K0 loading. Further improvement can be made 

by introducing a cap yield surface. 

 

 

5. Conclusions 
 

Experimental study reveals that compacted rockfills show a significant stress-path-dependent 

behavior during loading, which is more complicated than the behavior of sand due to the influence 

of the confining pressures on the volumetric behavior and strength behavior. Therefore a realistic 

prediction of deformation of rockfill structures requires constitutive models to properly reproduce 

such behavior. This paper evaluates the capability of a strain hardening model proposed by the 

authors. Despite of its simplicity, essential aspects of the shear behavior of rockfills can be 

simulated, including the non-linear stress-strain relationship, the stress-dependence of the stiffness, 

the non-linear strength behavior, and in particular the shear contraction and dilatancy. Compared 

with large-scale triaxial stress-path test results, the model has shown to predict the significant 

different stress-strain and volumetric behavior along various loading paths with fair accuracy. All 

parameters required for the model can be derived entirely from the results of conventional large 

triaxial tests with constant confining pressures. 
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