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Abstract.  Reinforced concrete corbels are generally used to transfer loads within a structural system, such 

as buildings, bridges, and facilities in general. They commonly present low aspect ratio, requiring an 

accurate model for shear strength prediction in order to promote flexural behavior. The model described 

here, originally developed for walls, was adapted for corbels. The model is based on a reinforced concrete 

panel, described by constitutive laws for concrete and steel and applied in a fixed direction. Equilibrium in 

the orthogonal direction to the shearing force allows for the estimation of the shear stress versus strain 

response. The original model yielded conservative results with important scatter, thus various modifications 

were implemented in order to improve strength predictions: 1) recalibration of the strut (crack) direction, 

capturing the absence of transverse reinforcement and axial load in most corbels, 2) inclusion of main 

(boundary) reinforcement in the equilibrium equation, capturing its participation in the mechanism, and 3) 

decrease in aspect ratio by considering the width of the loading plate in the formulation. To analyze the 

behavior of the theoretical model, a database of 109 specimens available in the literature was collected. The 

model yielded an average model-to-test shear strength ratio of 0.98 and a coefficient of variation of 0.16, 

showing also that most test variables are well captured with the model, and providing better results than the 

original model. The model strength prediction is compared with other models in the literature, resulting in 

one of the most accurate estimates. 
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1. Introduction 
 

Reinforced concrete corbels are commonly extensions of walls or columns in buildings, bridges 

and other infrastructures, acting in cantilever subjected to point loads. As extensions of other 

members, their aspect ratio is usually small (close to 1). Usually this type of elements is designed 

to withstand the shear forces Vu applied through the supported beam, and sometimes they also 

resist the action of the tensile force Nu, which is mainly due to temperature changes, shrinkage and 

creep on main beam supported by the corbel (Fig. 1). Typically, the corbel reinforcement consists 

of the main steel, As, and horizontal stirrups, Ah (Fig. 1). In addition, there are auxiliary bars 

required to hold the rebar cage in place. It should be noted that generally no  transverse  
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Shear strength model for reinforced concrete corbels based on panel response 

only compression. Through equilibrium and from the geometry in the truss, the ratio of the 
horizontal distance of the applied shear force (a) to the effective height (d), ܽ ݀⁄ , is incorporated. 
The model for zero axial load yields to 

ܸ ൌ
ఉభ௕ௗ௙೎

ᇲ

ସ.ସହට଴.ଽమାቀ
ೌ
೏ቁ

మ
                                 (2) 

where ߚଵ is a parameter defined in ACI 318-14 (0.85 for low to normal concrete strength).  
Kriz and Raths (1965) proposed a semi-empirical expression that includes the concrete 

compressive strength ( ௖݂
ᇱ, MPa), the ratio ܽ ݀⁄ , as well as the main (ܣ௦) and secondary (ܣ௛) 

reinforcement. The model for zero axial load yields to 

ܸ ൌ 0.54	ܾ݀	ඥ ௖݂
ᇱ ൬1 െ 0.5

೏
ೌ൰ ሺ1000ߩሻ

భ
య                        (3) 

where ߩ ൌ ஺ೞା஺ೡ
௕ௗ

൑ 0.02 with ܣ௩ ൏  ௦. Interestingly, the expression assumes that both main andܣ

secondary reinforcement are fully effective. 
One of the modern models based on strut and tie formulation taking into account the 

contribution from concrete and secondary steel reinforcement ratio (ߩ௛), is the one developed by 
Russo et al. (2006). Thus, the strut and tie model includes contribution of concrete strength ( ௖݂

ᇱ), 

that requires definition of the neutral axis depth (݇݀ ൌ ݀ට൫݊ߩ௙൯
ଶ
൅ ௙ߩ2݊ െ  ௙), which is based onߩ݊

equilibrium using the main reinforcement ratio ( ௙ߩ ), and the strut orientation 

ߠ) ൌ 2 atanቆቆെ1 ൅ ටቀ
௔

ௗ
ቁ
ଶ
൅ ቀ1 െ

௞మ

ସ
ቁቇ ቀ

௔

ௗ
െ

௞

ଶ
ቁ൘ ቇ, rad) relative to the transverse direction, yielding to 

the strength (ܸ) 

ܸ ൌ ܿଵ൫݇	߯	 ௖݂ᇱ cos ߠ ൅ ܿଶ	ߩ௛ ௬݂௛ cot  ܾ݀                      (4)	൯ߠ

where ݊ ൌ ௦ܧ ⁄௖ܧ ൌ 42.6 ඥ ௖݂
ᇱ⁄  is the young modulus ratio (ܧ௦ is the steel modulus and ܧ௖ is the 

concrete modulus), ܾ  is the corbel width and ݀  is the corbel effective length, ௬݂௛  is the 
secondary steel reinforcement yield strength (MPa) and 

߯ ൌ 0.74 ቀ
௙೎
ᇲ

ଵ଴ହ
ቁ	ଷ െ 1.28 ቀ

௙೎
ᇲ

ଵ଴ହ
ቁ
ଶ
൅ 0.22 ቀ

௙೎
ᇲ

ଵ଴ହ
ቁ ൅ 0.87  is an interpolation function. The coefficients 

ܿଵ ൌ 0.8 and ܿଶ ൌ 0.65 are the values that better adjust the prediction of shear strength and scatter, 
respectively, for a database collected by Russo et al. (2006). 

Many of these formulations have been originally developed to stablish shear strength of beams 
or short walls, and have been modified in order to predict the response of corbels. The category of 
panel or strut-and tie formulations are an example of this situation. The strut-and-tie model 
developed by Hwang et al. (2001) used the principles of equilibrium, compatibility and 
constitutive laws to estimate the shear strength for walls based on 3 trusses that involve the vertical 
and horizontal reinforcement and the main diagonal strut. Later, this model was adapted for 
corbels (Hwang et al. 2000a - later submittal than wall model) using most of the original 
assumptions.  

The model, similar to others within this category, can only predict the shear strength. Panel 
models, in the other hand, assume uniform stress/strain fields within the entire wall section, which 
allows obtaining the shear force versus shear displacement response. In the work by Hsu and Mo 
(1985) compatibility is established for the entire wall, constitutive material laws are defined for 
concrete and steel, and equilibrium is determined in the longitudinal (vertical) direction, which 
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results in a nonlinear equation that requires solution for each displacement step. In order to solve 
the equilibrium equation the transverse normal strain (expansion) is considered equal to zero. This 
approach results in a principal stress/strain direction that rotates with the increment of lateral 
displacement (rotating-angle approach). Other similar proposed models have fixed the principal 
stress/strain direction (fixed-angle approach) to the geometric direction of the strut. A current 
research has shown that the cracking pattern might not be consistent with the direction of the main 
diagonal geometric direction (Kassem and Elsheikh 2010). The work by Kassem and Elsheikh 
calibrated expression for the principal strain/stress direction based on a best-fit analysis of shear 
strength estimate for a database of wall tests. 

The model by Massone and Ulloa (2014) uses a similar methodology to the one developed by 
Kassem and Elsheikh, but determines the principal stress/strain direction differently. Two 
approaches were considered: (1) rotating-angle (crack) and (2) fixed-angle (crack) models, which 
are based on calibrated normal (vertical and horizontal) average strains for walls. The rotating-
angle model uses directly the calibrated normal strains, since they are dependent on the shear 
distortion, which is assumed as the overall drift. Thus, upon estimation of the drift, the strain field 
is fully determined, defining the direction of the principal strain/stress angle. The fixed-angle 
approach, in the other hand, uses a similar procedure, but defines the strut direction upon reaching 
a prescribed tensile stress level in concrete, which is used for the entire analysis. In this case, the 
angle is calibrated based on different geometries, steel and concrete material properties. In the 
following sections, the model and the modifications applied for corbels is described. Only the 
fixed-angle case is analyzed which gives better and more consistent results. 

The model described in this work is an adaptation and modification of the model developed by 
Massone and Ulloa (2014) for walls. The advantage of this type of models lays on its capability to 
capture not only strength, but also the overall shear load versus shear deformation of structures 
governed by shear. Moreover, since equilibrium, compatibility and constitutive material law are 
imposed; relevant features of the physical behavior are included. Thus, individual models that try 
to capture specific failure modes, which are ultimately related to material behavior (concrete, 
steel), such as shear friction do not require an especial treatment in this formulation. For example, 
the work by Hwang et al. (2000b) that studies the interface shear capacity (shear friction capacity), 
based on a strut and tie model, uses the same formulation as the work by Hwang et al. (2000a) for 
corbels, with an adaptation. Results revel that strength is correctly determined with better 
predictions than the shear friction equation of ACI 318 (2014). 

 
 

2. Model formulation 
 
The material model for reinforced concrete is based on the softened concrete compressive 

response under biaxial loading (cracking in the orthogonal direction) and the uniaxial behavior of 
steel, under the assumption of perfect adherence with concrete, as established by the modified 
compression field theory (MCFT) (Vecchio and Collins 1986). 

 
2.1 Geometrical model 
 
The analogy between short walls and corbels helps understanding how to apply the panel model 

for corbels. By rotating the corbel 90° and identifying the section that undergoes shear, that is, the  

726



 
 

section
in cant
which 
reinfor
goes a
the ve
consist

2.2

Ass
(no do
determ

where 

reinfor
concre
ௗ andߪ
(5), on

Und

whe
reinfor
panel s

Shea

Fig. 2 Cor

n that emerge
tilever (Fig. 
is oriented i

rcement is n
along directio
ertical reinfo
tent with the

2 Equilibrium

suming that 
owel action) a
mining the sh

௅݂  is the a

rcing ratio in
ete panel in th
d ߪ௥ are the 
nly corbels w
der uniform 

ere ܾ is the
rcement and 
section, assu

r strength mod

rbel configura

es from the c
2(a)). Fig. 2
in direction 

not included 
on d, which i
orcement (Fi
e principal ten

m and compa

web steel re
and reinforce
ear force ver

average rein

n the direct
he respective
principal co

without result
stress distrib

e corbel thick
most comp

uming that str

(a) 

del for reinfor

ation: (a) geom

column with 
2(a) shows th
L. The reinf
in the mode

is inclined at
ig. 2(b)). Th
nsile directio

atibility 

einforcement
ement is plac
rsus shear dis

௅ߪ ൌ ௗܿߪ

߬௅௧

nforcement s

ion L, ߪ௅ an
e directions, 
oncrete stress
tant load in d
bution, the sh

kness and ݀
ressive fiber
ress and strai

௅ߝ ൌ

௧ߝ ൌ

 
 
 
 
 
 

rced concrete 

metry (wall an

a point load
he vertical (m
forcement in
el. The prin
t an angle α
he direction
on. 

 

 
t is subjected
ced only in d
stortion are r

ߙଶݏ݋ܿ ൅ ݅ݏ௥ߪ

ൌ ሺെߪௗ ൅ ௥ߪ

stress in dir

nd ߪ௧ are th
߬௅௧ is the co

ses in the pri
direction L ar
hear resultan

ܸ ൌ ߬௅௧ܾ

݀ is the corb
r, Fig. 2(a)).
in field princ

ൌ ߙଶݏ݋ௗܿߝ ൅ ߝ

ൌ ߙଶ݊݅ݏௗߝ ൅ ߝ

corbels based

nalogy), (b) co

d at a height a
main, ܣ௦ and
ncorporated t
ncipal directi

with respect
n perpendicu

d to stresses 
direction L; e
represented a

݊ଶߙ ൅ ௅ߩ ௅݂ ൌ

௥ሻܿߙݏ݋	ߙ݊݅ݏ

rection L, ߩ

he average n
oncrete shea
incipal direc
re considered
t force is exp

ܾ݀        

bel effective 
 Compatibil

cipal directio

ߙଶ݊݅ݏ௥ߝ     

௥ܿݏ݋ଶߙ     

d on panel resp

oncrete and ste

a, it is equiva
d secondary, 
to hold the m
on of concr

t to the longi
ular to d is 

along its lon
equilibrium e
as follows 

ൌ 0         

           

௅ߩ ൌ
஺೓
௕ௗ

 is th

normal stres
r stress in pla
tions d and r

d (Fig. 2(a)). 
pressed as 

          

length (dista
ity is establi

ons coincide, 

           

           

(b) 

sponse 

 
eel stresses 

alent to a sho
௛) reinforܣ ,
main and sec
rete in comp
itudinal direc

called r w

ngitudinal di
equations tha

           

           

he secondar

s in the rein
lane L-t, and 
r (Fig. 2(b)).
 

           

ance betwee
ished for the
 yielding 

           

           

ort wall 
rcement 
condary 
pression 
ction of 
hich is 

irection 
at allow 

   (5) 

   (6) 

ry steel 

nforced 
finally, 
. In Eq. 

   (7) 

en main 
e entire 

   (8) 

   (9) 

727



where 
respect
when g

where 
 
2.3
 
2.3
The

Masso
and Hs
(r, dire

where 
factor 
tension

 
 

Fig. 3 M
Masson

,௅ߝ ,௧ߝ ௗߝ  an
tively, and ߛ
governed by 

ܽ is the hei

3 Material co

3.1 Concrete
e material p

one and Ulloa
su (1998), w
ection). The c

଴ is the coߝ
due to crack

n (ߪ௥, positiv

Material cons
ne and Ulloa 2

(a) 

L

nd ߝ௥  are th
௅௧ is the shߛ
the shear str

ight to the po

onstitutive la

e 
properties ar
a (2014). The

which conside
compressive

ߪ

ompressive s
king (Fig. 3(
ve for tension

stitutive laws:
2014) 

Leonardo M. M

௅௧ߛ ൌ

he normal s
hear strain i
rain, is determ

oint load (Fig

ws 

re identical a
e constitutiv
ers concrete c
e (ߪௗ, negativ

ௗߪ ൌ െ݂ߞᇱ௖ ൤2

ௗߪ		 ൌ െ݂ߞᇱ௖

ߞ ൌ
ହ

ඥ

strain consis
(a)) that caus
n) is modeled

௥ߪ ൌ

௥ߪ ൌ ݂′௖௧

ߪ

 (a) concrete 

 
 
 
 
 
 

Massone and J

ൌ 2ሺߝ௥ െ ௗሻܿߝ

strain values
in the L-t pl
mined as 

∆ൌ ௅௧ܽߛ  

g. 1(a)). 

as incorpora
e law for con
compressive

ve for compre

2 ቀ
ିఌ೏
఍ఌబ
ቁ െ ቀ

ିఌ೏
఍ఌబ

௖ ൥1 െ ቆ
షഄ೏
അഄబ

ିଵ

మ
അ
ିଵ

ቇ

ହ.଼

ඥ௙ᇱ೎

ଵ

ඥଵାସ଴଴ఌೝ
൑

stent with ݂
ses softening
d according t

0	݂݅			௥,ߝ௖ܧ ൑

ሺఌೠ೟ିఌೝሻ

ሺఌೠ೟ିఌ೎೟ሻ
,			݂݅

௥ߪ ൌ ௨௧ߝ	݂݅			,0

in compressi

(b) 

Julio E. Álvar

ߙ݊݅ݏ	ߙݏ݋ܿ   

s consistent 
lane. The di

         

ated by Kas
ncrete in com

e softening (d
ession) respo

೏

బ
ቁ
ଶ
൨ ௗߝ	݂݅			, ൑

ቇ
ଶ

൩ ௗߝ	݂݅			, ൐

൑
଴.ଽ

ඥଵାସ଴଴ఌೝ
  

′௖ (solid line
g in the com
to the work b

൑ ௥ߝ ൑ ௖௧ߝ   

௖௧ߝ ൏ ௥ߝ ൑ ௨ߝ

௧ ൏ ௥ߝ      

ion, (b) concr

rez 

           

with direct
isplacement 

          

ssem and El
mpression is 
d, direction) d
onse is descri

൑ ଴ߝߞ       

଴ߝߞ        

           

e, Fig. 3(a)), 
mpressive dir
by Gupta and

           

௨௧          

           

ete in tension

(

           

tions ܮ, ,ݐ ݀  
consistent w

           

lsheikh (201
proposed by
due to tensil

ribed as 

           

           

           

is the red ߞ
rection. Conc
d Rangan (19

           

           

           

n, and (c) stee

(c) 

  (10) 

and ݎ , 
with ܸ, 

  (11) 

10) and 
y Zhang 
e strain 

  (12) 

  (13) 

  (14) 

duction 
crete in 
998) as 

  (15) 

  (16) 

  (17) 

el. (after

728



 
 
 
 
 
 

Shear strength model for reinforced concrete corbels based on panel response 

where ݂′௖௧ ൌ 0.4ඥ݂ᇱ௖ሺܽܲܯሻ  is the tensile concrete strength with ߝ௖௧ ൌ ݂′௖௧/ܧ௖  and ܧ௖ ൌ
4700ඥ݂ᇱ௖ሺܽܲܯሻ. Ultimate tensile strain, ߝ௨௧, is set as 0.002 (Fig. 3(b)). 

 
2.3.2 Reinforcing steel 
The uniaxial model for reinforcing steel uses an elasto-plastic stress ( ௦݂) versus strain (ߝ௦) 

response (Fig. 3(c)), defined as 

௦݂ ൌ ௦ߝ	݂݅			,௦ߝ௦ܧ ൏  ௬                             (18)ߝ

௦݂ ൌ ௬݂,			݂݅	ߝ௦ ൒  ௬                              (19)ߝ

where ܧ௦ is the steel reinforcement elastic modulus, ௬݂ is the yield stress of steel. 
 
2.4 Strain field 
 
Different assumptions have been used by previous researchers to estimate the principal 

stress/strain angle (). For walls, some of them have simply forced it to the direction of the 
geometric main diagonal. In the work by Kassem and Elsheikh (2010) the angle was calibrated to 
better capture the shear strength in walls. The work by Massone and Ulloa (2014) calibrated an 
angle for the fixed-angle model based on expressions for the average wall expansion (average 
transverse strain) and average wall vertical normal strains (Massone 2010). According to the study 
(Massone, 2010; Massone and Ulloa, 2014), the average (over the height) expansion (ߝ௧) and 
vertical average normal strain (ߝ௅ ) for the case with zero axial load and zero transverse 
reinforcement for walls with free-end condition (cantilever) reduces to 

௧ߝ ൌ 0.007ሺ100ߜሻଵ.ସ                         (20) 

௅ߝ	 ൌ 0.0073 ቀ
௔

௛
൅ 0.5ቁ

ି଴.ଷ଻
ሺ100ߜሻ଴.ଽଷ                  (21) 

where ߜ ൌ ∆/ܽ is the wall lateral top drift, and ݄ is the entire length of the corbel.  
The previous expressions for the wall transverse (ߝ௧) and longitudinal (ߝ௅) average normal strain 

values together with the drift level (assumed as the shear strain, ߛ௅௧), provides the full components 
of the strain field. The principal strain direction is determined by combining Eqs. (8), (9) and (10), 

yielding ߙ ൌ ଵି݊ܽݐ ቆെ
ሺఌ೟ିఌಽሻ

ఊಽ೟
൅ ටቀ

ఌ೟ିఌಽ
ఊಽ೟

ቁ
ଶ
൅ 1ቇ, which changes (rotates) with the variation of strain 

values. A fixed-angle model assumes that the principal strain (and stress in most cases) direction 
remains unchanged with loading. For small wall top displacements, cracks have not formed yet, 
such that a main strut is not defined. Upon increments of drift levels, the principal tensile strain 
increases until the concrete tensile stress is reached ߪ௥ ൌ ௖݂௧ (initiation of cracking). Further 
tensile straining reduces the tensile stress in concrete. Massone and Ulloa (2014) established two 
criteria: (1) ߪ௥ ൌ ௖݂௧  (consistent with 	ߝ௥ ൌ ௖௧ߝ ), and (2) ߪ௥ ൌ 0.5 ௖݂௧  (consistent with 	ߝ௥ ൌ
0.5ሺߝ௖௧ ൅ ௥ߪ) ௨௧ሻ). For this study, only the first criterionߝ ൌ ௖݂௧) is considered, such that the model is 
independent of the post-cracking formulation. 

A wide variety of geometric properties (aspect ratio), axial load level, steel reinforcing ratio and 
material properties were used, based on the experimental database for walls collected by Massone 
and Ulloa (2014), in order to determine the crack direction. Least-square method was used to 
determine a calibrated expression for the crack direction. This consideration, although for an 
important range of parameters, the values are not necessary consistent the case of corbels. In this 
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study corbels without axial load (N) and transverse reinforcement are modeled, and therefore, the 
calibration for walls might not be adequate. The expression calibrated for cantilever walls, yielded, 

ߙ	  ൌ 175.2 ቀ
௔

௛
൅ 5ቁ

ି଴.଺଴ହ
ቀ

ே

௙ᇱ೎௕௛
൅ 1ቁ

ିସ.଺
                       (22) 

The principal strain and stress direction () is fixed for the entire analysis. Different drift levels 
are defined in order to obtain the overall shear load versus shear displacement based on 
compatibility (Eqs. (8)-(10)), material constitutive laws (Eqs. (12)-(19)) and longitudinal 
equilibrium (Eq. (5)), which establishes an iterative scheme. The equilibrium equation might be 
solved using Newton-Rapson. The shear force is determined with (Eqs. (6), (7)). 

 
 

3. Model response 
 
3.1 Experimental database 
 
The database consists of 109 tests available in the literature, where the considered corbels were 

constructed symmetrically with respect to the column from where the corbels emerge. All 
specimens lack of transverse reinforcement, and 51% of the tests have no secondary reinforcement 
in the web. All corbels in the database were tested in the absence of axial load. For the preparation 
of the database, corbels with rectangular and variable cross-section are considered, respecting the 
recommendation and Kriz and Raths (1965) that limits the depth of the outer face of the corbel h’ 
to at least half the depth of the inner face h to prevent premature failure at a plane outside the 
connection of the corbel base with the column, where the section varies. Specimens that presented 
failure due to detailing problems (such as failure at the load plate) were also excluded. The 
selected corbels have different configurations of reinforcement arrangement, a/d ratio, and 
material properties. The longitudinal secondary reinforcement ratio goes from 0% to 1.61%, with 
an average value of 0.35%, the main longitudinal reinforcement ratio ranges from 0.29% to 4.93%, 
with an average value of 1.28%. The ratio a/d ranges from 0.15 to 1.01, with an average value of 
0.49. Although experimental tests with larger ratio a/d exist (i.e., Lu, Lin and Hwang, 2009), they 
are not selected, since those are less prone to shear failure. Yield stress of steel main longitudinal 
reinforcement varies between 303 (MPa) to 558 (MPa), with an average value of 380 (MPa). 
Similar values are observed for the longitudinal secondary reinforcement. The compressive 
strength of concrete ranges from 15 (MPa) to 105 (MPa), with 48 specimens over 40 (MPa) and an 
average value of 43 (MPa). 

The database is collected from the information reported by Kriz and Raths (1965), Hermansen 
and Cowan (1974), Mattock et al. (1976), Fattuhi and Hughes (1989), Her (1990), Yong and 
Balaguru (1994), Fattuhi (1994), and Foster et al. (1996). 

 
3.2 Original model - strength 
 
In order to determine the shear strength for the entire database, the model was run for a large 

range of drift levels in order to observe the peak shear force. In the other hand, for the flexural 
capacity of the corbels, a simple flexural model was implemented based on sectional analysis 
using the same constitutive law for concrete and reinforcing steel, but without the concrete 
softening (ߞ ൌ 1). Thus, failure type, based on shear and flexural capacity estimates, would be 
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In the case of the work by Fattuhi and Hughes (1989), and Fattuhi (1994) there is no 
information on the length of the loading plate, so that a length of 50 (mm) is assumed as it is done 
by Canha et al. (2014). 

 
3.3.2 Effect of the main longitudinal reinforcement 
The model by Massone and Ulloa (2014) incorporated into the formulation just the longitudinal 

web reinforcement in the equilibrium equation for short walls, without any contribution from the 
boundary reinforcement. In this case, the boundary reinforcement for walls corresponds to the 
main longitudinal reinforcement. Fig. 5 shows the trend of the ratio between the predicted capacity 
and the experimental value (Vmodel/Vtest) to changes in the main longitudinal reinforcement ratio, 
incorporated as the available tensile panel stress given by such reinforcement (ߩ௕	 ௬݂௕, with ߩ௕ ൌ

஺ೞ
௕ௗ

 

and ௬݂௕, the yield stress of main reinforcement). The negative slope for the linear trend in the 
figure indicates that the capacity tends to be more conservatively estimated for larger available 
contribution from the main reinforcement. That is, if the capacity (for example, though equilibrium 
equation) has a dependency to the tensile capacity of the main reinforcement, the trend could be 
horizontal. 

Experimental evidence by Kriz and Raths (1965) supports the inclusion of the main 
reinforcement in the shear strength in corbels. The authors conclude that the secondary steel (web) 
is as effective as the main reinforcement in corbels, which is explicitly shown in their empirical 
formulation (Eq. (3)). 

The main reinforcement in terms of tensile panel stress given by such reinforcement (ߩ௕	 ௕݂) for 
a tensile stress ௕݂, if assumed acting in a similar way as the secondary reinforcement, can be 
incorporated in the equilibrium equation for the normal longitudinal direction with an efficiency 
parameter 0) ߚ ൑ ߚ ൑ 1), as 

௅ߪ  ൌ ௗߪ cosଶ ߙ ൅ߪ௥ sinଶ ߙ ൅ ௅ߩ ௅݂ ൅ ௕ߩߚ ௕݂                       (24) 

In order to incorporate the main reinforcement in the equilibrium equation, the same 
constitutive material law for the secondary steel is used with the consistent yield stress, but the 

 
 

Fig. 5 Effect of the main reinforcement - original model 
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accurate. Thus, the procedure described in section 2.4 (strain field) is carried out, but for the corbel 
condition using Eqs. (20) and (21). As it can be expected, the calibrated expression would be 
dependent only on the a/d ratio. The strut direction for corbel yields 

ߙ	  ൌ 66.5 ቀ
௔

௛
൅ 5ቁ

ି଴.଴ଽସ
                            (25) 

Eqs. (22) and (25) for zero axial load fall apart by an almost constant angle of 5°, with Eq. (25) 
presenting a larger angle when ranging a/d between 0.1 and 1. The angle  in Eq. (25), varies from 
approximately 70° to 64°, respectively. A larger strut direction also results in an increase of the 
shear capacity for corbels. 

 
3.4 Model modifications - strength 
 
This section describes the results obtained when comparing the collected database with the 

model that includes all three modifications described in the previous sections: (1) effect of the 
loading plate, (2) effect of the main longitudinal reinforcement, and (3) effect of the strut direction 
for corbels. All of these modifications were incorporated in the model developed by Massone and 
Ulloa (2014) for the case where the formation of the strut direction is fixed once the tensile 
strength of concrete is reached (ߪ௥ ൌ ௖݂௧, consistent with 	ߝ௥ ൌ  ௖௧). All three new considerationsߝ
are fully defined, except for the effect of the main longitudinal reinforcement due to the presence 
of the efficiency parameter ߚ which can vary from 0 to 1. The model is run for the entire database 
varying parameter with increments of 0.1 and including all proposed modifications simultaneously.  

Fig. 7 shows the results obtained for the average and coefficient of variation (COV) for the 
ratio between the predicted capacity and the experimental value (Vmodel/Vtest) for all specimens and 
the group of specimens that fail in shear or flexure. As it can be seen in the figure, a value of 
ߚ ൌ 0.3 results in a minimum COV for the entire database and the cases that fail in shear. Such 
value is selected for further analysis.  

 
 

 
(a) (b) 

Fig. 7 Statistical analysis of the model including all modifications for variations of the main reinforcement 
efficiency parameter () - Vmodel/Vtest (a) average ratio, and (b) coefficient of variation (COV) 
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(a) (b) 

(c) (d) 

Fig. 8 Analysis of the model including different modifications (Vmodel/Vtest) - (a) effect of the plate, (b) effect 
of the main reinforcement, (c) effect of the strut direction and (d) all modifications 

 
 
In order to disaggregate the influence of each modification, the model is also run including the 

proposed modifications, but once a time. Fig. 8 shows the ratio between the predicted capacity and 
the experimental value (Vmodel/Vtest, distinguishing between flexure and shear controlled) for all 
cases against the observed strength, as well as the average and COV separated in graphs that 
include 1 modification and all modifications simultaneously. As mentioned earlier, before the 
application of the modifications the model yields results of average strength ratio of 0.77 and COV 
of 0.23. The figure shows that the best results occurs for the case with all modifications included 
simultaneously (better average and less COV), with a strength ratio (Vmodel/Vtest) of 0.98 and a 
COV of 0.16 for all specimens. Similar values are obtained for shear and flexure predicted failure 
(average of 0.96 and 1.03, and COV of 0.15 and 0.16, respectively for shear and flexure), which 
indicate that both models are capable of distinguishing the failure that controls them and their 
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capacity. In general, the models that do not include the effect of the main reinforcement tend to 
underestimate the shear strength with larger measured maximum shear stress. The larger the stress, 
the larger the conservatism. The incorporation of the main reinforcement corrects such situation 
maintaining a similar level of accuracy for all range of shear stress levels. 

 
3.5 Model modifications - parameter sensitivity to strength 
 
This section studies how the strength predictions are sensitive to different corbel parameters 

such as: aspect ratio a/d, secondary steel reinforcing ratio (ߩ௅ ௬݂௅), main steel reinforcing ratio 
௕ߩ) ௬݂௕), and inner to outer corbel height ratio (݄ᇱ ݄⁄ ) as shown in Fig. 9. All plots (Fig. 9) show the 
strength ratio between the model estimate and the experimental value (Vmodel/Vtest) versus the 
parameter under analysis for the model (including all modifications). 

 
 

(a) (b) 

(c) (d) 

Fig. 9 Sensitivity of average strength ratio (Vmodel/Vtest) to - (a) aspect ratio (a/d), (b) secondary steel 

strength ratio (ߩ௅ ௬݂௅), (c) main steel strength ratio (ߩ௕ ௬݂௕), and (d) inner to outer height ratio (݄′ ݄ൗ ) 
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As it can be seen in the figure, from all parameters, there is little dependency to the secondary 
steel reinforcing ratio, main steel reinforcing ratio and inner to outer corbel height ratio with 
average strength ratio variation generally less than 20% for the range of test data, which indicates 
that the model is capable of capturing the influence of these variables to estimate the shear 
strength. It is important to highlight that in the case of the main reinforcement (Fig. 9(c)), that 
presents a trend line that moves relatively close to the value of 1, before the modifications showed 
a completely different behavior. In Fig. 5, not only the model results for the original formulation 
(without modifications) were more conservative, but also indicate a dependency (average strength 
ratio variation close to 40% for the range of test data) to the main reinforcement ratio, that is 
almost inexistent once it is incorporated in the equilibrium equation (Fig. 9(c)). That indicates that 
the main reinforcement effect is well captured by the modified model.  

According to Fig. 9(a), the model presents moderate dependency to the aspect ratio, with 
average strength ratio variation close to 40%, approximately, for the range of test data. Almost all 
models have trend lines under the strength ratio of 1.0. As the aspect ratio increases, the behavior 
is more flexural, which might indicate that the model used to estimate the flexural capacity could 
be improved in order to better capture its dependency. 

Fig. 9(d) shows that the inner to outer corbel height ratio (corbels with rectangular or variable 
section) has no dependency to the strength ratio. This parameter is not included in the formulation, 
which indicates that such consideration is correct. However, it is important to point out that the 
database was collected maintaining the recommendation by Kriz and Raths (1965) that suggests 
݄ᇱ ݄⁄ ൒ 0.5 to avoid an undesearable failure mode. 

 
3.6 Comparison to other models - strength 
 

In this section, different models from the literature are considered for comparison with the 
proposed formulation including all modifications. The models were described in the introduction 
and goes from shear friction models (ACI 318-14, 2014) in Eq. (1) to empirical or semi-empirical 
expressions based on concepts of strut-and-tie models, such as the model by Solanki and Sabnis 
(1987) in Eq. (2), Kriz and Raths (1965) in Eq. (3) and Russo et al. (2006) in Eq. (4). The shear 
strength is calculated based on the described expressions, along with the estimation of the flexural 
capacity described in this work. 

In order to include all requirements incorporated in the models used for the comparison, a 
subset of the database is used for the analysis. The limitations stipulated by the models are such 
that they comply with the minimum reinforcement by ACI 318-14, defined as ߩ௕ ൌ 0.04 ௖݂

′
௬݂൘ , and 

also the requirement imposed by Kriz and Raths (1965), where only corbels with a total steel ratio 
less than 2% and with larger amount of the secondary (web) steel reinforcement than the main 
reinforcement (boundary) are considered. This results in a database with 68 specimens. 

In Table 1, the main results are shown (average, standard deviation and COV for the model-to-
test strength ratio). The shear friction model from ACI 318 (2014) presents the largest COV (0.24) 
with a conservative estimate of strength (0.84) for the entire database, whereas the model by Russo 
et al. (2006) and the proposed model provide the most accurate results with a strength ratio close 
to 1 and COV of 0.13. Low COV and strength ratio close to 1 for the cases that fail in flexure also 
indicate that the flexural behavior is also well captured. The semi-empirical model by Kriz and 
Raths (1965) presents also relatively good results, which is in part given that a portion of the 
database was used for the calibration of the formulation. The model by Solanki and Sabnis (1987) 
also correlates well with test results, however, these last two formulations lack on the inclusion of  
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Table 1 Comparison with models in the literature 

Cases ௠ܸ௢ௗ௘௟

௧ܸ௘௦௧
 ACI 318-14 

Solanki and 
Sabnis 

Kriz  and 
Raths 

Russo et al.
Original 
model 

Proposed 
model 

All 

Avg 0.84 0.95 0.9 1.01 0.81 0.99 

SD 0.20 0.14 0.11 0.13 0.14 0.13 

COV 0.24 0.14 0.13 0.13 0.18 0.13 

Shear 

Avg 0.78 0.93 0.90 1.00 0.79 0.97 

SD 0.17 0.14 0.11 0.13 0.13 0.13 

COV 0.21 0.15 0.13 0.13 0.17 0.13 

No 53 51 64 54 62 51 

Flexure 

Avg 1.06 1.02 0.93 1.04 0.98 1.05 

SD 0.17 0.11 0.09 0.11 0.14 0.11 

COV 0.16 0.11 0.1 0.1 0.14 0.11 

No 15 17 4 14 6 17 

 
 

the biaxial behavior of concrete and the absence of the yield stress of steel. 
 
 

4. Conclusions 
 

A simple fixed-angle model capable of predicting the shear load versus shear displacement 
response of reinforced concrete corbels under lateral loads is presented. The models use a panel 
formulation based on average stress and strain fields for a single reinforced concrete section, with 
coincident directions between the principal strain and stress concrete fields, and perfect adherence 
between concrete and steel. Concrete response is incorporated in the two principal directions with 
uniaxial material constitutive laws in tension and compression, including softening of concrete in 
compression. Steel reinforcement is represented with an elasto-plastic uniaxial model. The 
principal direction is fixed, whose direction is defined based on compatibility and a calibrated 
expression for normal strain variation with shear distortion at the initiation of cracking (ߪ௥ ൌ ௖݂௧). 

The formulation is based on the model by Massone and Ulloa (2014) developed for walls, 
which is adapted for corbels and modified in order to incorporate additional considerations that 
improve the shear capacity estimate and the dependency to several model parameters. The average 
of the ratio between the predicted capacity (before the modifications are applied to the model) and 
the experimental value (Vmodel/Vtest) is 0.77 and the COV is 0.23 for a database collected from the 
literature with 109 specimens. Three modifications were applied to the model in order to improve 
the average and COV of the strength estimate. The modifications incorporated in the model were: 

1) Effect of the loading plate: the presence of the loading plate reduces the length of the 
element that is capable of developing the expansion of the element, as it has been observed in 
beams. The modification results in a shorter length of the available height (a), which changes 
(increases) the strut direction increasing the shear capacity. 

2) Effect of the main longitudinal reinforcement: The original equilibrium equation accounts 
for the presence of secondary reinforcement. Experimental evidence indicates that the main 
reinforcement also increases the shear capacity. Thus, the main reinforcement is incorporated in 
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the equilibrium equation, increasing the shear strength, with an efficiency factor, which was 
determined to be =0.3 to minimize the COV for the database. 

3) Effect of strut direction: the original formulation (Massone and Ulloa 2014) uses a strut 
direction that was calibrated based on normal strain expressions and analyzed for a range of values 
for parameters consistent with wall characteristics. For this study, corbels are analyzed without 
axial load and without transverse reinforcement. Re-calibration of the strut direction for 
parameters consistent with corbels results in an increase of about 5° for a/d in a range between 0.1 
and 1. A larger strut angle increases the shear strength. 

The incorporation of all three modifications resulted in good predictions with an average 
strength ratio of 0.98 and a COV of 0.16 for the entire database. The incorporation of each 
modification individually indicates that the effect of strut direction and the main reinforcement 
have a similar impact in strength prediction, presenting a smaller relevance the incorporation of the 
effect of the loading plate. The use of all modifications not only improves the strength estimate, 
but also shows that most parameters are well captured in the formulation when comparing the 
strength estimate with different parameters. 

The model is also compared with expressions from the literature for a reduced database that is 
consistent with the restrictions imposed by the models. The results from the proposed model give 
similar accuracy as the model by Russo et al. (2006) and other models. However, the proposed 
model is also capable of determining the overall shear stress versus shear strain backbone curve, 
which is nowadays useful for performance-based design. 
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