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Displacement-based seismic design of reinforced
concrete columns strengthened by FRP jackets

using a nonlinear flexural model
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Abstract. In the current research, a displacement-based seismic design scheme to retrofit reinforced concrete
columns using FRP composite materials has been proposed. An accurate prediction for the nonlinear
flexural analysis of FRP jacketed concrete members has been presented under multiaxial constitutive laws
of concrete and composite materials. Through modification of the displacement coefficient method (DCM)
and the direct displacement-based design method (DDM) of reinforced concrete structures, two algorithms
for a performance-based seismic retrofit design of reinforced concrete columns with a FRP jacket have
been newly introduced. From applications to retrofit design it is known that two methods are easy to
apply in retrofit design and the DCM procedure underestimates the target displacement to compare with
the DDM procedure.

Keywords: displacement-based design; nonlinear flexural model; concrete column; FRP jacket; multi-axial con-
stitutive law; seismic retrofit.

1. Introduction

 Over the past decade, several methods for performance-based design and evaluation of concrete

or steel structures have been introduced in efforts to allow for the construction of longer and higher

structures in seismic regions. The capacity spectrum method was first introduced by Freeman (1975,

1998). This procedure is to find the performance level by using the demand and capacity curves.

The intersection of the two curves approximates the response of the structure. The displacement

coefficient method used in the FEMA-273 (1996) is to estimate the target displacement by applying

displacement coefficients and the initial stiffness of the structure. Direct displacement-based design

concept introduced by Kowalsky et al. (1995) is to estimate the seismic performance of an inelastic

single-degree-of freedom system representing the first mode of vibration of the multi-degree-of

freedom system in which the nonlinear system is replaced by an equivalent linear system. This
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method was also applied to seismic design of unbonded post-tensioned masonry walls (Wight, et al.,

2007). By Chopra and Goel (2001), the direct displacement-based design was extended to estimate

more rationally the performance of the structure. 

On the other hands, it is well known that fiber reinforced polymer (FRP) can improve the strength

and ductility of concrete by providing confinement (Mirmiran, 1997; Kawashima, 1997; Shahawy,

et al., 1995). A number of models for enhanced strength and ductility of confined concrete wrapped

by FRP jackets were studied (Saadatmanesh, et al., 1996; Samaan, et al., 1998; Fam, et al., 2001).

A multiaxial constitutive model of FRP wrapped concrete was also initially applied in the prediction

of axial compressive cylinders and flexural beam members (Cho, et al., 2005; 2008).

The purpose of current study is to develop a procedure for realizing a performance-based seismic

retrofit design of reinforced concrete columns strengthened by FRP jackets. For the seismic retrofit

design, an algorithm of the direct displacement-based design method proposed by Chopra and Goel

(2001) has been extended to determine the design thickness of the FRP jacket, and the retrofit

design is also compared with the displacement coefficient method (FEMA-273, 1997). 

2. Displacement coefficient method

According to the displacement coefficient method of FEMA-273 (1997), the target displacement,

which is the maximum displacement occurring at the top of structures during a given earthquake,

can be determined as 

(1)

where C0 is the difference in displacement between the control node of multi-degree-of-freedom

(MDOF) buildings and equivalent single-degree-of-freedom (SDOF) systems, C1 is the modification

factor for estimating the maximum inelastic deformation of SDOF systems from their maximum

elastic deformation, C2 is the response to possible degradation of stiffness and energy dissipation

capacity for structural members during earthquakes, C3 is the modification factor for including the

P-Δ effects, Te is the effective period of the evaluated structure, Sa is the spectral value of the

acceleration response corresponding to Te, and g is the ground acceleration (FEMA-273, 1997).

In Eq. (1), C0 was derived from the participation factor of the first mode of the structure and C1

was determined from the following equation.

 (2)

where To is the characteristic period of ground motions and R is the ratio of required elastic strength

to yield strength of structures. R can be determined as follows:

 (3)

where Vy is the yield base shear derived from a pushover analysis, as shown in Fig. 1, and W is the

weight of the structure. Table 1 presents the values of C2. Stiffness and strength degradation readily

occur in structures that have properties of short period and low strength. With regard to C3, when
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the ratio of the post yield stiffness α is positive, C3=1.0. Otherwise, the following equation should

be used.

 (4)

3. Direct displacement-based design method

3.1. Equivalent linear system

Needed in existing displacement-based design procedures, the properties of the equivalent linear

system are summarized here. Consider an inelastic SDOF system with a bilinear force-displacement

relationship on initial loading, as shown in Fig. 1. The stiffness of the elastic branch is ko and that

of the yielding branch is αko. The yield force and yield displacement are denoted by Vy and Δy,

respectively. If the peak displacement of the inelastic system is Δm, the ductility factor equals to

.

For the bilinear system in Fig. 1, the natural vibration period of the equivalent linear system with

the secant stiffness ksec becomes

(5)

C3 1.0
α R 1–( )3 2⁄
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---------------------------+=
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Table 1. Modification Factor of C2 (FEMA-273, 1997)

Performance level T
e
 = 0.1sec  sec

Immediate occupancy 1.0 1.0

Life Safety 1.3 1.1

Collapse prevention 1.5 1.2

Te

3
 T0

Fig. 1 Equivalent secant stiffness Fig. 2 Damping ratio vs. ductility factor (Chopra, et al.,
2001)
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where Tn is the natural vibration period of the system vibrating within its linearly elastic range

( ). The most common method for defining equivalent viscous damping is to equate the

energy dissipated in a vibration cycle of an inelastic system and of an equivalent linear system.

Based on this concept, as shown in Fig. 2, it can be shown that the equivalent viscous damping

ratio is (Chopra and Goel, 2001):

(6)

The total viscous damping of the equivalent linear system is

 (7)

where ζ is the viscous damping ratio of a bilinear system vibrating within its linearly elastic

range ( ). It should be noted that the bilinear assumption of restoring force is simple and

practical but gives larger equivalent damping than the actual one in general for reinforced

concrete members.

3.2. Design spectra

To implement the existing direct displacement-based design procedure, we have chosen to

construct this spectrum by the procedures of Newmark and Hall (1982). The elastic design spectrum

is illustrated in Fig. 3, where ügo, go, and ugo are the peak values of the ground acceleration,

velocity, and displacement, respectively, and their amplification factors are, respectively,

(8)

where ζ is the damping ratio in percent.

Fig. 4 shows the Newmark-Hall displacement design spectra for several damping ratio values.

Δ Δy≤
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-----------------------------------=

ζeq ζ ζeq+=
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u·

αA 4.38 1.04lnζ  αV,– 3.38 0.67lnζ–  αD, 2.73 0.45lnζ–= = =

Fig. 3 Newmark-Hall design spectrum (Newmark, et al.,
1982)

Fig. 4 Newmark-Hall displacement design spectrum
(Chopra, et al., 2001)
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3.3. Direct displacement-based design procedure

Adapted from Priestley and Calvi (1997), a direct displacement-based design procedure for

bilinear SDOF systems is outlined as a sequence of steps as follows (Chopra, et al., 2001):

1. Estimate the yield displacement Δy for the system.

2. Determine the acceptable plastic rotation θp of the hinge at the base.

3. Determine the design displacement Δm and design ductility factor 

 (9)

4. Estimate the total equivalent viscous damping  for the design ductility factor from Eqs. (6)

and (7).

5. Enter the displacement design spectrum for elastic systems with known Δm and  to read Teq

from Fig. 4. Determine the secant stiffness

(10)

where M is the mass of the system.

6. From Fig. 1, determine the required ultimate and yield forces, respectively 

(11)

(12)

7. Estimate member sizes and detailing (FRP thickness) to provide Vy. Calculate the initial elastic

stiffness k and .

8. Repeat steps 3 to 7 until a satisfactory solution is obtained.

4. Nonlinear flexural analysis of reinforced concrete members wrapped by FRP
jackets

4.1. Stress-strain relation of FRP jacket and concrete wrapped by FRP jacket

Under the axial compressive behavior of concrete wrapped by FRP composites, as shown in Fig.

5, the strength and ductility of concrete depend on the confinement provided by the FRP jacket. In

the figure, the behavior of the FRP jacket can be treated as the in-plane behavior of composite

laminates, and from theory, the longitudinal and hoop strains of the FRP jacket can be expressed.

(13)

where dσL and dσH are the stress increment of the FRP jacket in the longitudinal and hoop

direction, respectively; EL and EH are the elastic modulus of the FRP jacket in the longitudinal and

hoop direction, respectively; and vLH is Poisson’s ratio of the FRP jacket.

The strain and stress relationship of concrete, as shown in Fig. 6, can be treated as an orthotropic

hypoelastic formulation in a multiaxial state according to the following incremental law
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(14)

It can be assumed that the concrete properties in the radial direction are identical to those in the

hoop direction, as , , , , and Eq. (14) becomes:

 (15)

 (16)

The equivalent uniaxial strain concept introduced by Darwin et al. (1977) has been used here to

convert the two-dimensional coupled constitutive relations of Eq. (16) into two independent uniaxial

constitutive relations. Here, if it is assumed that there is no slip between the concrete and the FRP

shell, that is, the interfaces are perfectly bonded, the compatibility and equilibrium in the cross-

section should be satisfied as , , and , where R is the radius of the

concrete core and t is the total thickness of the FRP shell. The longitudinal tangent modulus of the

concrete El can be determined from the equivalent uniaxial stress and strain relationship of concrete,

and the curve has been adopted from that proposed by Saenz (1964).
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Fig. 5 FRP-confined concrete under axial compression
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4.2. FRP-confined concrete in multiaxial stress states

The uniaxial stress-strain relation of unconfined and FRP-confined concrete is shown in Fig. 5.

Since the behavior of concrete wrapped by a FRP shell is tri-axial rather than uniaxial, a tri-axial

constitutive model is needed. To simulate such behavior and determine the compressive (peak)

strength of FRP-confined concrete, the concrete failure surface proposed by Hsieh et al.(1979) has

been applied to the stress state defined by σr, σh and σl, and the increased concrete compressive

strength confined by the FRP shell can be expressed as

 (17)

where  is the concrete uniaxial unconfined compressive strength.  is the strength enhancement

factor, defined as the ratio of confined to unconfined concrete strength, and can be determined from

the failure surface proposed by Hsieh et al. (1979).

A strain failure surface is required to define the peak compressive strain , which becomes more

ductile when the confinement is increased. The strain failure surface, however, is difficult to define

directly from experiments. To account for the increased ductility, a strain enhancement factor λei is

introduced as

 (18)

where  is the maximum compressive strain of FRP-confined concrete, and  is the maximum

uniaxial compressive strain of the unconfined concrete. In the current study, the factor λei is

determined based on experimental data available from biaxial, triaxial, and FRP-confined concrete

(Kupfer, 1969; Mirmiran, 1997; Kawashima, 1997) with the relation of λsi given as 

(19)

(20)

To consider the influence of the state of stress on the process of dilation due to damage

accumulation, the equivalent Poisson’s ratio, taken as a cubic polynomial function, has been adopted

with the correlation of biaxial and triaxial tests of concrete (Kupfer, et al., 1969; Mills, et al., 1970).

The incremental procedure for FRP-confined concrete under axial compression can be based on

the FRP equivalent material properties and concrete stress-strain relation. Note that the number of

shell layers, the direction of each layer, the layer stiffness, and the layer thickness are accounted for

in the calculation of the equivalent material properties of the FRP laminate. For the prediction of

the failure of the specimen, it is commonly accepted that the failure of concrete wrapped by a FRP

shell is caused by the failure of the FRP composite materials. In the proposed model, the Tsai-Wu

tensor failure criterion (1971) for composite materials has been adopted. After reaching the failure

of the FRP shell in a section, it is assumed that the specimen cannot take any additional loads. 

5. Flexural model of reinforced concrete member wrapped by FRP jacket

Based on the axial compressive model of FRP-confined concrete, an analysis procedure for
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2
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flexural behavior of reinforced concrete members wrapped by a FRP composite jacket has been

proposed, as shown in Fig. 6, using a layer approach for the nonlinear cross-section analysis. 

When modeling concrete under tension, it is assumed that the response is linear elastic in the pre-

cracked region and, after concrete cracks, tension stiffening occurs in concrete reinforced with steel

bars or a composite jacket. Tests by Shahawy and Beitelman (1995) indicate that an FRP layer

combined with steel bars generates a greater tension stiffening effect in concrete compared to steel

bars alone, because it is directly attached to a large surface area in concrete, as shown in Fig. 7.

Tension stiffening due to the FRP layer combined with steel bars can be expressed as a linear

degradation from 70% of the tensile stress at cracking to zero at a strain 20 times the tensile strain

at cracking. Based on the experimental results, it is assumed in the proposed model that tension

stiffening due to the FRP layer alone degrades the tensile stress to zero at a strain 15 times the

tensile strain at cracking. 

At each loading stage, the FRP jacket is checked for failure by Tsai-Wu criteria (1971) and the

failure of the member is assumed when the FRP jacket reaches failure. The detailed algorithm of

the nonlinear analysis procedure is presented in Fig. 8. 

The current analytical model was compared with several experiments of FRP-wrapped concrete

both on axial compressive cylinders and flexural beams (Cho, et al., 2005; 2008), and the predicted

results were well estimated the experimental results.

Fig. 6 Flexural analysis of FRP-confined concrete members (Cho, et al., 2008)

Fig. 7 Tensile behavior of FRP-confined concrete (Shahawy, et al., 1995)
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6. FRP jacket design

6.1. FRP Jacket design for flexural strength and ductility enhancement

From the required plastic rotation θp of the plastic hinge, the plastic curvature can be obtained

with the following equation

(21)

where Lp is the plastic hinge length, given by Priestley et al. (1996)

(22)

where gj is the gap between the jacket and the footing, fyl is the expected yield stress of reinforcing

steel, and dlb is the diameter of longitudinal bar. 

The effective volumetric ratio of retrofit material for a circular FRP jacket of diameter D becomes

(23)

A conservative estimate for the ultimate compression strain of circular columns retrofitted with

φp

θp

Lp

-----=

Lp gj 0.044dlbfyl+=

ρj

4tj

D
------=

Fig. 8 Algorithm of flexural analysis of FRP-confined concrete members
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FRP jackets is given by (Priestely, et al., 1996)

(24)

where fuj and εuj are the ultimate stress and strain of the FRP jacket material. From Eq. (23) and

(24), the required jacket thickness can be determined as 

(25)

6.2. FRP Jacket design for shear strength and shear strength enhancement

Since the costs of retrofitting columns for shear strength will not be greatly affected by jacket

thickness, it is appropriate to adopt the same conservatism for retrofit shear design as for new

design. Hence, the design shear force should be based on conservatively high estimates of column

plastic hinge flexural of shear strength, in accordance with recommendations. The additional shear

strength required to be imparted by the column retrofit can therefore be given as

(26)

where φs is the strength reduction factor for shear force, Vo is the maximum feasible shear force, Vsj

is the additional shear strength imparted by membrane shear flow in the jacket, Vc is the shear

strength by concrete portion, Vsh is the shear depending on transverse reinforcement by truss

mechanism, and Vp is the shear strength provided by the axial compression in the column. The

concrete shear strength can be expressed as

(27) 

where , , , and k, within plastic end regions,

depends on the member displacement ductility factor, μ, as shown in Fig. 9.

The shear strength depending on transverse reinforcement by a truss mechanism for a circular
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Fig. 9. Displacement ductility factor and shear strength reduction factor
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column is given by

(28)

The shear strength enhanced from axial compression P is considered as an independent component of

shear strength, resulting from a diagonal compression strut, and is given by

 (29)

For a cantilever column, γ is the angle formed between the column axis and the strut from the

point of load application to the center of the flexural compression zone at the column plastic hinge

critical section. 

The shear strength of a circular passive FRP jacket is equivalent to the hoop reinforcement of area

 at a spacing of s=1, given by 

(30)

By combining Eq. (26) and (30), the required thickness of the FRP jacket can be determined as

(31)

7. Examples of retrofit design of circular columns

To evaluate the two procedures of displacement-based seismic retrofit design described in the

previous chapters, a circular reinforced concrete column with a column height of H=5.486 m and a
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Fig. 10 Design example of a retrofit RC column
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column diameter of 1.829 m, as shown in Fig. 10, was considered (Priestley, et al. 1996).

Longitudinal reinforcement consists of 54 No. 14 (D43) bars of yield stress fyl=345 MPa bundled in

pairs, with transverse reinforcement No. 4 (D12.7) of yield stress fyh=303 MPa at 305 mm centers.

The constant axial load on the column is 5350 kN and the uniaxial compressive strength of concrete

is =41.4 MPa. A carbon FRP composite jacket was applied as the retrofit material and the

material characteristics of the CFRP jacket were an elastic modulus of Ej=82800 MPa and a failure

strength of =1034 MPa. 

The DDM procedure described in the previous section was implemented for a design example of

the circular column described above. The given design earthquake load was set to a peak ground

acceleration (PGA) of 0.8 g, and the CFRP composite jacket was to be designed for the column so

as to enable it to sustain a targeted performance displacement of Δm=260 mm at its top. The

monotonic load-displacement curve from a nonlinear pushover analysis of the reinforced concrete

column (without retrofit) was obtained as shown in Fig. 11. For the reinforced concrete column, the

yield displacement was estimated as Δy=18 mm with a corresponding yield load of 4100 kN and a

total displacement of 88 mm with a ductility factor of 4.89. After retrofit design iterations of the

column by the DDM procedure, the design thickness of jacket was determined as 12.0 mm. The

load-displacement curve of the retrofitted column is shown in Fig. 12. After the final determination

of the jacket thickness, the yield displacement of the retrofitted column was increased to 21.0 mm

corresponding with a yield shear force of 4350 kN, and the total displacement of the retrofitted

column was also increased to 260 mm with a ductility factor of 12.4. By applying the retrofit design

of a column with a CFRP jacket with a thickness of 12.0 mm, the column was considerably

enhanced in terms of load-carrying and deformation capacities.

fc′

fuj

Fig. 11 Pushover curve of RC column Fig. 12 Pushover curve of CFRP retrofit RC column

Table 2. Design results both by DCM and DDM

Design Parameters RC column
Retrofitted RC column

DDM DCM

Design thickness of
CFRP jacket

Yield displacement
Total displacement
Ductility factor
Yield shear force

-
18 mm
88 mm

4.89
4100 kN

12.0 mm
21 mm

260 mm
12.4

4350 kN

12.0 mm
21 mm

127 mm
6.0

4350 kN
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The column retrofitted with a CFRP jacket with a thickness of 12.0 mm was also evaluated with

respect to seismic performance by the DCM procedure described in the previous section and the

results were compared with those derived with the DDM procedure, as shown in Table 2. In the

comparison with the DDM procedure, the DCM procedure underestimates the target displacement

of the retrofitted column by 48.8% and the ductility factor by 48.4%. It is judged that the target

displacement of the DCM procedure is determined from the initial stiffness of the pushover curve

while that of the DDM procedure is determined from the secant stiffness of the nonlinear pushover

curve.

8. Conclusions

Two displacement-based design procedures to retrofit concrete columns by FRP jackets have been

introduced. In order to predict the nonlinear pushover curve of retrofitted columns, an accurate

prediction for the nonlinear flexural analysis of FRP jacketed concrete members has been presented

under multiaxial constitutive laws of concrete and composite materials. From applications of column

retrofit design, it is found that the two design procedures is easy to apply in the practice of retrofit

design and the DCM procedure underestimates the target displacement to compare with the DDM

procedure.
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