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1. Introduction 
 

Strips, plates and sheets made of fiber-reinforced-

polymers (FRP) are widely employed to strengthen and 

upgrade the existing concrete structures. It is well known 

that FRP composites have advantages in term of light 

weight, high tensile strength, durability. In practice, those 

properties make it promising alternative for construction 

industry and rehabilitation of existing reinforced concrete 

(RC) structures (Hao et al. 2009, Oded 2008, Taljsten 1996, 

Li et al. 2008, Lee et al. 2017). Rehabilitation of these 

structures can be in the form of strengthening of structural 

members, repair of damaged structures, or retrofitting for 

seismic deficiencies. In any case, composite materials are 

an excellent option to be used as external reinforcement. 

But the structural advantages require the FRP and the 

concrete bond well to ensure they work together. Much 

research work indicates that debonding along the FRP-

concrete interface can lead to premature failure of the 

structure. Failure analysis of FRP-concrete bonded 

interfaces has steadily gained attention (Qian and Stroeve 

2000, Kim and Pilakoutas 2009, Yehia 2009). 

Fracture characterization of concrete and rock materials 

using the 3PBB specimens has been conducted extensively 

by researchers, such as Palmer and Baker (1991), Yon et al. 

(1991) and Shinohara et al. (2004). The preliminary 

application of the test method using notched three-point 

bending beam (3PBB) specimens for characterization of the 

fracture behaviors of carbon fiber-reinforced-polymers 

(CFRP)-concrete bonded interfaces was introduced by Qiao 

et al.(2004) and the CZM (cohesive zone model) (Chang et 

al. 2015a, 2015b, Chang et al. 2014) is adopted for the 

adhesive layer. 
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Although the aforementioned research work of fracture 

behaviors has been widely accepted, only few of the 

existing models can adequately reproduce the ongoing 

process of fracture nucleation, propagation, as observed 

experimentally. In addition, the analytical and numerical 

models considered so far tend to oversimplify the materials 

as a homogeneous medium. In our fracture modeling 

approach, more details of the fracture process can be 

captured. 

 

 

2. Numerical approach 
 

In the numerical model, the concrete material is 

assumed to be composed of many elements with the same 

size, and the mechanical properties of these elements are 

assumed to conform to a given Weibull distribution as 

defined in the following function 
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where u is the parameter of the element (such as strength or 

elastic modulus); the scale parameter, u0, is related to the 

average of the element parameter and the shape. Parameter, 

m, defines the shape of the distribution function. According 

to the definition, a larger m implies a more homogeneous 

material. We therefore call this parameter (m) the 

homogeneity index. In general, we assumed that the 

Young’s modulus and strength (compression and tension) of 

mesoscopic elements that are used to simulate a concrete 

specimen conform to two individual distributions with the 

same homogeneity index. The mesoscopic elements are 

assumed to be isotropic and homogeneous (as shown in Fig. 

1). 

At the beginning, the element is considered elastic, and 

its elastic properties can be defined by Young’s modulus 

and Poisson’s ratio. The stress-strain curve of an element is 
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considered linear elastic until the given damage threshold is 

attained, and then is followed by softening. We choose the 

maximum tensile stress criterion and Mohr-Coulomb 

criterion respectively as the damage thresholds. In elastic 

damage mechanics, the elastic modulus of the element may 

degrade gradually as damage progresses. The elastic 

modulus of damaged material is defined as follows (Tang et 

al. 2008). 

  01E E   (2) 

where represents the damage variable, E and E0 are elastic 

moduli of the damaged and the undamaged material, 

respectively. Here the element as well as its damage is 

assumed isotropic and elastic, so the E and E0 are all scalar. 

When the mesoscopic element is under a uniaxial stress 

state (including uniaxial compression and uniaxial tension), 

the constitutive relationship of elements is shown in Fig. 1. 

At the beginning, the stress-strain curve is linear elastic and 

no damage occurs, that is. The constitutive relationship of a 

mesoscopic element under uniaxial tension as shown in the 

third quadrant of Fig. 1 can be expressed as 

0

0

0

0            

1  

1            

t

tr
tu t

tu

f

E

 

   


 

 



   

 

 (2) 

where ftr is the residual tensile strength defined as  

ftr=λft0=λE0εt0 and λ are uniaxial tensile strength and residual 

strength coefficients, respectively; εt0 is the strain at the 

elastic limit (also called threshold strain); and εtu is the 

ultimate tensile strain of the element, at which the element 

would be completely damaged. The ultimate tensile strain is 

defined as εtu=ηεt0, where η is called ultimate strain 

coefficient. Eq. (3) can be expressed as 

0

0
0

0            

1  

1            

t

t
tu t

tu

 


   



 





   




 (3) 

Additionally, we assume that the damage of a 
mesoscopic element in a multiaxial stress condition is also 
isotropic and elastic. According to the method of extending 
a one-dimensional constitutive law under uniaxial tension to 
a complex stress condition, we can easily extend the 
constitutive law described above to use for three-
dimensional stress states when the tensile strain threshold is 
attained. Under multi-axial stress states the element still 
damages in tensile mode when the equivalent major tensile 
strainε attains the above threshold strain εt0. The equivalent 
principal strainεt0 is defined as follows 

2 2 2

0 1 2 3t           (5) 

where ε1, ε2 and ε3 are three principal strains, and < >is a 

function defined as follows 

 

Fig. 1 Elastic damage constitutive law of elements under a 

uniaxial stress state 
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The constitutive law of the element subjected to 

multiaxial stresses can be easily obtained only by 

substituting the strain, ε, in Eqs. (3) and (4) with the 

equivalent strain,ε. The damage variable is expressed as 
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In order to study the damage of an element when it is 

under compressive and shear stresses, the Mohr-Coulomb 

criterion is chosen to be the second damage threshold. 
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where σ1 and σ2 are major and minor principal stress 

respectively; fc0 is the uniaxial compressive strength and 

is the internal friction angle of the mesoscopic 

element. Again, compressive stresses are positive and 

tensile stresses are negative. As a matter of fact, the 

numerical values of σ1 and σ3 indicate the magnitude of 

maximum and minimum compressive stresses, respectively, 

when these two principal stresses are both compressive. In 

the same way, when the element is under uniaxial 

compression and damage according to the Mohr-Coulomb 

criterion, the similar expression for the damage variable, ω, 

can be described as follows 
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where ζ is the residual strength coefficient. We assumed that 

fcr/fc0=ftr/ft0=ζ is true when element is under uniaxial 

compression or tension; fcr is the residual compressive 
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strength. 

When an element is under a multi-axial stress state and 

its strength satisfies the Mohr-Coulomb criterion, damage 

occurs, and we must consider the effect of other principal 

stresses in this model during the damage evolution process. 

When the Mohr-Coulomb criterion is met, we can calculate 

the maximum principal strain (maximum compressive 

principal strain) εc0 at the peak value of maximum principal 

stress (maximum compressive principal stress). 
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where σ2 is the intermediate principal stress. 

In this respect, we assume that the shear damage 

evolution is only related to the maximum compressive 

principal strain, ε1. So, we use the maximum compressive 

principal strain, ε1, of the damaged element to substitute the 

uniaxial compressive strain, ε in Eq. (9). Thus, the former 

Eq. (9) can be extended to triaxial stress states for shear 

damage. 

1 0

0
1 0

1

0            

1  

c

c
c

 

 
 






 
 



 (11) 

In summary, our numerical approach to the fracture 

problem can be described as the following: Our numerical 

simulation involves the calculation of the stresses acting on 

the elements and the mechanical property change of the 

damaged elements according to the constitutive laws and 

strength criterion described above. The value at which a 

particular element fails is random, but fixed at the start of 

the modeling process. The statistical distribution of the 

breakdown thresholds is a material property and is 

described by Eq. (1). Under a quasi-statically increasing 

external stretch the stress or strain of the elements are given 

by the solution of the FEM for mechanical equilibrium at 

each FEM node. If the stress of an element attains its 

prescribed breakdown strength, the element fails 

irreversibly, and its elastic constant is changed according to 

its post-failure law, as described above. This is followed by 

additional relaxation steps, in which the new equilibrium 

positions are calculated. In the brittle regime these steps 

may lead to the failure of additional elements. Iterating the 

procedure leads to fracture propagation, where fractures are 

defined by groups and alignments of failed elements (Tang 

et al. 2008). 

 

 

3. Finite element model 
 

The aforementioned damage models are implemented in 
finite element (FE) modeling of the 3PBB beam specimens 
containing CFRP-concrete bonded interfaces. The four-
node isoparametric element is used as the basic element in 
the finite element mesh and a single layer of 2-D cohesive 
elements through the thickness of adhesive for the cohesive 
zone is adopted to model the bond behavior. The model is 
numerically simulated as plane stress problem. The model,  

 

Fig. 2 Sketch of composite-concrete bonded interface 3PBB 

specimen 
 

 

Fig. 3 Load-displacement curve with a given concrete 

tensile ft=6.0 MPa 
 

 

Fig. 4 Load-displacement curve with a given interface 

cohesive strength of fb=3.0 MPa 
 
 

its boundary and loading conditions and the FEM mesh are 
shown in Fig. 2. The model has a length of 900 mm and 
thickness of 100 and contains a total of about 90,000 
elements, each 1 mm square for concrete and CFRP 
composite materials. To accurately capture the interface 
failure process, the small element size for the cohesive layer 
is 0.5 mm. Loading of the 3PBB specimen with CFRP-
concrete bonded interface is applied symmetrically through 
imposed displacement at the center of the beam on the top 
edge, the same as in the experiment.  

As real materials, CFRP-concrete composite structures 

are never homogeneous medium because they contain 

inhomogeneities, such as imperfection of CFRP-concrete 

bond and defects at various length-scales in concrete 

subrate. It is necessary to consider these local-scale 

heterogeneities in fracture modeling. In our numerical  
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Fig. 6 The co-existence fracture propagation process of 

adhesive concrete interface debonding and concrete 

cohesive cracking when the interface cohesive strength is 

comparative to the concrete tensile strength 

 

 

study, this is accommodated by the implicit inclusion of 

heterogeneity through the homogeneity index, m, is 

described in Eq. (1). The FEM model we used comprises a 

large number of elements, and its local heterogeneity is 

determined by assigning to each element a group of 

mechanical parameters, such as Young’s modulus, strength, 

et cetera, from the given statistical distribution Eq. (1). The 

extent of the heterogeneity is represented by an index of 

m=3. The constitutive relationship for composite materials 

is shown in Fig. 1 and the elastic modulus for the concrete 

is 34 GPa. 

According to investigation by Qiao and Chen (2008), 

the normal cohesive strength of the CFRP-concrete 

interface ranging from 3.0 to 7.0 MPa is considered in this 

study and the concrete tensile strength varies from 3.0 to 7.0 

MPa. The elastic modulus of CFRP is 227 GPa. 

 

 

4. Numerical results 
 

The interface cohesive strength and the concrete tensile 

strength are two important factors controlling the interface 

fracture behavior. As an attempt to investigate effects of 

interface cohesive strength in relationship with the concrete 

tensile strength on fracture behaviors, the fracture process 

and load-displacement curve are simulated by the numerical  

 
 

 
 

 
 

 
 

 

Fig. 7 The fracture propagates in the concrete substrate 

along the interface when the interface cohesive strength is 

kept higher than the concrete tensile strength 

 

 
model mentioned above. The load-displacement curves are 

compared in Fig. 3 and Fig. 4. In Fig. 3, the interface 

cohesive strength (fb) ranges from 3.0 to 5.0 MPa with a 

given concrete tensile strength of 6.0. In Fig. 4, the interface 

cohesive strength is 3.0 MPa and the concrete tensile 

strength (ft) increases from 4.0 to 6.0 MPa. Obviously, the 

peak loads seem to depend on the interface cohesive 

strength when the interface cohesive strength is kept lower 

than the concrete tensile strength. The lower the interface 

cohesive strength, the lower the peak loads. However, there 

is no apparent difference of loads with increasing concrete 

tensile strength. In this case, the crack initiates at the pre-

existed notch and propagates to the load point along the 

interface with increasing external load, as shown in Fig. 5. 

Obviously, the fracture is primarily dominated by the 

interface cohesive failure. The numerical results have a 

good agreement with the test results (Qiao and Chen 2008).  
When the interface cohesive strength is comparative to 

the concrete tensile strength, the interface failure is 
controlled by the co-existence of adhesive-concrete 
interface debonding and concrete cohesive cracking (Chang 
et al. 2014), as shown in Fig 6. We note that failure 
phenomena depend very strongly on the properties of the 
material disorder and thus the involved materials cannot be 
treated as a  homogeneous medium. Fracture of 
heterogeneous solids typically initiates from scattered weak 
sites. In our model, the mechanical properties of the  
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Fig. 8 Load-displacement curve with a given interface 

cohesive strength of fb=7.0 MPa 
 
 

elements are assumed to conform the Weibell distribution 
and the failure elements are randomly distributed, so the 
fracture alternately propagates at the interface cohesive or 
concrete substrate when they have the approximating 
strength. 

When the interface cohesive strength is higher than 

concrete tensile strength, the interface failure is fully 

controlled by the concrete cohesive cracking along the 

interface line, as shown in Fig. 7. The fracture propagates 

from the notch to the load point in the concrete substrate 

along the interface. In this case, the peak loads seem to 

depend on the concrete tensile strength. Higher the concrete 

tensile strength leads to higher the peak load (see Fig. 8). 

However, no obvious difference of peak load can be 

observed with increasing the interface cohesive strength. 

 

 

5. Conclusions 
 

In this paper we performed numerical studies of fracture 

behavior of the CFRP-concrete bonded interfaces in the 

3PBB configuration. The numerical simulation can 

adequately reproduce the ongoing process of fracture 

nucleation and propagation, which has a good agreement 

with test results.  

The fracture pattern seems to depend on the relationship 

between the interface cohesive strength and the concrete 

tensile strength. Imperfection of CFRP–concrete bond with 

a low interface cohesive strength (especially when the 

interface cohesive strength is relatively lower than the 

concrete tensile strength) cause the premature interface 

cohesive failure, thus greatly reducing the CFRP 

strengthening performance. When the interface cohesive 

strength is higher than the concrete tensile strength, the 

interface failure mainly propagates through the concrete 

cohesive cracking along the bond line. In this case, the peak 

load mainly depends on the concrete tensile strength. 
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