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Abstract. Realistic assessment of the performance of reinforced concrete structural members like columns
is needed for designing new structures or maintenance of the existing structural members. This assessment
requires analytical capability of employing proper material models and cyclic rules and considering various
load and displacement patterns. A computer application was developed to analyze the non-linear, cyclic
flexural performance of reinforced concrete structural members under various types of loading paths
including non-sequential variations in axial load and bi-axial cyclic load or displacement. Different
monotonic material models as well as hysteresis rules, were implemented in a fiber-based moment-curvature
and in turn force-deflection analysis, using proper assumptions on curvature distribution along the member,
as in plastic-hinge models. Performance of the program was verified against analytical results by others, and
accuracy of the analytical process and the implemented models were evaluated in comparison to the
experimental results. The computer application can be used to predict the response of a member with an
arbitrary cross section and various type of lateral and longitudinal reinforcement under different
combinations of loading patterns in axial and bi-axial directions. On the other hand, the application can be
used to examine analytical models and methods using proper experimental data.

Keywords: reinforced concrete; cyclic behavior; force-deflection; moment-curvature; bi-axial; fiber-based,
material model; computer application; windows-based

1. Introduction

Loading history, pattern, intensity, and linear combinations of loads, specifically lateral and
axial loads can significantly affect the behavior of RC columns (Sadeghvaziri and Fouch 1991,
Lee et al. 2009). During an earthquake, a majority of buildings are subject to bi-axial lateral
earthquake forces and variable cyclic axial force. Bi-axial motion is induced in the columns of
irregular buildings, even against one-directional earthquake motions. Experimental studies and
investigations of damaged structures after earthquakes have proven that damage which is caused
by bi-directional earthquake motions is different and, in most cases, more extensive than the
damage caused by uni-axial earthquake motions (Marante and Flórez-López 2002, Rodrigues et al.

*Corresponding author, Ph.D., E-mail: fatemeh@k-state.edu
aProfessor, E-mail: asad@k-state.edu



Fatemeh Shirmohammadi and Asad Esmaeily

2013).
Performance of reinforced concrete sections with arbitrary cross-section shapes has been

studied by a number of researchers (Yen 1991, Yau 1993, Rodriguez and Aristizabal-Ochao 1999,
Fafitis 2000, Sfakianakis 2002, Bonet et al. 2004, Sousa and Muniz 2007, Charalampakis 2008,
Rosati et al. 2008, Papanikolau 2012) with an attempt to develop new methods, algorithms and
small computer applications to calculate the axial force-bending moment interaction surface of a
section. To construct the failure surface of a section, monotonic loading were employed in these
studies; however, when exposed to a dynamic excitation such as wind, tornado, or earthquake,
columns can be subjected to a combined non-proportional bi-lateral and axial directions. This is
more pronounced in earthquake excitations, specifically in near-fault regions with high vertical
and horizontal ground accelerations, large velocity pulses, directional effects, repetitive pulse
effects, and aftershocks.

Estimation of the available force and displacement capacity, energy dissipation and the
inflicted damage on a structural element or occurrence of a certain limit state with a reasonable
accuracy requires a realistic prediction of the performance of a structure. Accuracy of the
analytical predictions depends on the employed analytical methods and implemented material
models, constitutive laws hysteresis rules, and distribution of curvature along the member.
Detailed finite element analysis using available commercial software like ABAQUS or open
source software like OpenSees has a steep learning curve and is not the first choice for a design
engineer who prefers less sophisticated approaches.

Most of the small and user-friendly computer applications are limited to section analysis under
a constant axial load and monotonic, and very few cyclic, uni-lateral displacement or force. To
address the need for a simple, yet accurate analytical tool for performance assessment of
reinforced concrete columns, a computer program was developed using relatively simple analytical
methods and material models to predict the performance of reinforced concrete structures under
various loading conditions, including cyclic lateral displacement under a non-proportionally
variable axial load, with an acceptable accuracy (Esmaeily and Xiao 2005, Esmaeily and Peterman
2007); however, it was limited to circular, rectangular and hollow circular/rectangular sections,
and uniaxial lateral curvature or displacement.

The computer program described in this paper is the next generation of the aforesaid program
with more functionality and options. It employs both analytical and numerical solutions to assess
the performance of a reinforced concrete section and member. The triangulation of the section
makes it possible to have any cross sectional geometry. The bi-axial lateral
curvature/displacement/force combined with any sequence of axial load provides the opportunity
to analyze the performance of a reinforced concrete column under any load and displacement path.
This includes cyclic bi-axial moment-curvature response of a section, under a constant,
proportionally-variable, or independently-variable axial load; demanding a numerical solution
where each element, here triangle, is traced in terms of its strain and stress history.Using
unconventional reinforcement, such as FRP, in lateral as well as longitudinal direction is another
feature added to this application.

Accuracy of various material models, hysteresis rules, and other assumptions, in simulating the
behavior of a reinforced concrete member tested under a certain loading pattern can be examined
by this application, using the respected experimental data.
Performance of the developed computer application has been assessed through various types of
analysis for RC members compared to respected experimental data, including moment-curvature
analysis of a hollow square cross section, force-deflection analysis of an oval section under axial
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Fig. 1 Main window of the developed windows-based computer application

force and uniaxial lateral displacement and a square section under axial force and bi-axial lateral
displacements, and the axial force-bending moment interaction surface for a square section.

2. Program description and assumptions

Development of a user-friendly and simple, yet accurate computer program capable of
analyzing the performance of reinforced concrete columns with any cross section, reinforced by
conventional or unconventional reinforcement in lateral and/or longitudinal directions under any
load/displacement pattern was the main goal. The main window of this computer application is
shown in Fig. 1. The load/displacement pattern can be a combination of independent biaxial
curvature or moment with any axial load pattern in a moment-curvature analysis; or independent
bi-axial lateral displacement or force under an independently variable axial load. The behavior of a
section with an arbitrary shape under various loading scenarios has been modeled using the
Bernoulli-Euler assumption in which plane sections remain plane after deformation. The arbitrary-
shape section may consist of various material and reinforcement and may have any hole/opening.
Constitutive material in the arbitrary-shape section may have any monotonic and cyclic behavior.

Analysis is based on fiber modeling of the section and in turn the member, as the backbone
analytical method, effectively used by others (Prakash et al. 1993, Mazzoni et al. 2006).

The analysis addressed by the developed computer applications includes (i) Construction of
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code-based 3D axial force-bending moment interaction surface for RC columns with conventional
lateral steel reinforcement using American Concrete Institute stress-block (ACI 318-11), (ii)
Construction of axial force-bending moment interaction surface using material models for the
meshed RC columns laterally reinforced by steel, FRP or both steel and FRP assuming a constant
strain at the extreme compressive fiber, (iii) Construction of real axial force-bending moment
failure surface considering material models for the meshed RC columns laterally reinforced by
steel, FRP or both steel and FRP with or without considering the axial force loading pattern (iv)
Code-based biaxial moment-curvature analysis for RC columns with conventional lateral steel
reinforcement considering ACI stress-block, (v) Biaxial moment-curvature analysis considering
the meshed section and using proper material models with any pattern of curvature in the two
lateral directions and any variation of axial load, (vi) Biaxial force-deflection analysis using proper
material models and plastic hinge method, with any displacement patterns in the two lateral
directions and arbitrary axial load pattern.

3. Cross-section

Fiber-based method was employed to analyze RC sections in the developed computer
application. Triangular meshing is used to create cross-section fibers. In the triangulation
algorithm used in the computer application, various components of a column’s section are defined
as separate regions. Each region is divided into a number of fibers and each fiber, depending on
the material and location of the region, follows a particular cyclic rule and a monotonic material
model as the envelope curve of the cyclic model. Longitudinal bars are considered separately in
the model with their own monotonic and cyclic rules and load history. Since triangular meshing
was employed, the cross-section of a beam-column can have an arbitrary shape with or without
holes/opening. The composite section can be reinforced longitudinally by steel/FRP bars and
laterally by conventional steel (tie/spiral), FRP warps or both lateral steel and FRP warps. The
effect of lateral reinforcement was indirectly taken into account in modeling; since, uniaxial stress-
strain behavior of the region enclosed by lateral reinforcement is affected by lateral reinforcement.
FRP warps can have stiffness in axial and lateral directions, depending on the orientation of FRP
fibers. The effect of FRP warps with fibers only in the hoop direction is modeled indirectly
through the stress-strain relationship of concrete regions. The fiber arrangement of a composite
section is shown in Fig. 2. The composite section in Fig. 2 has four regions: (i) steel or FRP bars,
(ii) section core region, (iii) region between FRP warps and lateral steel reinforcement (or cover
concrete for conventionally reinforced sections), and (iv) FRP wraps region. Fig. 3 shows the

Fig. 2 Composite section
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Fig. 3 Sample forms for section geometry and lateral reinforcement

Fig. 4 Sample input forms for monotonic behavior of materials

sample forms of the developed windows-based computer application which are used to input
section geometry, and lateral reinforcements.

4. Material models

4.1 Monotonic material models

To model uniaxial monotonic behavior of fibers with various materials, a number of well-
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established existing material models were implemented in the computer application. Fig. 4 shows a
sample form of the developed windows-based computer application which is used to specify the
monotonic behavior of various materials.

For plain/unconfined concrete, the Mander et al. model (Mander et al. 1988) for low to medium
strength concrete and Cusson and Paultre’s model (1995) for high-strength concrete were
implemented in the program. For concrete confined by steel lateral reinforcement, Mander et al.’s
model (1988) for low to medium strength concrete and Cusson and Paultre’s model (1995) for
high-strength concrete were chosen because of their accuracy in predicting the behavior of circular
and rectangular concrete columns with various longitudinal and lateral steel configurations.

Mander et al.’s model (1988) was developed analytically for circular or rectangular cross-
section, under monotonic or cyclic static or dynamic loading. The RC section may have any
general confinement type provided by either spiral or circular hoops, or rectangular hoops with or
without supplementary cross-tie. In this model, the effect of any confinement type is taken into
account by defining an effective lateral confining pressure. The effective lateral confining pressure
in this model depends on configuration of the lateral and longitudinal reinforcement. To predict the
strain corresponding to first fracture, Mander et al. used an energy balance approach by equating
the strain energy which is stored in the concrete caused by confinement to the strain energy
capacity of the lateral reinforcement (Mander et al. 1988) The stress- strain relationship of Mander
et al.’s model is based on an equation proposed by Popovics (1973). This model has been used by
many researchers to model monotonic behavior of concrete confined by conventional
reinforcement. Since the proposed stress-strain models for normal-strength concrete may
overestimate the strength and fracture strain of high-strength concrete, Cusson and Paultre (1995)
proposed their model to predict monotonic behavior of high-strength concrete confined by steel
ties, using the experimental results of 50 large-scale high-strength concrete tied columns tested
under eccentric loading. The effects of tie-yield strength, concrete compressive strength, tie
configuration, and lateral and longitudinal reinforcement ratios were considered by Cusson and
Paultre in developing their model (Cusson and Paultre 1995) The Cusson and Paultre’s stress-
strain curve for confined and unconfined concrete consists of two parts: the initial part is a
relationship proposed by Popovics (1973) originally and the second part is a modification of the
relationship proposed by Fafitis and Shah (Fafitis and Shah 1985) for high-strength confined
concrete. As reported by Cusson and Paultre (1995), the yield strength of lateral reinforcement is
developed at the peak strength of concrete only for well-confined high-strength concrete
specimens; therefore, the peak strength of confined concrete is computed employing an iterative
process in this model.
Formulas of these two models are listed in Table 1. In the formulation of Mander et al. (1988) and
Cusson-Paultre models (1995), the confinement effectiveness coefficient for circular and
rectangular cross-section shapes is calculated using the following equations:
• For circular cross-section with tie
• For circular cross-section with spiral
• For rectangular cross-section
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Fig. 5 Example of “Custom Model” for plain or confined concrete

Samaan et al. (1998) and Youssef et al. (2007) models were chosen as representative models
for concrete confined by FRP. Samaan et al. developed a bilinear stress-strain model for FRP-
confined concrete based on a total 30 cylindrical specimens which were tested under uniaxial
compression loading (Samaan et al. 1998). They used a four-parameter relationship, originally
proposed by Richard and Abbott (1975) to model the initial behavior of FRP-confined concrete.
Calculating the fracture strain and its corresponding stress, the initial curve is followed by a line
connecting the initial part to the fracture point.

Using results of an experimental program including large-scale circular, rectangular and square
short columns confined by carbon-FRP and E-glass-FRP warps, Youssef et al. (2007) developed a
stress-strain model for concrete confined by FRP. This model is applicable for predicting
monotonic behavior of low to high-confined concrete. The initial relationship of this model is a
polynomial function which is followed by an ascending or descending linear part, representing low
and moderate to high-strength confinement, respectively.

For concrete confined by FRP and conventional lateral steel, Kawashima et al. (2000), Lee et
al. (2009), and Shirmohammadi et al. (2014) models were implemented. Kawashima et al. stress-
strain model developed by combining Hoshikuma et al. (1997) model for concrete confined by
steel tie reinforcement and Hostani et al. (1998) model for concrete confined by carbon-FRP. The
initial part of this model is a polynomial which is followed by a linear path. The linear part of this
model can be ascending or descending depending on the confinement ratio of concrete section
(Kawashima et al. 2000).
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Table 1 Implemented monotonic stress-strain models for concrete confined by lateral steel

Model Stress-Strain Curve Maximum Stress
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Table 2 Implemented monotonic stress-strain models for concrete confined by FRP or FRP and lateral steel

Model Stress-Strain Curve Ultimate stress Ultimate Strain Other formulations
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Table 2 Continued
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Lee et al. (2009) presented a comprehensive stress
internally by lateral steel and externally by FRP wraps based on experimental results of total 24
concrete cylinders subjected to compression. Lee
second-order polynomial function which is followed by another polynomial at strain
corresponding to plain concrete strength, the second polynomial is followed by another polynomial
at the point representing the lateral steel yield point (Lee
stress and its corresponding strain, the Lam and Teng (Lam and Teng 2003) equations were
modified by introducing two new parameters based on Lee
Shirmohammadi et al. developed a constit
concrete confined by both FRP and lateral steel. They used Thorenfeldt
relationship which is the modified version of Popovics (1973) equation. Using experimental data,
they proposed two equations for ultimate strain and its corresponding stress for FRP and steel
confined concrete. In Table 2, formulations of monotonic stress
confined by FRP or FRP and conventional lateral steel are listed.

Concrete tensile strength can be considered assuming a linear equation with a slope equal to
modulus of elasticity of plain concrete in all aforementioned monotonic models. In addition to
aforesaid models, a custom model option was added to the program. Using “
functionality, users can implement and use their own model, including linear and second
polynomial segments for various regions of cross
segments and each segment may be linear or polynomia
or confined concrete by steel is shown in Fig. 5. This monotonic model consists of four segments;
the first and third segments are polynomial, and the second and last segments are linear.

(a)

(c)
Fig. 6 Implemented steel stress-strain models in computer application: (a) Elastic
(b) Mander et al. model (1984), (c) Esmaeily
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(2009) presented a comprehensive stress-strain model for concrete confined
internally by lateral steel and externally by FRP wraps based on experimental results of total 24
concrete cylinders subjected to compression. Lee et al.’s model consists of three

order polynomial function which is followed by another polynomial at strain
corresponding to plain concrete strength, the second polynomial is followed by another polynomial
at the point representing the lateral steel yield point (Lee et al. 2009). To estimate the ultimate
stress and its corresponding strain, the Lam and Teng (Lam and Teng 2003) equations were
modified by introducing two new parameters based on Lee et al.’s experimental results.

developed a constitutive stress-strain relationship to model the behavior of
concrete confined by both FRP and lateral steel. They used Thorenfeldt et al.
relationship which is the modified version of Popovics (1973) equation. Using experimental data,

ey proposed two equations for ultimate strain and its corresponding stress for FRP and steel
confined concrete. In Table 2, formulations of monotonic stress-strain models for concrete
confined by FRP or FRP and conventional lateral steel are listed.

ete tensile strength can be considered assuming a linear equation with a slope equal to
modulus of elasticity of plain concrete in all aforementioned monotonic models. In addition to
aforesaid models, a custom model option was added to the program. Using “
functionality, users can implement and use their own model, including linear and second
polynomial segments for various regions of cross-section. “Custom Model” may include up to five
segments and each segment may be linear or polynomial. An example of a Custom Model for plain
or confined concrete by steel is shown in Fig. 5. This monotonic model consists of four segments;
the first and third segments are polynomial, and the second and last segments are linear.

(b)

(d)
strain models in computer application: (a) Elastic-perfectly plastic model,

model (1984), (c) Esmaeily-Xiao model (2005), and (d) Menegotto-Pinto model (1973)
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strain model for concrete confined
internally by lateral steel and externally by FRP wraps based on experimental results of total 24

’s model consists of three polynomials: a
order polynomial function which is followed by another polynomial at strain

corresponding to plain concrete strength, the second polynomial is followed by another polynomial
2009). To estimate the ultimate

stress and its corresponding strain, the Lam and Teng (Lam and Teng 2003) equations were
’s experimental results.

strain relationship to model the behavior of
(1987) stress-strain

relationship which is the modified version of Popovics (1973) equation. Using experimental data,
ey proposed two equations for ultimate strain and its corresponding stress for FRP and steel

strain models for concrete

ete tensile strength can be considered assuming a linear equation with a slope equal to
modulus of elasticity of plain concrete in all aforementioned monotonic models. In addition to
aforesaid models, a custom model option was added to the program. Using “Custom Model”
functionality, users can implement and use their own model, including linear and second-order

section. “Custom Model” may include up to five
l. An example of a Custom Model for plain

or confined concrete by steel is shown in Fig. 5. This monotonic model consists of four segments;
the first and third segments are polynomial, and the second and last segments are linear.

perfectly plastic model,
Pinto model (1973)
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For steel, plastic-perfectly plastic model, Mander et al. model (1984), Esmaeily-Xiao’s model
(2005), and Menegotto-Pinto’s model (1973) were implemented in the computer application. Fig.
6 shows these four steel monotonic models. When no information about the reinforcing steel is
available except yield strength and modulus of elasticity, the plastic-perfectly plastic stress-strain
model can be used for monotonic behavior of longitudinal steel bars. Esmaeily and Xiao’s steel
monotonic model can be employed to model behavior of longitudinal reinforcement when
additional detailed information about reinforcing steel is available. Using four parameters (K1, K2,
K3 and K4), the stress-strain behavior of different type of steel can be simulated. These four
parameters are shown in Fig. 6. The yield plateau, strain hardening and softening of steel material
are taken into account in this model (Esmaeily and Xiao 2005, Esmaeily and Shirmohammadi
2014). Having steel yield strength and modulus of elasticity, when no other information is
available, the hardening and softening branch of steel monotonic model can be estimated using
proposed coefficients by Esmaeily and Xiao (2002). Based on tensile experiments of steel bars,
Esmaeily and Xiao proposed the ultimate strain (εsu) and strength (fsu) for steel to be equal to 24.9
× εsy and 1.3×fsy, respectively (Esmaeily and Xiao 2002).

Mander et al.’s model (1984) was developed as a result of a wide range of tension and
compression tests. This model takes into account the elastic behavior, yield plateau and strain
hardening of steel material. Menegotto-Pinto’s model (1973) includes a bilinear curve, the initial
line has the slope of steel modulus of elasticity up to yield strength, modeling the elastic behavior
of steel material, and the post-yield strength is defined as linear function with a slope equal to a
portion (define by parameter) of the initial part’s slope. The yield plateau characterization is
neglected in Menegotto-Pinto monotonic model.

To model uniaxial behavior of FRP, a bi-linear model was used in the computer application.
The slope of tensile and the slope of compressive branches are equal to tensile modulus and
compressive modulus of elasticity of FRP wraps, respectively.

4.2 Cyclic material models

To model the cyclic behavior of materials in a composite section, various cyclic models were
implemented in the computer application. Cyclic behavior of plain concrete can be modeled using
a linear model with a slope equal to the modulus of elasticity of concrete, or models developed by
Mander et al. (1984) and Esmaeily and Xiao (2005). For the cyclic behavior of concrete confined
by conventional lateral steel, Mander et al. and Esmaeily-Xiao cyclic rules were implemented in
the developed computer application (Fig. 7). All these cyclic models can work with any monotonic
model as an envelope curve. In Mander et al. cyclic model the unloading path follows a concave-
upward parabolic path with a zero-slope at the strain-axis. The tensile strength of concrete can be
taken into account considering a linear path with a slope of plain concrete modulus of elasticity.
Increasing strain, stress remains zero up to the last strain corresponding to the zero stress and after
that strain will grow in a linear reloading path with a slope equal to plain concrete modulus of
elasticity in the strain-axis (Mander et al. 1984). In Esmaeily-Xiao cyclic model the unloading
path follows a parabolic path, which is concave-upward and has a slope of on the envelope curve
(monotonic curve). This model may account for the tensile strength of concrete. Decreasing strain
at unloading path, the stress decreases to zero and after that if the tensile strength is ignored, stress
remains zero; otherwise, the stress will decrease to the tensile strength using a linear function with
a slop of . Increasing strain, the stress remains zero up to the latest strain corresponding to the zero
stress and then stress will increase following a concave-downward parabolic with a slope of at the
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(a) (b)

Fig. 7 Implemented confined concrete cyclic models: (a) Esmaeily-Xiao model, (b) linear model

(a) (b)

Fig. 8 Implemented steel cyclic models: (a) Esmaeily-Xiao model, (b) Menegotto-Pinto model

strain-axis (Esmaeily and Xiao 2005). Cyclic behavior of concrete confined by FRP or both lateral
steel and FRP can be modeled by a linear cyclic model with a slope equal to the modulus of
elasticity of plain concrete. Mander et al. (1984) and Esmaeily-Xiao (2005) cyclic models were
developed originally to model the cyclic behavior of concrete confined by lateral steel; however,
they can also be applied to model the cyclic behavior of concrete confined by FRP or both FRP
and lateral steel. The Esmaeily-Xiao and linear cyclic models for confined concrete are shown in
Fig. 7. In this figure, the Mander et al. confined concrete monotonic model (Mander et al. 1988) is
used as the envelope curve.

For steel, a linear model with a slope equal to the modulus of elasticity of steel, Menegotto-
Pinto’s model (1973), and Esmaeily-Xiao’s model (2005) were implemented. The Menegotto-
Pinto’s model has a bilinear backbone curve as explained earlier. The cyclic response of steel
material was defined using a non-linear equation. The shape of unloading and reloading curves are
defined by three parameters R0,a1, and a2. Because of numerical stability of this model and its
realistic predictions, this model has been used by many researchers as a base to propose new
models for steel material.

Esmaeily-Xiao hysteretic model for steel is a multi-linear model. At the reversal point, the
unloading path is a linear function with a slope equal to modulus of elasticity of steel material. The
Bauschinger effect is taken into account in this model by changing the slope of first unloading part
into a portion of steel’s modulus of elasticity beyond a certain stress (Esmaeily and Xiao 2005). To
simulate the cyclic behavior of steel material in a more realistic way, this ratio and the strain at
which the slope changing occurs are different in the second (tensile strain and compressive stress)
and fourth (compressive strain and tensile stress) quarters from their values in the first (tensile
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(a) (b) (c)

Fig. 9 Calculation of fiber’s strain under bi-axial bending

strain and stress) and third (compressive strain and stress) quarters. Using five ratios (P1, P2, P3, R1

and R2) in Esmaeily-Xiao’s model, the hysteretic behavior of steel material can be changed. Unlike
Menegotto-Pinto model, linear and Esmaeily-Xiao cyclic models can be used in conjunction with
any steel monotonic model as an envelope curve. Fig. 8 shows the Esmaeily and Menegotto-Pinto
cyclic models for steel material. In Fig. 8(a), Esmaeily-Xiao monotonic model was used as
envelope curve of Esmaeily-Xiao cyclic model. The Menegotto-Pinto cyclic model was used in
conjunction with Menegotto-Pinto monotonic model in Fig. 8(b).

5. Analysis

Since shear deformation is not modeled in the computer application, beam-column specimens
should not be shear-critical. A beam column specimen is modeled as cantilever considering fix
support at the column-footing interface. Axial force and lateral forces/displacements are assigned
to the top of column. The centroid of a composite section is calculated with respect to a global x-
and y-axis considered in the program. Considering curvature in x- and y-direction, uniaxial strain
of fibers is calculated using the following equations

si x si y siy x Dε ϕ ϕ= × − × −

( )ci x ci y ciy x Dε ϕ ϕ= − × − × −

fi x fi y fiy x Dε ϕ ϕ= × − × −

(2)

In the above equations, εsi, εci and εfi are uniaxial strain at steel bar, concrete fiber, and FRP
fiber, respectively. xi, yi, φx and φy are the location of ith fiber with respect to x- and y-axis of
global coordinate system, respectively, and is strain at the global coordinate’s centroid (Fig. 9).

When strains of all concrete and FRP fibers and longitudinal bars are calculated, stress of fibers
and bars are calculated through cyclic and monotonic models defined for each fiber or bar as
follows

( , , , , , )p p
si si si si un unSteel Cyclic Model Steel Monotonic Modelσ ε ε σ ε σ=
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( , , , , , , , )p p
ci ci ci ci un un RO ROConcrete Cyclic Model Concrete Monotonic Modelσ ε ε σ ε σ ε σ=

( , , , )p p
fi fi fi fiFRP Cyclic Model FRP Monotonic Modelσ ε ε σ=

(3)

where σsi, σci and σfi are stresses in ith steel/FRP bar, concrete fiber, and FRP fiber, respectively.
Stress in each fiber depends on the current strain (εi), previous strain and stress of that fiber (

,p p
i iε σ ), strain and stress of the last point reached on the monotonic model (εun, σun) and in

concrete fibers, also strain and stress of the last point reached in the unloading branch ( ,RO ROε σ ).

When the axial force and bending moments have stresses of all fibers and bars, the axial force
and bending moments are calculated using the following equations

A A

P dxdy dAσ σ= =∫∫ ∫ (4)

( )x

A

M y y dAσ= × −∫

( )y

A

M x x dAσ= × −∫
(5)

Using discrete fibers, the above equations can be written in the following discrete format

1 1 1

fs c
nn n

si si ci ci fi fi

i i i

P A A Aσ σ σ
= = =

= × + × + ×∑ ∑ ∑

1 1 1

( ) ( ) ( )
fs c

nn n

x si si si ci ci ci fi fi fi

i i i

M A y y A y y A y yσ σ σ
= = =

= × × − + × × − + × × −∑ ∑ ∑

1 1 1

( ) ( ) ( )
fs c

nn n

y si si si ci ci ci fi fi fi

i i i

M A x x A x x A x xσ σ σ
= = =

= × × − + × × − + × × −∑ ∑ ∑

(6)

In the above equations, Asi, Aci and Afi are the area of ith steel/FRP bar, ith concrete fiber, and ith

FRP fiber, respectively. x and y are the distance of the cross-section of beam-column specimen

centroid along x- and y-direction, respectively.

5.1 Moment-curvature analysis

Monotonic moment-curvature analysis was performed with consideration of the code-based
method and material models in the developed computer application. Code-based monotonic
moment-curvature analysis can be conducted for RC beam-columns laterally reinforced by
conventional lateral steel and longitudinally reinforced by steel bars only. However, exact
monotonic and cyclic moment-curvature analysis considering material models can be performed
for concrete beam-columns with any longitudinal and lateral reinforcement.

In code-based moment-curvature analysis, the “ACI stress-block” is used without considering
the confinement effect. In this analysis, the angle of neutral axis respect to x-axis should be given
to the computer application. The approximate code-based moment-curvature graph contains four

367



Fatemeh Shirmohammadi and Asad Esmaeily

(a) (b) (c)

Fig. 10 Curvature distributing along column height as assumed in (a) Priestley and Park and Priestley
and Park revised by Xiao’s methods, (b) Esmaeily first method, and (c) Esmaeily second method

Table 3 Implemented plastic hinge methods in the computer application

Method Plastic Hinge Length

Priestely and Park (1987) 0.08p syl L f dξ= × + × × , 0.022 (0.15 .)mm inξ =

Priestley and Park Revised by Xiao
(Esmaeily and Xiao 2002)

0.08p sl L dξ σ= × + × × , 0.022 (0.15 .)mm inξ =

Esmaeily First Method (Esmaeily and Xiao
2002) 1

yield
p

u

M
l L

M

 
= × − 

 

,
( )pu

t yield
yield

L lM

M L
ϕ ϕ

− 
= × × 

 
 

Esmaeily Second Method (Esmaeily and
Peterman 2007)

transp pcons pl l l= + ,
1 2consp p pl l l= + ,

1

12.5

0.08 12.5
p

D L D
l

L L D

≤
= 

× >

2p sl dξ σ= × × , 0.022 (0.15 .)mm inξ =

( )
2 1trans

yield
p p p

u

M
l L L l l

M
= − × + −

essential points. The first point is related to the starting point of which curvature and moment are
equal to zero. The second point is related to the “First Crack.” For a displacement control analysis,
when the curvature is changed step-by-step and moment is calculated, the bending moment drops
once a crack develops. Therefore, at the same curvature (φcr), two moments are present: the
moment before (Mcr-before) and the moment right after the crack (Mcr-before). For a force-controlled
analysis, when curvature related to a given moment is calculated at the first crack point, the
curvature jumps to a new curvature right after the first crack. Therefore, two curvatures are
present: one before and one after the first crack. The third point of the code-based moment-
curvature graph is related to “Steel Yield.” At this point, the steel bars initially yield. The last point
is related to “Ultimate Strength,” considering the code-based ultimate strength of an RC section.

In moment-curvature analysis using material models, the curvature-path along x- and y-axis is
known and the ultimate bending moment along x- and y-axis are calculated using material models.
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Having and in each step during an iterative process, the value of D is calculated to set axial force
equal to the applied axial force at the top of the beam-column specimen. Next, bending moments
along the x- and y-axis are calculated using Eq.(6). Unlike code-based moment-curvature analysis,
monotonic and also cyclic moment-curvature analysis using material models can be performed by
the developed computer application.

5.2 Force-deflection analysis

To calculate flexural deformation of an RC beam-column, two methods can be employed. In
the first method, flexural deformation analysis of an RC beam-column specimen is conducted
using the finite element approach. This approach has high computational demands, even for the
fiber element method. In Finite Element Method (FEM), the method of displacement
approximation has a definitive role in the accuracy of force-deflection results. When the curvature
of the critical section (at the bottom of the beam-column specimen) falls into the descending
branch of the moment-curvature curve, the corresponding stiffness matrix becomes negative
definite and adaptive methods (resorting trial-error) must be employed to capture force-deflection
results (Esmaeily and Xiao 2002).

In the second approach, the plastic hinge concept of the critical section (or transition area) and
a proper curvature distribution along the beam-column specimen height is employed to solve the
force-deflection problem when curvature falls into the descending branch of the moment-curvature
curve. In plastic hinge approach, column height is divided into two elastic and plastic elements.
The length of the transition area (plastic hinge length), depending on the curvature distribution
method, may or may not change during force-deflection analysis. Total displacement at the top of
a column is a summation of elastic and plastic deformation caused by elastic and plastic elements,
respectively.

In the developed computer application, the second approach was employed to perform force-
deflection analysis of an RC beam-column under constant or variable axial force and cyclic or
monotonic lateral forces/displacements. Nearly 30 plastic hinge models are available in the
litreture, of which Priestley and Park’s method (Prietley and Park 1987), Esmaeily’s first and
second method and Xiao’s method (Esmaeily and Xiao 2002) were implemented into the
windows-based computer program. Although majority of existing plastic hinge models in the
literature were developed considering uniaxial behavior of RC columns, the experimental
evidences confirm that plastic hinge length is not affected by bi-axial loading (Rodrigues et al.
2013); therefore, they are applicable even for biaxial force-deflection analysis. Priestley and Park’s
plastic hinge length depends on column height, longitudinal steel yield strength and rebar
diameter. The curvature distribution was considered to be uniform along plastic hinge length. The
axial force effect was not taken into account in this method. Later Priestly and Park plastic hinge
length was modified by Xiao (Esmaeily and Xiao 2002). In the modified version, the maximum
tensile stress at longitudinal bars is employed instead of steel yield strength. These plastic hinge
models work well for RC columns under constant axial force and monotonic lateral
force/displacement.

Esmaeily’s first plastic hinge method considered a linear distribution along transition zone or
plastic hinge length. The plastic hinge length applied in this model depends of yield moment and
moment at critical section at each step of loading. Therefore, axial force effect and cyclic and
monotonic behavior of all materials are taken into account in calculation of plastic hinge length.
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Fig. 11

Esmaeily’s first plastic hinge length may increase by decreasing the ratio of yield moment to
moment of critical section. It should
at column footing; thus, it cannot be decreased after formation (Esmaeily and Xiao 2002).

In Esmaeily’s second plastic hinge method, the transition zone is divided into two parts. The
curvature distribution along the closer part to the critical section is assumed to be uniform. The
length of this part is constant and equal to the section depth for columns with a high to depth ratio
of less than 12.5; otherwise, it is equal to 0.08×L where L is t
distribution along the second part is assumed to be linear and its length depends of the existing
axial force and lateral force. Esmaeily’s first and second methods yield more accurate results
compared to the Priestley and P
columns under variable axial force and cyclic lateral force/displacement (Esmaeily and Xiao
2002). The curvature distribution along the column height as assumed in the aforesaid methods, is
shown in Fig. 10 and their formulation is summarized in Table 3.

The developed computer application is also capable of conducting bi
analysis. The axial load and lateral forces/displacements are applied at the top of column. For each
combination of axial force and lateral displacement in the “x” and “y
iterations for D, φx and φy, axial force and lateral displacements are set to the applied values. The

Fatemeh Shirmohammadi and Asad Esmaeily

Fig. 11 Force-deflection analysis flowchart

Esmaeily’s first plastic hinge length may increase by decreasing the ratio of yield moment to
moment of critical section. It should be noted that plastic hinge length simulates the severe damage
at column footing; thus, it cannot be decreased after formation (Esmaeily and Xiao 2002).

In Esmaeily’s second plastic hinge method, the transition zone is divided into two parts. The
distribution along the closer part to the critical section is assumed to be uniform. The

length of this part is constant and equal to the section depth for columns with a high to depth ratio
of less than 12.5; otherwise, it is equal to 0.08×L where L is the column height. The curvature
distribution along the second part is assumed to be linear and its length depends of the existing
axial force and lateral force. Esmaeily’s first and second methods yield more accurate results
compared to the Priestley and Park and Priestley and Park-Revised by Xiao methods for RC
columns under variable axial force and cyclic lateral force/displacement (Esmaeily and Xiao
2002). The curvature distribution along the column height as assumed in the aforesaid methods, is

Fig. 10 and their formulation is summarized in Table 3.
The developed computer application is also capable of conducting bi-axial force

analysis. The axial load and lateral forces/displacements are applied at the top of column. For each
tion of axial force and lateral displacement in the “x” and “y-direction” using two sets of

, axial force and lateral displacements are set to the applied values. The

Esmaeily’s first plastic hinge length may increase by decreasing the ratio of yield moment to
be noted that plastic hinge length simulates the severe damage

at column footing; thus, it cannot be decreased after formation (Esmaeily and Xiao 2002).
In Esmaeily’s second plastic hinge method, the transition zone is divided into two parts. The

distribution along the closer part to the critical section is assumed to be uniform. The
length of this part is constant and equal to the section depth for columns with a high to depth ratio

he column height. The curvature
distribution along the second part is assumed to be linear and its length depends of the existing
axial force and lateral force. Esmaeily’s first and second methods yield more accurate results

Revised by Xiao methods for RC
columns under variable axial force and cyclic lateral force/displacement (Esmaeily and Xiao
2002). The curvature distribution along the column height as assumed in the aforesaid methods, is

axial force-deflection
analysis. The axial load and lateral forces/displacements are applied at the top of column. For each

direction” using two sets of
, axial force and lateral displacements are set to the applied values. The
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Fig. 12 Sample output form of force-deflection analysis

force-deflection analysis of a section under constant or variable axial force and cyclic or
monotonic lateral displacement can be conducted using the aforesaid plastic hinge models
implemented in the developed computer application. A simplified flowchart for force-deflection
analysis of a RC column under axial force and bi-axial lateral displacement is shown in Fig. 11.
Fig. 12 shows a sample output form of the developed windows-based computer application for
force-deflection analysis.

5.3 Axial force-bending moment interaction surface

Three types of axial force-moment interaction 3D surface of a reinforced concrete section can
be conducted using the developed computer program. In the first type, called as code-based axial
force-moment interaction 3D surface, axial force-moment analysis is performed considering the
ACI stress-block concept without considering the confinement effect applied by the lateral
reinforcement. Compressive strain in the extreme concrete fiber is assumed to be equal to 0.003.
Considering a specific angle for neutral axis with respect to the x-axis, for each level of axial force
through an iteration process, curvature along the neutral axis is changed to converge to a curvature
resulting in the considered axial force. When curvature is changed, the strain at the global
coordinate’s centroid is changed to keep the strain at the extreme compressive concrete fiber equal
to 0.003. The code-based axial force-moment analysis can be performed only for concrete sections
reinforced laterally by lateral steel reinforcement and longitudinally by steel bars.

The second type of axial force-moment interaction surface is calculated considering material
models selected by user for plain concrete, confined concrete, reinforcing steel and FRP. This type
of interaction surface can be calculated for concrete section confined by conventional steel
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(a) (b)

Fig. 13 (a) Sinusoidal, (b) Triangular axial force loading pattern

(tie/spiral), FRP wraps or both FRP wraps and conventional steel. Strain at the extreme
compressive fibers is assumed to be constant and can be defined by user.

The third type of interaction 3-D surface was called axial force-bending moment interaction
failure surface in the literature. In the literature, four techniques have been employed to construct
the 3-D failure surface of a composite section: (i) interaction curve considering constant or
variable ratio of curvature along x- and y-axis (constant neutral axis orientation), (ii) interaction
curve for a given ratio of bending moment in x- and y-direction, (iii) bending moment constant for
a constant given axial force, and (iv) generation of triplets stress resultant extending an oriented
strength line (Charalampakis and Koumousis 2008). The first technique (constant neutral axis
orientation) was utilized in the developed computer application.

In various algorithms developed by researchers to calculate failure surface, the ultimate
moment capacity of an RC section is defined as the maximum moment in monotonic moment-
curvature analysis considering constant axial force (not considering the loading pattern of axial
force). However, columns exposed to a dynamic excitation are subjected to a loading pattern in
combined, but non-proportional lateral and axial directions. The importance of considering the
axial force loading pattern when calculating bending capacity of an RC section is more
pronounced in columns of structures located in near-fault regions (Saadeghvaziri and Foutch 1991,
Lee et al. 2009, Shirmohammadi 2015).

The developed computer application is capable of generating the failure surface of a composite
section using proper material models with or without considering the axial force loading pattern.
To calculate the failure surface of a section while considering the axial force loading pattern for a
specific neutral axis orientation and axial force level (P), a moment-curvature analysis is
performed considering the pattern of axial force against curvatures along x- and y-directions, and
the maximum moment was selected as the ultimate capacity of the section in that level of axial
force. The axial force loading pattern includes a number of points with various curvature along the
x- and y-axis and axial force coefficient (φx, φy, ac). The axial force coefficient (ac) for any
combination of x- and y- curvature cannot exceed 1.0, meaning that the maximum compressive
axial force (ac×P) in that pattern is equal to the specified level of axial force (P). The axial force
coefficient may consider more than -0.1, meaning that the maximum tensile axial force capacity of
the section should not be considered more than 0.1×P. A sinusoidal and triangular axial force
loading patterns are shown in Fig. 13.

6. Validations examples

In this section the performance and applicability of the developed computer application are
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(a) (b)

Fig. 14 Geometry and reinforcement of the specimen TP-36; (a) Elevation, (b) Cross-section

presented through four examples, in which the analytical results by the program are compared to
the experimental results from tests conducted on the respected specimen. The first example
investigates the accuracy of the computer application to predict the moment-curvature response of
a reinforced concrete section. In the second and third validation examples, the performance of the
computer application in predicting the force-deflection response of two columns with their
respected cross-sections is illustrated. Finally, the fourth test investigates the capability of the
computer application in constructing the failure surface of a square section as well as the
interaction curves using the ACI stress-block concept.

6.1 Moment-curvature analysis

The developed windows-based computer application was employed to conduct the moment-
curvature analysis of a hollow square cross-section. The hollow square section, as shown in Fig.
14 has width of 400 mm (15.748 in.), cover width of 50 mm (1.97 in.), and hole width of 200 mm
(7.874 in.). Cylinder strength of concrete was 29.7 MPa (4.05 ksi). The column specimen was
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Fig. 15 Comparison of analytical and experimental moment-curvature response curves for the hollow
square cross-section (TP-36)

reinforced longitudinally with 24 No. 13 (24 #4) Grade SD295A (yield strength was 374 MPa
(54.24 ksi)), giving the specimen a longitudinal ratio of 2.53%. The longitudinal steel rebar
arrangement is shown in Fig. 14. The transverse reinforcing steel was Grade SD295A with yield
strength of 363 MPa (52.64 ksi). The lateral reinforcement was a No. 6 (#2) with a center-to-center
spacing of 100 mm (3.93 in.), giving the specimen volumetric lateral reinforcement of 1.23%.

The column specimen was tested under constant axial force of 230 kN (51.71 kips) and cyclic
uniaxial lateral force. The bending moment and curvature were measured at the column footing.
Additional details regarding experimental setup are presented in Ref. (Kawashima et al. 2001).

To model the monotonic behavior of concrete fibers located in the cover and core concrete, the
Mander et al. model (1988) for unconfined and confined concrete was employed, respectively.
Mander et al.’s model was developed for circular and rectangular cross-sections without a
hole/opening. To use this model to simulate monotonic behavior of confined concrete in a
rectangular section with a hole/opening, an equivalent rectangular section without an opening was
considered. Dimensions of the equivalent rectangular section were similar to the original section;
however, only the outer layer of longitudinal and lateral reinforcement original section were
considered as longitudinal and lateral reinforcement of equivalent section. The maximum strength,
ultimate strain, and fracture strain of confined concrete in the hollow rectangular section was
calculated considering the equivalent rectangular section in Mander et al.’s model (1988). The
tensile strength for confined and unconfined concrete was assumed to be 10% of the plain concrete
compressive strength. Linear cyclic behavior with a slope of plain concrete modulus of elasticity
was considered for unconfined and confined concrete fibers.
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Fig. 16 Oval cross-section (TP-9)

Fig. 17 Comparison of analytical and experimental force-deflection response curves for oval section

To model the cyclic and monotonic behavior of longitudinal steel bars, the Menegotto-Pinto’s
model (1973) was used. The monotonic curve backbone coefficient (b) in Menegotto-Pinto’s
model was set to 0.01. Cyclic parameters R0, a1 and a2 were considered 2.0, 2.0, and 0.09,
respectively.

Experimental and calculated moment-curvature curves at the bottom of the column specimen
are shown in Fig. 15. As demonstrated in the figure, great agreement exists between experimental
data and analytical results calculated by the developed windows-based computer application.

6.2 Force-deflection analysis

6.2.1 Reinforced concrete section under axial force and uniaxial lateral force
The developed fiber-based computer application was employed for force-deflection analysis of
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(a) (b)

Fig. 18 Comparison of analytical force-deflection with experimental data for specimen PB12-N15 in (a)
x-, and (b) y-direction under expanding square path (Shirmohammadi and Esmaeily 2015)

(a) (b)

Fig. 19 Comparison of analytical force-deflection with experimental data for specimens PB12-N16 in (a)
x-, and (b) y-direction under expanding circular path (Shirmohammadi and Esmaeily 2015)

an oval section (TP-9) under constant axial force and uniaxial cyclic lateral force, tested by
Fujikura et al. (1998). Geometrical properties of the oval section are shown in Fig. 16 in SI and
imperial systems (numbers in parenthesis are in the imperial system). The column specimen was
reinforced longitudinally with 38 No. 10 (38 #3) Grade SD295, giving the specimen a longitudinal
ratio of 0.83%. The longitudinal steel rebar arrangement is shown in Fig. 16. The lateral
reinforcement was provided using No. 6 (#2) with a center-to-center spacing of 150 mm (5.905

-1 -0.5 0 0.5 1

-15

-10

-5

0

5

10

15

-66

-44

-22

0

22

44

66

-25.4 -12.7 0 12.7 25.4

Displacement-X (in.)

L
at

er
al

fo
rc

e
in

X
d

ir
ec

ti
on

(k
ip

)

L
at

er
al

F
or

ce
in

X
d

ir
ec

ti
on

(k
N

)

Displacemnet -X (mm)

Experiment

Analytical

-1 -0.5 0 0.5 1

-15

-10

-5

0

5

10

15

-66

-44

-22

0

22

44

66

-25.4 -12.7 0 12.7 25.4

Displacement-Y (in.)

L
at

er
al

fo
rc

e
in

Y
d

ir
ec

ti
on

(k
ip

)

L
at

er
al

F
or

ce
in

Y
d

ir
ec

ti
on

(k
N

)

Displacemnet-Y (mm)

Experiment

Analytical

-1.5 -0.75 3E-15 0.75 1.5

-15

-10

-5

0

5

10

15

-66

-44

-22

0

22

44

66

-38 -19 0 19 38

Displacement-X (in.)

L
at

er
al

fo
rc

e
in

X
d

ir
ec

ti
on

(k
ip

)

L
at

er
al

F
or

ce
in

X
d

ir
ec

ti
on

(k
N

)

Displacemnet -X (mm)

Experiment

Analytical

-1.5 -0.75 3E-15 0.75 1.5

-15

-10

-5

0

5

10

15

-66

-44

-22

0

22

44

66

-38 -19 0 19 38

Displacement-Y (in.)

L
at

er
al

fo
rc

e
in

Y
d

ir
ec

ti
on

(k
ip

)

L
at

er
al

F
or

ce
in

X
d

ir
ec

ti
on

(k
N

)

Displacemnet -Y (mm)

Experiment

Analytical

376



Software for biaxial cyclic analysis of reinforced concrete columns

in.), giving the specimen volumetric lateral reinforcement of 0.9%. The cylinder strength of
concrete (fc′0) was 22.7 MPa (3.292 ksi) and the yield strength of longitudinal and lateral steel was
379 MPa (54.97 ksi) and 380 MPa (55.114 ksi), respectively. This oval section was under constant
axial force of 160 kN (35. 97 kips) and lateral uniaxial force in x-direction. Additional details
regarding experimental setup are presented in Fujikura et al. (1998).

To model the behavior of confined concrete, Mander et al.’s model and linear cyclic model
were used as monotonic and cyclic rules, respectively. The ultimate strain and stress and fracture
strain of confined concrete in oval section were calculated considering only one of the circular
hoop in the oval section as an equivalent section. Diameter of the equivalent cross section is equal
to width of oval section (400 mm (15.748 in.)) and it is reinforced longitudinally and laterally
using 14 No. 10 (14 #3) and No. 6 @ 150 mm (#2 @ 5.905 in.).

For plain concrete (located at the cover), Mander et al.’s monotonic model and linear cyclic
model were employed. The Menegotto-Pinto monotonic and cyclic models modeled the behavior
of longitudinal reinforcement. The monotonic curve backbone coefficient (b) in Menegotto-Pinto’s
model was set to 0.01. Cyclic parameters R0, a1 and a2 were considered 2.0, 2.0, and 0.09,
respectively. Esmaeily’s first plastic hinge method (Esmaeily and Xiao 2005) was employed as
curvature distribution along the specimen height. As shown in Fig. 17, fiber-based analysis was
able to predict cyclic force-deflection of the oval section with reasonable accuracy.

6.2.2 Reinforced concrete section under axial force and bi-axial lateral forces
The second example of force-deflection analysis is related to bi-axial analysis of specimens

PB12-N15 and PB12-N16 from Rodrigues et al.’s (Rodrigues et al. 2012) experimental work. In
Rodrigues et al. (2012) experimental studies, specimens PB12-N15 and PB12-N16 were tested
under expanding square and circular displacement paths, respectively, and constant axial force at
approximately 10% of their theoretical axial capacity (theoretical axial capacity of an RC section
is equal to P0=Ag×fc′0, where P0, fc′0 and Ag are theoretical axial capacity, plain concrete
compressive strength, and gross cross-section area, respectively). These two specimens had a
square cross-section with dimension of 300 mm (11.81 ksi) and were reinforced longitudinally
using eight No. 12 bars in European standard (No. 12 bar diameter is 12 mm (0.472 in.)), giving
the specimen a longitudinal ratio of 1.01%. Lateral reinforcement was provided by No. 6 bars in
European standard with a step of 150 mm (5.9 in.) (No. 6 bar diameter is 6 mm (0.236 in.)), giving
the specimen volumetric lateral reinforcement of 0.21%. The cylinder strength of concrete (fc′0)
was 21.57 MPa (3.13 ksi). The steel reinforcement grade in the longitudinal and lateral direction
was A400NR-SD (European standard).

Monotonic behavior of longitudinal bars was modeled using an idealized bi-linear model.
Since, no information was available about the monotonic curve of reinforcing steel material, as
recommended by Esmaeily and Xiao (2002), the ultimate strain (εsu) and strength (fsu) for steel was
considered to be 24.9×εsy and 1.3×fsy, respectively. The linear model was used to model cyclic
behavior of longitudinal bars with linear unloading-reloading stiffness.

For confined and unconfined concrete fibers, Mander et al.’s model (1988) for confined and
unconfined concrete was used, respectively. Cyclic behavior of concrete fibers was considered
linear with a slope equal to the modulus of elasticity of plain concrete. Priestly and Park plastic
hinge method (1987) was employed as curvature distribution along the specimen height.

Experimental and analytical force-deflection curves of specimens PB12-N15 and PB12-N16
are shown in Fig. 18, and Fig. 19, respectively. As demonstrated in these figures, predicted results
are in good agreement with experimental data.
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Fig. 20 Failure curves for square section

Fig. 21 Failure-surface of square section

6.3 Axial force-bending moment interaction curves

The axial force-bending moment failure surface was constructed for a square cross-section
beam-column specimen with a dimension of 400 mm (15.75 in.). The square cross-section was
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Fig. 22 Axial force-bending moment interaction surface

Fig. 23 Axial force-bending moment interaction surface

reinforced longitudinally using 20 No. 13 (20 #4), giving the specimen a longitudinal ratio of
1.58%. Lateral reinforcement was provided by No. 6 (#2) steel rebar with lateral spacing of 70 mm
(2.75 in.), giving the specimen volumetric lateral reinforcement of 0.57. Cylinder strength of
concrete was 35.9 MPa (5.207 ksi) and yield strength of longitudinal and lateral steel was 363
MPa (52.65 ksi) and 368 MPa (53.37 ksi), respectively.

The actual interaction curves and failure surface of the square section are demonstrated in Fig.
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20 and Fig. 21, respectively. To construct these plots, Mander et al.’s confined and unconfined
concrete models were used to model the behavior of confined and unconfined concrete fibers. The
Menegotto-Pinto model was applied in order to model cyclic and monotonic behavior of
longitudinal steel bars. Monotonic (b) and cyclic coefficients (R0, a1, a2) in Menegotto-Pinto’s
model were considered 0.01, 2.0, 2.0, and 0.09, respectively.

In addition to actual failure surface, the axial force-bending moment interaction 3D surface of
the square section was calculated considering the ACI-stress block method (ACI 318-11). In Fig.
22 and Fig. 23, the red and blue dots are related to the ACI-interaction surface with consideration
of reduction factors and ACI-interaction surface without reduction factors.

7. Conclusions

A windows-based computer application was developed to analyze the behavior of RC columns
subjected to various loading scenarios using fiber-based method. A number of monotonic material
models and cyclic (hysteresis) rules for stress-strain relationship of the material, developed by the
authors and adopted from the literature were implemented in the computer application. Since the
developed computer application utilizes triangular meshing, column’s cross-section can have any
arbitrary shape. Monotonic and cyclic rules of materials can be unconditionally complex. The
developed windows-based computer application can be used for:

• Construction of 3D axial force-bending moment interaction surface for RC columns with
conventional lateral steel reinforcement using the American Concrete Institute (ACI) stress-block
(code-based),

• Construction of axial force-bending moment interaction surface using proper material models
for RC columns laterally reinforced by steel, FRP or steel and FRP assuming constant strain at
extreme compressive fiber,

• Construction of real axial force-bending moment failure surface considering proper material
models for RC columns laterally reinforced by steel, FRP or steel and FRP with or without
considering the axial force loading pattern. The ultimate moment capacity of an RC section is
defined as the maximum moment in monotonic moment-curvature analysis with constant or
variable axial force,

• Moment-curvature analysis for RC columns with conventional lateral steel reinforcement
considering ACI stress-block (code-based),

• Biaxial moment-curvature analysis considering proper material models under any pattern of
curvature in the two lateral directions and arbitrary axial load pattern,

• Biaxial force-deflection analysis using proper material models and plastic hinge method under
any pattern of lateral displacement in the two lateral directions and an arbitrary axial load pattern.

The accuracy of calculated results by the developed computer application was assessed through
some validation examples in which the analytical predictions were compared to the experimental
results. The calculated results show a close agreement with the experimental data. The effect of
loading pattern of axial and lateral forces in the two lateral directions on the response of concrete
columns confined by conventional lateral steel reinforcement or FRP or both lateral steel and FRP
can be captured using proper monotonic and cyclic material models and assumption on curvature
distribution along the column height. In addition, the accuracy of the existing monotonic and
cyclic material models and curvature distribution assumption (plastic hinges methods) can be
assessed through various types of analysis when the experimental data is available.
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Notations

A= cross-section area

ciA = area of thi concrete fiber

fiA = area of thi FRP fiber

gA =gross cross-sectional area

shxA = total cross-sectional area of transverse bars perpendicular to x-axis

shyA = total cross-sectional area of transverse bars perpendicular to y-axis

siA = area of thi steel bar

spA = area of transverse reinforcement bar

1a = Menegotto-Pinto cyclic model first coefficient

2a = Menegotto-Pinto cyclic model second coefficient

b =Menegotto-Pinto monotonic backbone coefficient

cb = width of core concrete between tie for rectangular section

xc = side dimension of concrete core parallel to x-axis

yc = side dimension of concrete core parallel to y-axis

d = diameter of circular column

D = strain at the global coordinate’s centroid

cd = diameter of core concrete between tie or spiral bar for circular section and height of core

concrete between tie for rectangular section

1E =initial stiffness in stress-strain model

2E =secondary stiffness in stress-strain model

cE = modulus elasticity of concrete

frpE = modulus of elasticity of FRP

secE = tangent modulus of elasticity of the concrete

cf = axial stress in concrete
'
0cf = maximum axial compressive strength of unconfined concrete
'

ccf = compressive strength of confined concrete

cuf = axial stress in concrete corresponding to complete formation of failure plane

csf = compressive stress of confined concrete at yielding of steel spiral

hccf = stress in transverse reinforcement steel at the maximum strength of confined concrete
'

lf = effective lateral confining pressure

lff = normal lateral pressure caused by FRP reinforcement

lsf = normal lateral pressure caused by transverse steel reinforcement applied to the concrete core

syf =yield strength of steel material

383



Fatemeh Shirmohammadi and Asad Esmaeily

suf =ultimate (maximum) strength of steel material

tf = axial stress at the boundary point of the first and second region in which the jacket begins to

be fully activated in Youssef et al.’s model

0f = intercept or reference stress in axial direction

yhf = yield strength of transverse reinforcement

xF = lateral force in x-direction

yF = lateral force in y-direction

1k = stress coefficient, which is a function of concrete mix and lateral pressure caused by transverse

reinforcement

2k = strain coefficient, which is a function of concrete mix and lateral pressure caused by

transverse reinforcement

1K to 4K =parameters for monotonic stress-strain relationship of steel in Esmaeily-Xiao’s model

ek = effective lateral confining coefficient

sk = transverse steel reinforcement confinement coefficient

cr afterM − = bending moment right after developing first crack in concrete

cr beforeM − = bending moment right before developing first crack in concrete

xM = bending moment along x-axis

xyM = yield moment along x-axis

yM = bending moment along y-axis

yyM =yield moment along y-axis

uxM =moment at critical section along x-axis

uyM =moment at critical section along y-axis

n= curve-shape parameter in axial direction

cn = number of concrete fibers

fn = number of FRP fibers

sn = number of steel bars

P= applied axial force

0P = theoretical axial capacity of a section

1P to 3P =parameters in hysteretic stress-strain model of steel (for stress level)

r = ratio of modulus of elasticity

0R = Menegotto-Pinto cyclic model coefficient

1R and 2R =parameters in hysteretic stress-strain model of steel (for stiffness change)

s = center-to-center spacing or pitch of spiral or circular hoop
's = clear spacing of circular hoop, spiral, or rectangular tie

t = total thickness of FRP wraps
'
iw = thi clear distance between adjacent longitudinal bars
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x = centroid of cross-section with respect to the x-axis of global coordinate

cix = location of thi concrete fiber with respect to global y-axis

fix = location of thi FRP fiber with respect to global y-axis

six = location of thi steel bar with respect to global x-axis

y = centroid of cross-section with respect to the y-axis of global coordinate

ciy = location of thi concrete fiber with respect to global y-axis

fiy = location of thi FRP fiber with respect to global y-axis

siy = location of thi steel bar with respect to global y-axis

cε = axial strain in concrete

50C Uε = strain at which the stress drops to 50% of the peak strength of unconfined concrete

50C Cε = strain at which the stress drops to 50% of the peak strength of confined concrete

ccε = corresponding strain of maximum stress of confined concrete

ciε = axial strain at thi concrete fiber

p
ciε = previous axial strain of thi concrete fiber

0cε = axial strain in unconfined concrete corresponding to '
0cf

csε = compressive strain of confined concrete at yielding of steel spiral

cuε =ultimate strength of confined concrete

fiε = axial strain at thi FRP fiber

p
fiε = previous axial strain of thi FRP fiber

frpε = tensile rupture strain of FRP

jtε = FRP jacket strain at transition from first to second region in Youssef et al.’s model

ROε = strain of the last point reached in unloading branch

siε = axial strain at thi steel bar

p
siε = previous axial strain of thi steel bar

syε =yield strain of steel material

suε =ultimate strain of steel material

tε = axial strain at the boundary point of the first and second region in which jacket begins to be

fully activated in Youssef et al.’s model

unε = strain of the last point reached on the monotonic model

σ = axial stress

ciσ = axial stress of thi FRP concrete

p
ciσ = previous axial stress of thi concrete fiber

fiσ = axial stress of thi FRP fiber
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p
fiσ = previous axial stress of thi FRP fiber

ROσ = stress of the last point reached in unloading branch

sσ =stress of steel

siσ = axial stress of thi steel bar

p
siσ = previous axial stress of thi steel bar

unσ = stress of the last point reached on the monotonic model

sρ = ratio of the volume of transverse confining steel to the volume of confined concrete core

ccρ = ratio of area of longitudinal reinforcement to area of core of section

crϕ =curvature when first crack develops in concrete

uϕ = curvature at critical section

uxϕ = curvature at critical section along x-axis

uyϕ = curvature at critical section along y-axis

xϕ = curvature along x-axis

yϕ = curvature along y-axis

∆ =total displacement

x∆ =displacement in x-direction

x try−∆ =trial displacement in x-direction

xy∆ =yield displacement in x-direction

try∆ =trial total displacement

y∆ =displacement in y-direction

y try−∆ = trial displacement in y-direction

yy∆ = yield displacement in y-direction

386


	5.CAC40434W-1 (갤리중).pdf
	5.CAC40434W-2 _갤리중.pdf
	5.CAC40434W-3 _갤리중_.pdf



