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Abstract.  Strut-and-tie model (STM) has been recommended by many codes and standards as a rational 
model for discontinuity regions in structural members. STM has been adopted in ACI building code for 
analysis of reinforced concrete (RC) deep beams since 2002. However, STM recommended by ACI 318-11 
is only applicable for analysis of ordinary RC deep beams. This paper aims to develop the STM for CFRP 
strengthened RC deep beams through the strut effectiveness factor recommended by ACI 318-11. Two sets 
of RC deep beams were cast and tested in this research. Each set consisted of six simply-supported 
specimens loaded in four-point bending. The first set had no CFRP strengthening while the second was 
strengthened by means of CFRP sheets using two-side wet lay-up system. Each set consisted of six RC deep 
beams with shear span to effective depth ratio of 0.75, 1.00, 1.25, 1.50, 1.75, and 2.00.The value of strut 
effectiveness factor recommended by ACI 318-11 is modified using a proposed empirical relationship in this 
research. The empirical relationship is established based on shear span to effective depth ratio. 
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Symbols 

 

a: shear span of deep beam (mm) 

d: effective depth of deep beam (mm)  

Pu-ordinary: ultimate shear strength of ordinary RC deep beam from the test (kN) 

Pu-CFRP: ultimate shear strength of CFRP strengthened RC deep beam from the test (kN) 

I:  increase ratio; (Pu-CFRP-Pu-ordinary)/Pu-ordinary  

cf  : specified concrete compressive strength (MPa) 

cef : effective compressive strength of strut (MPa) 
 : strut effectiveness factor 

 
 
1. Introduction 

 
The behaviour of reinforced concrete (RC) deep beam has been the topic of interest among 
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researchers since the last two decades. The increasing applications of RC deep beam in offshore 

structures, tall building, and foundation have made deep beam an important member of 

construction industry (Azam and Soudki 2012, Campione and Minafò 2012, Kim et al. 2011, Lee 

et al. 2011, Mohammadhassani et al. 2011, Mohammadhassani et al. 2012, Pal and Deswal 2011, 

Zhang and Tan 2010). There are many codes and standards which define deep beam according to 

the value of shear span-depth ratio (AASHTO 2012, ACI 2011, AS3600 2009, CAN/CSA-S6-06 

2006, CSA-A23.3-04 2005, DIN 2001, Eurocode2 2005, NZS 2006). In this research, definition of 

deep beam based on ACI 381-11 is the major concern. The regions of beam with concentrated 

loads within twice the member depth from the support are considered as deep beam in ACI 318-11. 

However, ACI 318-11 emphasises that the forgoing region must be loaded on one face and 

supported on the opposite face (ACI 2011). This is because the strut is developed between the 

loads and supports. Hence, the strut and its effectiveness factor are the main focus of this study. 

Apart from the wide application of RC deep beam in building and construction, there is still an 

issue needed to be addressed regarding the ultimate shear strength of RC deep beam. According to 

the prior research addition of web reinforcement beyond the minimum amount in RC deep beam 

provides only a marginal strength increase (Islam et al. 2005). It reflects the importance of external 

strengthening of RC deep beam using advance material. 

Strengthening and repair of concrete structures with carbon fibre reinforced polymer (CFRP) 

has become a focus among researchers since the last decade (Abdelouahed 2006, Dias and Barros 

2011, Ha et al. 2013, Krour et al. 2013, Panjehpour et al. 2011; Panjehpour et al. 2012). The 

properties of having high tensile strength and low weight, being corrosion-resistant, and bringing 

ease of installation make CFRP a competitive material against the steel (Al-Safy et al. 2013, Al-

Zubaidy et al. 2012). For strengthening purpose, some researchers believe that steel material will 

be replaced by CFRP, for its unrivalled properties in the future mass production (Ueda et al. 2012). 

Application of CFRP in different forms of sheet, plate, and bar in RC beams has grown in 

importance in light of groundbreaking research conducted on this topic from different aspects (Ha 

et al. 2008, R. He et al. 2013, Sayed Ahmad et al. 2011, Sharbatdar et al. 2011, Tounsi and 

Benyoucef 2007, Tounsi et al. 2009). 

The application of CFRP for strengthening of RC beams is on the increase (Ahmed and Sobuz 

2011, Anil et al. 2012, Bulut et al. 2011, Hawileh et al. 2011, Jnaid and Aboutaha 2013, Panda et 

al. 2013, Shrestha et al. 2013). Hence several attempts have hitherto been made to propose a 

method for the prediction of ultimate strength of CFRP strengthened RC beams (Benyoucef et al. 

2007, Rizzo and De Lorenzis 2009). Nonetheless, no research has yet been proposed a method for 

prediction of shear strength of CFRP strengthened RC deep beams. Therefore, a rational method is 

needed to predict the shear strength of CFRP strengthened RC deep beam for design purposes. 

Strut-and tie model (STM) has been recommended as a rational approach for analysis of 

discontinuity-region (D-region) in many codes and standards (AASHTO 2012, ACI 2011, AS3600 

2009, CAN/CSA-S6-06 2006, DIN 2001, Eurocode2 2005). The behaviour of strut in D-region is 

the main focus of researchers regarding the STM (Amini et al. 2013, Li and Tran 2012). Numerous 

studies have been conducted on STM from various conceivable angles (Bruggi 2009, He and Liu 

2010, Khalifa 2012, Kwak and Noh 2006, Panjehpour et al. 2012, Panjehpour et al. 2012, Perera 

and Vique 2009, Tjhin and Kuchma 2007, Zhang and Tan 2007). ACI 318-11 in the section 

R11.7.2 has recommended the STM for design of deep beam regardless of how it is loaded and 

supported (ACI 2011). However, the ACI building code had recommended a simple equation for 

analysis and design of deep beam in the 1999 and earlier codes. It implies the applicability of STM 

for design and analysis of deep beam with respect to nonlinear behaviour of deep beam. 
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This study lays emphasis on the behaviour of strut among three main parts of STM; strut, tie, 

and node. Strut crossed by cracks inclined to the axis of the strut are weakened by the cracks 

(Wight and Macgregor 2009). The compressive strength of strut is reduced due to softening 

behaviour of concrete while RC deep beam is under the loading. The amount of reduction of strut 

compressive strength; along its centreline; is presented by strut effectiveness factor which is the 

main concern of this research. The recommended strut effectiveness factor by ACI 318-11 is 

defined as 0.85ßs. The struts located such that the width of the midsection of the strut is larger than 

the width at the nodes is considered as bottle-shaped strut in ACI 318-11. The value of ßs for 

bottle-shaped strut is recommended as 0.75 (ACI 2011). Crucially, the bottle-shaped strut is 

considered in this study for the experimental simple supported RC deep beams. 

Recent developments in CFRP strengthening of RC structural members have heightened the 

need for rational methods and models for design purposes of the forgoing members. So far, no 

research has been conducted to propose a rational method or model for prediction of shear strength 

of CFRP strengthened RC deep beams for design purposes. Therefore, the main purpose of this 

study is to develop the STM for prediction of shear strength of RC deep beams strengthened with 

CFRP sheet through the strut effectiveness factor recommended by ACI 318-11. Hence, the 

experimental programme in this research aims to assess the effect of CFRP strengthening of RC 

deep beam on the value of strut effectiveness factor in STM. The scope of current research is 

confined to the CFRP strengthened RC deep beams using one layer of unidirectional CFRP sheet 

on two sides of beams. 

 

 
2. Experimental program 
 

In this experimental programme, the key variable was shear span to effective depth ratio (a/d) 

ranging from 0.75 to 2.00. The experimental specimens consisted of two groups of RC deep beams. 

The former group comprises six ordinary RC deep beams which have a/d of 0.75, 1.00, 1.25, 1.50, 

1.75, and 2.00. The latter group comprises six RC deep beams with the same properties of former 

group which were strengthened by means of CFRP sheets with two-side wet lay-up system. The 

CFRP sheets fully covered the shear span of each beam on both sides. The two-side strengthening 

system was selected in this research among the three common methods of CFRP strengthening of 

beams: two-side, U-jackets, and Full wrapping. This is because the two-side strengthening is more 

common and applicable in construction industry for its ease of installation. However, two-side 

installation system does not provide the anchorage for CFRP sheet, unlike U-jacket and full 

wrapping installation systems. Therefore, this experimental programme aims to investigate and 

assess the effect of CFRP sheet strengthening without anchorage on the behaviour of inclined RC 

strut in deep beams. 

 
2.1 Details of deep beams 
 

A total of 12 RC deep beams with a rectangular cross section were designed and manufactured 

in this research. Dimension of all RC deep beams were as follows: a width of 140 mm, overall 

depth of 350 mm, and longitudinal length of 1840 mm as illustrated in Fig. 1. Nine deformed steel 

bars with a diameter of 16 mm were placed in three layers at the bottom of the deep beams as the 

flexural reinforcement. The steel bars were welded to 10 mm thick steel plates at both ends of the 

RC deep beams to provide an adequate anchorage capacity. Two anchorage steel plates covered the 
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width of RC deep beams fully at both ends in height of 120 mm as shown in Fig. 1. 

Web reinforcement consisted of vertical and horizontal deformed bars; in form of mesh; with 

spacing of 100 mm were provided according to the requirement of ACI 318-11 in section 11.7.4.2. 

This reinforcement satisfied the required minimum amount of web reinforcement recommended by 

ACI 318-11 (ACI 2011). Additional steel reinforcements were placed under the load plates and 

atop the support plates to prevent any premature local failure. The transverse reinforcement is not 

shown in Fig. 1 to avoid disordering. 

 
2.2 Strengthening materials and methods 

 

The RC deep beams were cast using single supply of ready-mixed concrete. The tensile 

strength of the reinforcing steel bars (T16) from the ultimate tensile strength test according to 

ASTM-E8 was 440 MPa while the cylindrical compressive and splitting tensile strengths of 

concrete were 37.02 MPa and 3.31 MPa respectively. The properties of CFRP sheets and epoxy 

used to bond the CFRP sheets on the concrete surface are listed in Table 1.The CFRP sheets and 

epoxy used in this study were provided by Sika Company with product data sheet of sikadur-330 

and sikaWrap-230. One layer of unidirectional woven carbon fibre fabric having thickness of 0.111 

mm/ply with two-part epoxy impregnation resin were utilised to strengthen the RC deep beams  

 

 

 

Fig. 1 Beam cross section and reinforcement details for the half of beam length 

 

 

Fig. 2 Experimental test rig 
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Table 1 Typical properties of CFRP sheets and epoxy 

Materials 
Tensile strength 

(MPa) 

Tensile modulus of 

elasticity (GPa) 

Elongation at 

break 

Bond strength 

(MPa) 

Thickness 

(mm/ply) 

CFRP sheet 3900 230 
1.5% 

(7days at +23°C) 
- 0.111 

Epoxy resin 30 4.5 
0.9%  

(7days at +23°C) 
>4 - 

 

 

with wet lay-up system. The surface of concrete was rubbed using cup brush to remove all debris 

and prepare a suitable surface for installing CFRP sheets. Then a layer of epoxy resin was coated 

to provide bond in interface of CFRP sheet and concrete. After installing CFRP sheet, a pre-heated 

ribbed roller was used to impregnate the sheets in the adhesion layer. The strengthening with 

CFRP sheet was only carried out on the surface of beams between the load plate and the support 

plate only to cover the shear span of RC deep beams. The curing time for CFRP strengthening was 

at least two days following the manufacturer recommendation at ambient temperature. The support 

plates and load plates which were 70 mm in width and 10 mm in thickness fully covered the 

bottom and top of the beam. The deep beams were tested at 28 days after casting. 

 

2.3 Test procedure and instrumentation 
 

Two groups of RC deep beams were tested till failure in a four-point bending set up as shown 

in Fig. 2. The applied load was uniformly increased till failure with an increment of 50 kN using a 

hydraulic actuator with a capacity of 5000 kN. The cracks widths of ordinary RC deep beams were 

measured using portable microscope in each step of loading until 90% of failure load. Two digital 

LVDTs were used at both sides of beams to measure the mid-span deflections.    

 

 

3. Experimental results and discussion 
 
The behaviour of RC deep beams is evaluated through the behaviour of D-region in this 

section. The non-linear behaviour of D-region is directly affected by shape of strut as strut 

represents concrete compression stress fields. The strut in this research is bottle-shaped among 

three common shapes of prismatic, bottle-shaped, and compression fan. This is because of using 

simple supports for RC deep beams in this study. The bottle-shaped strut varies in cross section 

along its length. This is because the concrete stress fields are wider at mid length of strut than at 

the ends.  

This section of paper investigates and assesses the relationship between ultimate shear strength 

of RC deep beams with shear span-depth ratio using the experimental results and STM 

recommended by ACI 318-11. Consequently, an empirical relationship is recommended to modify 

the value of the strut effectiveness factor of CFRP strengthened RC deep beams with respect to 

ACI 318-11. The partial rupture of CFRP sheet was mainly dominated by the failure mode of the 

two-side CFRP strengthened deep beams as shown in Fig. 3(b). The failure of ordinary and CFRP 

strengthened RC deep beams with a/d = 0.75 is illustrated in Figs. 3(a), (b). 
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(a) Ordinary beam (b) CFRP strengthened beam 

Fig. 3 Typical failure of strut in RC deep beams with a/d=0.75 

 
 
3.1 Theoretical method of ACI 318-11 regarding STM 

 
Using alternative STM calculation through CAST design program results the shear capacity of 

the ordinary RC deep beams with a/d ranging in 0.75-2.00 as presented in Table 2 (Kuchma and 

Tjhin 2001). Once inclined cracking commences to propagate, an RC deep beam with shear 

reinforcement behaves as a truss. The concrete between two alternative inclined cracks and shear 

reinforcement act as strut and tie in the truss respectively. Fig. 4 illustrates the STM for ordinary 

RC deep beam with a/d = 0.75 as a sample of six ordinary RC deep beams which were tested 

under a four-point bending set up in this research. 

Three components of STM: strut, tie, and node are indicated for RC deep beam using various 

colours in Fig. 4. The stabiliser is used to establish the truss modelling in STM for RC deep beam. 

It is used as STM element to avoid ill-conditioned structure stiffness matrix in the truss analysis. In 

addition, the stabiliser is used to create a stable STM, and it is not included in dimensioning STM 

nodes. The force transferred by stabilizer element is zero, and it is used in truss model design to 

avoid mechanism occurrence. 

The strut effectiveness factor recommended by ACI 318-11 shows that effective compressive 

strength of inclined strut is approximately 37% lower than cylindrical compressive strength of 

concrete. The strength reduction of strut is owing to the softening behaviour of concrete. However, 

various codes and standards give different values for strut effectiveness factor. The value of strut 

effectiveness factor recommended by ACI 318-11 is considered in this paper. The Eq. (1) presents 

the effective compressive strength of strut.  

ce cf f  
                                

(1) 

Thus, in this study,   

cef 0.63 37.02 23.20   MPa 

The stress field of inclined strut is shown in red in Fig. 4. It means that among three main parts 

of STM, the strut has reached to its effective compressive strength (23.20 MPa) earlier than the 

other parts, and failed. Therefore, failure of RC deep beam occurred due to the failure of strut. 

Fig. 5 illustrates the ultimate shear strength of two groups which are ordinary and CFRP 

strengthened RC deep beams from the experiment. According to Fig. 5, as the shear span to 

effective depth of RC deep beams increases, the ultimate shear strength increases. The details of 

Fig. 5 reveal that the shear strength of CFRP strengthened RC deep beams increases with the 
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increase of a/d. Nevertheless, the slope of regression line fitted to the data indicates that the 

increase of shear strength of CFRP strengthened deep beams is faster than those of ordinary deep 

beams. In other words, the effect of CFRP strengthening on the ultimate shear strength of deep 

beams moderately increases as the shear span to effective depth ratio increases. The secondary 

struts play an important role to sustain the compressive load applied to the main strut for those RC 

beams having a/d greater than the value of 2. However, some negligible secondary struts occur in 

D-region even for those RC deep beams having a/d lower than the value of 2. As the CFRP sheets 

cover all these struts after the strengthening, it maybe said that the imposed load is transferred to 

more secondary struts with increase of a/d. Consequently, more parts of CFRP sheets contribute to 

sustain the tensile strain regarding the secondary struts. Therefore, the contribution of CFRP sheets 

for strengthening RC deep beams with high a/d is more than those of having low a/d.    

Looking from another point of view, CFRP sheet is not fully active before CFRP strengthened 

deep beam reaches the ultimate shear strength of ordinary deep beam under the applied load. This 

is because the tensile stress perpendicular to strut centreline is sustained by reinforced concrete 

before the RC deep beam reaches its failure load. Meanwhile, only part of tensile stress is 

transferred to CFRP sheet from cracked parts of concrete. Therefore, maybe CFRP sheet is fully 

active whilst CFRP strengthened RC deep beam is loaded beyond the ultimate shear strength of 

ordinary RC deep beams. Accordingly, when the ultimate shear strength of ordinary RC deep beam 

 

 

                                                          

 
Fig. 4 STM from ACI 318-11 method for RC deep beam with a/d=0.75 using CAST design program 

 

Table 2 Ultimate shear strength of ordinary and CFRP strengthened RC deep beams from the test 

a/d Pu-ordinary (kN) Pu-FRP (kN) I  

0.75 756.95 905.31 0.19 

1.00 709.01 857.89 0.21 

1.25 604.08 740.02 0.22 

1.50 555.91 691.04 0.24 

1.75 403.02 510.01 0.27 

2.00 360.02 468.05 0.30 
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Fig. 5 Shear strength of ordinary and CFRP strengthened RC deep beams from the test 

 

 

is high, CFRP sheet transfers the high shear load in its full active status, and vice versa. Thus, 

CFRP sheet sustains greater applied force in RC deep beams with high value of a/d compared to 

those with low a/d. In short, CFRP sheet proportionally contributes more in RC deep beams with 

high shear span to effective depth ratio compared to those of lower ratios, as indicated in Table 2. 

The CFRP strengthening of RC deep beams leads to strengthening D-region and to RC strut 

subsequently. The value of strut effectiveness factor is increased by CFRP strengthening of strut. 

This paper aims to propose the value of modified strut effectiveness factor for CFRP strengthened 

RC deep beams with a/d ranging in 0.75-2.00. This issue is discussed in the next section of the 

paper. 

 

3.2 Effective strength of strut 

 

Struts crossed by cracks inclined to the axis of the strut are weakened by the cracks. The type of 

strut is bottle-shaped in this experiment. The bottle-shaped strut in this study contains the 

reinforcement crossing the potential splitting cracks. This strut tends to split longitudinally, but the 

opening of splitting cracks is restrained by the web reinforcement. The web reinforcement allows 

strut to carry additional load after propagation of cracks in strut (Wight and Macgregor 2009). Fig. 

6 illustrates the idealised STM with compressive and tension loads regarding this experiment. 

However, the load directions are not as simple as illustration in Fig. 6 after installation of CFRP 

sheet. 

The complexities of load direction in strut as well as the strain incompatibility cause difficulty 

in the analysis of strut behaviour. However, the CFRP strengthening of D-region in RC deep 

beams exacerbate this issue as CFRP sheet restrains crack propagation. Installation of CFRP sheet 

on the surface of strut illustrated in Fig. 6 affects the transverse strains in strut. The RC strut is 

partly strengthened by CFRP sheet in RC deep beams. Since the strut is not fully wrapped by 

CFRP sheet, it is impossible to simulate the strut behaviour with CFRP wrapped cylindrical 

142



 

 

 

 

 

 

Effective compressive strength of strut in CFRP-strengthened reinforced concrete deep beams  

concrete specimens. Hence, the experimental investigation is requisite to address the issue of 

behaviour of the CFRP strengthened RC strut. This study aims to investigate and assess the 

behaviour of strut in CFRP strengthened RC deep beams using an experimental test. The effective 

compressive strength of strut is evaluated through strut effectiveness factor. Thus, an empirical 

equation is integral to predict the value of strut effectiveness factor in CFRP strengthened RC deep 

beams. 

The crushing strength of the concrete in a strut is referred to the effective strength as shown in 

Eq. (1).Various research have given different values of the strut effectiveness factor (Schlaich and 

Schafer 1991) and (M.Rogowsky and G.MacGregor 1986) through (Ramirez and E.Breen 

September-October 1991). The key factors affecting strut effective strength are concrete strength , 

load duration, tensile strain transverse to the strut, and cracked struts (Wight and Macgregor 2009).  

The grade of concrete is in the range of ordinary concrete in this experimental study. 

Nonetheless, the effect of CFRP strengthening on the tensile strains and crack developments is 

investigated using the experimental results.ACI building code has recommended STM for analysis 

of RC deep beams since 2002. The load duration effects are accounted for in the ACI code by 

modifying the strut effectiveness factor using s  as shown in Eq. (2).  

s0.85  
                                 

(2)
 

 

 

 

Fig. 6 Idealised bottle-shaped strut with compressive and tension forces 

 

 
Fig. 7 Empirical relationship between I and a/d 
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ACI 318-11 has recommended the value of ßs for reinforced strut as 0.75 in the section A3.3 

(ACI, 2011). The strut effectiveness factor recommended by ACI 318-11 is simpler and more 

applicable than that of recommended by AASHTO LRFD. Therefore, the effective compressive 

strength of strut proposed by ACI 318-11 is considered in this paper. Fig. 7 illustrates an empirical 

relationship between a/d and increase ratio of ultimate shear strength of RC deep beams by CFRP 

strengthening. Thus, the strut effectiveness factor recommended by ACI 318-11 is modified using 

the aforementioned empirical relationship as shown below. 

CFRP s0.85 (I 1)   
                            

(3)                                                                                      

I 0.087(a / d) 0.12   

 

4. Conclusions 
 
This paper has reviewed the latest research conducted on the CFRP strengthening of RC deep 

beams. This research aims to modify the value of strut effectiveness factor for the strut in CFRP 

strengthened RC deep beams with respect to ACI 318-11. Hence, an empirical relationship is 

proposed to modify the value of strut effectiveness factor recommended by ACI 318-11 for those 

of RC deep beam strengthened by CFRP sheet. Based on this research, the following conclusions 

can be drawn: 

 The value of strut effectiveness factor is predicted through an empirical relationship 

proposed in this research. 

 The strut-and-tie model can be used to predict the ultimate shear strength of CFRP 

strengthened RC deep beams through the proposed strut effectiveness factor in this research. 

 CFRP strengthening of RC deep beams increases the value of strut effectiveness factor from 

19.60% to 30.02% for a/d from 0.75 to 2.00 respectively. 

 The effect of CFRP strengthening on the ultimate shear strength of RC deep beams increases 

moderately as the shear span to effective depth ratio increases. It may be due to the effects of 

secondary struts. 

 CFRP sheet is not fully active before CFRP strengthened RC deep beam reaches the 

ultimate shear strength of ordinary RC deep beam under the applied load. CFRP sheet is fully 

active whilst CFRP strengthened RC deep beam is loaded beyond the ultimate shear strength of 

ordinary RC deep beams. 

The scope of this research is confined to the RC deep beams strengthened with one layer of 

CFRP sheet on two sides. It would be interesting to assess the effect of size of CFRP strengthened 

RC deep beams on the behaviour of strut in further research 
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