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Abstract.  In this study, the thermal loading effect on free vibration characteristics of carbon nanotubes (CNTs) 

with multiple cracks is studied. Various boundary conditions for nanotube are taken in to account. In order to take the 

small scale effect, the nonlocal elasticity of Eringen is employed in the framework of Euler-Bernoulli beam theory. 

This theory states that the stress at a reference point is a function of strains at all points in the continuum. A cracked 

nanotube is assumed to be consisted of two segments that are connected by a rotational spring which is located in the 

position of the cracked section. Hamilton’s principle is used to achieve the governing equations. Influences of the 

nonlocal parameter, crack severity, temperature change and the number of cracks on the system frequencies are 

investigated. Also, it is found that at room or lower temperature the natural frequency for CNT decreases as the value 

of temperature change increases, while at temperature higher than room temperature the natural frequency of CNT 

increases as the value of temperature change increases. Various boundary conditions have been applied to the 

nanotube. 
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1. Introduction 
 

Nanostructures have singular properties and are useful in many disciplines so recently, 

researchers are interested to study their several analyses and examine different effects on this 

analysis. One of this analysis is vibration that investigators study the influence of various 

multiphysics phenomena on the vibration behavior of nanostructures such as nanorods (Murmu et 

al. 2014), nanobeams (Kiani 2012), nanoplates (Murmu et al. 2013), etc. Most of these studies are 

related to the usage of nanostructures, which are commonly  used in nanoelectromechanical 

systems (NEMS) devices (e.g., resonators) with different boundary and loading conditions. Today, 

investigating the mechanical, physical and thermal properties have been become very important in 

nanoengineering practice (Haghshenas and Arani 2013). There are three basic methods for 

nanostructures analysis: experimental analysis (Meyer et al. 2007), molecular dynamic simulation 

(Park et al. 2005) and the continuum mechanics  approach (Eringen 1972, 1983, Reddy and Pang 
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2008). Experimental  studies of nanostructures are very important for determining their physical 

properties. But, this approach is very expensive, and also, very small dimensions of nanostructures 

and weak control of experimental parameters makes direct measurement of properties difficult. On 

the other hand, Molecular dynamics simulation method was developed for the dynamic behavior 

of nanostructures. But, this method is only support the nanostructures with a small number of 

atoms and molecules whereas for large size of nanoscale system, it is time-consuming approach 

and have prohibitive computationally. 

All this leads that the continuum-based theory is the best approach. Using non-local theories for 

carbon nanotubes analyze, help us to understand the mechanical behavior of materials at small 

scale. This kind of theory was included information about the forces between atoms and internal 

length (small scale effect), in which the structural relation for material parameters have been 

defined. The main difference between the classical theory and the theory of elasticity is in the 

definition of nonlocal stress. Nonlocal theory is first considered by Eringen, this theory expresses 

that the stress at a reference point is considered to be a functional of the strain field at every point 

in the body (Eringen 1972, 1983). The nonlocal elasticity theory has been used to investigate wave 

propagation, dislocation mechanics, crack problems and elastic waves and vibration analysis 

(Ebrahimi and Salari 2015a, b, 2016, Ebrahimi et al. 2015a, 2016a, Ebrahimi and Nasirzadeh 2015, 

Ebrahimi and Barati 2016a-f, Ebrahimi and Hosseini 2016a-c, Wang 2005). 

In Eltaher et al. (2016a) the review on bending, buckling, vibrations, and wave propagation of 

nanobeams modeled according to the nonlocal elasticity theory of Eringen was investigated. 

Karličić et al. (2015b) investigate on a theoretical study of the free longitudinal vibration of a 

nonlocal viscoelastic double-nanorod system. In their paper D’Alembert’s principle is applied to 

derive the governing equations of motion and the solutions of these partial differential equations 

are obtained by using the classical Bernoulli-Fourier method. The free flexural vibration and 

buckling of SWCNT under compressive axial loading based on the classical Euler-Bernoulli or 

Reddy beam theory are study by Karličić et al. (2015b), too. Also, in other paper they modeled the 

nonlinear model of a SWCNT based on the nonlocal Euler-Bernoulli beam theory, Maxwell’s 

equations and von Karman nonlinear strain-displacements relation. They study the nonlocal 

parameter, magnetic field effects and stiffness coefficient of the viscoelastic medium that have 

significant effects on vibration and stability behavior of nanobeam (Karličić et al. 2017). 

Also, in recent years, researchers are interested to study the influence of different physical 

effects on dynamic behavior of one-dimensional nanostructures like carbon nanotube (CNT) and 

single-walled carbon nanotube (SWCNT) by using nonlocal theory. Murmu and Pradhan (2009) 

have studied the thermal and nonlocal effects on the free vibration of CNT embedded in an elastic 

medium. In Murmu and Pradhan paper (2010) nonlocal beam model is applied to the buckling 

analysis of SWCNT with effect of temperature change and surrounding elastic medium. Also, the 

stability of CNT in an elastic medium under the influence of temperature change has been showed. 

In both paper they used Euler–Bernoulli beam theory. Benzair et al. (2008) reformulated the 

classical Timoshenko beam theory by using the nonlocal elasticity. In addition, they introduced 

thermal effects by constitutive relation for vibration analysis of CNT. In (Ke and Wang 2012) 

Hamilton principle and nonlocal elasticity have been used to derive the governing equations of 

motion. Furthermore, they investigated the thermal effect on vibration of SWCNTs by using 

Timoshenko beam theory. Wang et al. (2008) have studied the thermal effects on the vibration and 

instability of CNTs conveying fluid based on thermal elasticity mechanics. In their paper an elastic 

Bernoulli–Euler beam model is developed for the vibration and buckling instability of SWNTs 

conveying fluid, and the effect of temperature change on the properties of buckling instability is 

58



 

 

 

 

 

 

Vibration analysis of carbon nanotubes with multiple cracks in thermal environment 

examined, too. Zhang et al. (2008) have studied the thermal effect on the vibration of double 

walled carbon nanotubes using thermal elasticity mechanics. Most recently Ebrahimi and Barati 

(2016g-v, 2017a, b) and Ebrahimi et al. (2017) explored thermal and hygro-thermal effects on 

nonlocal behavior of FG nanobeams and nanoplates. 

The study of the vibration behavior of cracked CNTs are important to recognize the mechanical 

behavior of these nanostructures. The influence of these cracks place and cracks severity are 

demonstrated in the nanostructure’s stiffness. The flexural vibrations of cracked micro- and 

nanobeams are studied by Loya et al. (2009), their model is based on the theory of nonlocal 

elasticity applied to Euler–Bernoulli beams. In their study the nanobeam is separated into two 

parts and the crack is simulated by a rotational spring. The crack will not only change the stiffness 

of nanobeam but also alter the damping properties, and all these changes will affect the vibration 

characteristic. In addition, the researchers have examined the effect of crack hardness, the nonlocal 

parameter and boundary conditions on natural frequencies of the cracked nanobeam. Hsu et al. 

(2011) studied the longitudinal frequency of a cracked nanobeam for two type of boundary 

conditions, they use the nonlocal elasticity theory and investigated different effects such as the 

crack parameter, crack location, and nonlocal parameter on the longitudinal frequency of the 

cracked nanobeam. Torabi and Dastgerdi (2012) have investigated the free vibration of a cracked 

nanobeam modeled via nonlocal elasticity and Timoshenko beam theory, where the cracked 

nanobeam is represented by two segments connected by a rotational spring. They analyzed the 

effects of crack position, crack ratio and the nonlocal parameter on the vibration mode and 

frequency parameter. Yang and Chen (2008) provided a theoretical investigation the free vibration 

and elastic buckling of beams made of functionally graded materials (FGMs) containing open edge 

cracks by using Bernoulli–Euler beam theory and the rotational spring model. The bending 

vibrations of a cracked nanobeam with surface effects were studied by Hasheminejad et al. (2011). 

The vibration behavior of a nanobeam with multiple cracks for different boundary conditions were 

studied by Roostai and Haghpanahi (2014). The influence of changing the number of cracks on 

dimensionless frequencies for changing the boundary conditions was shown too. We try to give 

some comparative of present paper with results of this article. The free transverse vibration of a 

size-dependent cracked functionally graded (FG) in framework of Timoshenko nanobeam theory 

was study by Ghadiri et al. (2016) and they study the different influence of surface effects on 

vibration behavior for this FG nanobeam, too. In other paper Karličić et al. (2015b) study the 

thermal and magnetic effects on the free vibration of a cracked nanobeam embedded in an elastic 

medium they chose an Euler–Bernoulli beam theory based on the nonlocal elasticity, and the result 

of this article is near to the result of present paper. Rahmani et al. (2015) investigate the torsional 

vibration of cracked nanobeam that based on a nonlocal elasticity theory and also, study different 

parameters effects on vibration for various boundary conditions. 

The study of the vibration behavior of cracked CNTs is of great theoretical and practical 

interest for better understanding of the mechanical response of nanostructures. Also studies on the 

different effect on the vibration behavior are important for researcher. But, most of the 

investigations of vibration problems of multiple cracked CNTs have not considered the significant 

effects such as thermal effect. Thus, the investigations of thermal effect on them should be 

interesting and necessary. So, in this study the influence of temperature on vibration behavior of 

nanotube of different boundary conditions with multiple cracks were investigated and it is the 

main motivation of the presented paper. To provide an analytical model and analyze the vibrational 

behavior of a cracked nanotube by taking into account thermal effects have been studied. The 

Hamilton’s principle was utilized to deriving to the governing equations of CNT. Therefore, it is 
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(a) (b) 

Fig. 1 Evolution of the crack in the nanotube (Belytschko 2002) 

 

 

desirable to propose an analytical method for solving the title problem. Natural frequencies are 

extracted for cracked nanotubes, and also the effect of some different parameters such as the crack 

positions, crack severities, and values of the nonlocal length parameter in typical boundary 

conditions are investigated. 
 

 

2. Problem formulation 
 

2.1 Free vibration of an intact nanotube 
 

A schematic diagram of nanotube with multiple cracks exposed to axial force is portrayed  in 

Fig. 2. The nanotube has n cracks which located at Xi (i = 1,..., n). 

The main practical applications of the given calculations in this paper are analytical method 

that we extracted below formulation by using nonlocal theory that was proposed by Eringen after 

that guess a responses and use analytical method to solve them. 

In this subsection, the fundamental constitutive relation of the nonlocal elasticity and 

thermoelasticity theory has been provided. The basic equations for a linear homogenous nonlocal 

elastic body neglecting the body forces for present nanotube can be expressed as follows 
 

𝜎𝑖𝑗 (𝑥) =  𝛼  𝑥 − 𝑥′  . 𝜏 𝐶𝑖𝑗𝑘𝑙 𝜖𝑘𝑙  𝑥
′ 𝑑𝑉 𝑥′ . (1a) 

 

for all 𝑥 ∈ 𝑉 
 

 

 

Fig. 2 Nanotube with multiple cracks subjected to axial force 
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Vibration analysis of carbon nanotubes with multiple cracks in thermal environment 

𝜎𝑖𝑗 .𝑗 = 0. (1b) 
 

𝜖𝑖𝑗 =
1

2
 𝑢𝑖 .𝑗 + 𝑢𝑗 .𝑖 . (1c) 

 

Where 𝐶𝑖𝑗𝑘𝑙  is the elastic modulus tensor for classical isotropic elasticity; 𝜎𝑖𝑗 , 𝜖𝑖𝑗 , 𝑢𝑖  are 

respectively, the stress tensor, the strain tensor and the displacement vector. The main function 

𝛼( 𝑥 − 𝑥′  ) is nonlocal modulus, which is attenuation function incorporating into constitutive 

equations the nonlocal effects at the reference point 𝑥 produced by local strain at the source 𝑥′ . 

The above absolute value of the difference  𝑥 − 𝑥′   represents the Euclidean form. The term 

𝜏 =
𝑒0𝑎

𝑙
 is a material constant, where 𝑙 is the external characteristic length (crack length and 

wave length), 𝑎 describes the internal characteristic length (lattice parameter, granular size and 

distance between C-C bonds) and 𝑒0  is a calibration constant appropriate to each material such 

that the relations of the nonlocal elasticity model could provide satisfactory approximation to the 

atomic dispersion curves of the plane waves with those obtained from the atomistic lattice 

dynamics (Murmu and Adhikari 2010). Based on Eringen (1972), constitutive relations in the one-

dimensional differential form of nonlocal elastic equation for the case can be written as 
 

𝜎𝑥𝑥 − 𝜇
𝑑2𝜎𝑥𝑥

𝑑𝑥2
= 𝐸𝜖𝑥𝑥 . (2) 

 

Where E and G are respectively, the elastic modulus and the shear modulus of the beam. 

𝜇 = (𝑒0𝑎)2 is the nonlocal parameter (length scales); 𝜎𝑥𝑥  and 𝜎𝑥𝑧  are the normal and the shear 

nonlocal stresses, respectively, and 𝜖𝑥𝑥 = 𝑢 − 𝑧
𝜕2𝜔

𝜕𝑥2  is the axial deformation. Nanomaterials such 

as CNTs, ZnO nanotubes and other one-dimensional structures are modeled as nanobeams and 

nanorods by using the nonlocal theory, where internal characteristic lengths 𝑒0𝑎  are often 

assumed to be in the range 0–2 nm. When 𝑒0𝑎 = 0, the nonlocal constitutive relation be 

converted to the classical constitutive relation of the elastic body. A conservative estimate of the 

scale coefficient 𝑒0𝑎 < 2.0 nm for a SWCNT has been proposed by Wang (2005) and the 

parameter 𝑒0was proposed as 0.39 by Eringen (1972). Zhang et al. have proposed the nonlocal 

thermoelastic constitutive relation model and a combination of nonlocal elasticity and classical 

thermoelasticity theory studied by Murmu and Pradhan (2009, 2010). Therefore, for one-

dimensional nonlocal viscoelastic solids, constitutive relations are given by 
 

𝜎𝑥𝑥 − 𝜇
𝑑2𝜎𝑥𝑥

𝑑𝑥2
= 𝐸  𝜖𝑥𝑥 −

𝛼𝑥𝜃

1 − 2𝜈
 . (3) 

 

Where 𝛼𝑥 ; 𝜈 are denoting the coefficient of thermal expansion in the direction of the 𝑥 axis 

and the Poisson ratio, respectively, and 𝜃 is the change in temperature. If 𝜃 = 0 i.e., that is mean 

equation haven’t influence of change in temperature, the equation has been returned to the 

constitutive relation for nonlocal elasticity. 

According to Newton’s second law, the dynamic force equilibrium conditions of these forces 

are given in the following differential equations of the system, as in (Kozić et al. 2014), which 

gives 
 

𝜕𝐹

𝜕𝑋
+ N

𝜕2𝜔

𝜕𝑋2
= 𝜌𝐴

𝜕2𝜔

𝜕𝑡2
. (4a) 
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𝜕𝑁

𝜕𝑋
=  𝜌𝐴

𝜕2𝑢

𝜕𝑡2
. (4b) 

 

𝐹𝑇 =
𝜕𝑀𝑓

𝜕𝑋
. (4c) 

 

The resultant bending moment (the reaction induced in a structural element when an external 

force or moment is applied to the element) for a nanotube to be considered by 
 

𝑀𝑓 =  𝑧𝜎𝑥𝑥𝑑𝐴
𝐴

0

. (5a) 

 

And axial force can be displayed by 
 

𝑁 =  𝜎𝑥𝑥𝑑𝐴
𝐴

0

. (5b) 

 

By using the nonlocal constitutive relation from (3) with cases (4) and (5) and assuming that 

the axial displacement 𝑢 = 0 , the equations are obtained as follows 

 

𝑀𝑓 = 𝜇  −𝑁
𝜕2𝜔

𝜕𝑋2
+ 𝜌𝐴

𝜕2𝜔

𝜕𝑡2
 − 𝐸𝐼

𝜕2𝜔

𝜕𝑋2
. (6a) 

 

𝑁 = −𝐸𝐴
𝛼𝑥𝜃

1 − 2𝜈
. (6b) 

 

Substitution of Eqs. (6a), (6b) and (4c) into (4a) leads to the following equation that is the 

equation of motion the nanotube, this case can be showed by 

 

𝜇  𝜌𝐴
𝜕4𝜔

𝜕𝑋2𝜕𝑡2
− 𝑁

𝜕4𝜔

𝜕𝑋4
 − 𝐸𝐼

𝜕4𝜔

𝜕𝑋4
= −𝑁

𝜕2𝜔

𝜕𝑋2
+ 𝜌𝐴

𝜕2𝜔

𝜕𝑋2
. (7) 

 

Displacement all the parameter in above equation yields the differential equation for modal 

displacements and it is given in the following 
 

𝐸𝐼
𝜕4𝜔

𝜕𝑋4
+  (𝑒0𝑎)2  𝐸𝐴

𝛼𝑥𝜃

1 − 2𝜈

𝜕4𝜔

𝜕𝑋4
− 𝜌𝐴

𝜕4𝜔

𝜕𝑋2𝜕𝑡2
 − 𝑁

𝜕2𝜔

𝜕𝑋2
+ 𝜌𝐴

𝜕2𝜔

𝜕𝑋2
= 0. (8) 

 

For free vibration, we can obtain the equation by assumed transverse displacement in this form 

𝜔 𝑋. 𝑡 = 𝑌(𝑋)𝑒𝑖𝜔𝑐𝑡 , Where 𝜔𝑐  is the angular frequency. The dimensionless parameters are given 

as follows 

𝑥 =
𝑋

𝑙
;      𝑦 =

𝑌

𝑙
;      𝜏 =

𝑒0𝑎

𝑙
;      𝑞 = 𝐸𝐴

𝛼𝑥𝜃

1 − 2𝜈

𝑙2

𝐸𝐼
;      𝜔 = 𝜔𝑐 𝑙

2 
𝜌

𝐸𝐼
. (9) 

 

In the following, the partial differential equation of motion (Eq. (9)) for this nanobeam can be 
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simplified in this form 
 

𝜕4𝑦

𝜕𝑥4
 1 + 𝜏2𝑞 +

𝜕2𝑦

𝜕𝑥2
 𝜏2𝜔2 − 𝑞 − 𝜔2𝑦 = 0. (10) 

 

The exponential form of the solution (Eq. (10)) 
 

𝑦 𝑥 = 𝐴𝑒𝑖𝑠𝑥 . (11) 
 

When inserting Eq. (10) into Eq. (11) can have 
 

𝑠4 1 + 𝜏2𝑞 − 𝑠2 𝜏2𝜔2 − 𝑞 − 𝜔2 = 0. (12) 
 

The solution is 
 

𝑠1.2 = ± 𝑖 
𝑃1 + 𝑃3 − 𝑃2

𝑃4
= ± 𝑖𝛼;           𝑠3.4 = ± 𝑖 

𝑃2 + 𝑃3 − 𝑃1

𝑃4
= ± 𝛽 (13) 

 

where 
 

𝑃1 = 𝑞;      𝑃2 = 𝜀2𝜔2;      𝑃3 =   𝑞 + 𝜀2𝜔2 2 + 4𝜔2;     𝑃4 = 2 1 + 𝜀2𝑞  (14) 

 

In this case, Eq. (11) outputs 
 

𝑦 𝑥 = 𝑐1𝑒
𝛼𝑥 + 𝑐2𝑒

−𝛼𝑥 + 𝑐3𝑒
𝛽𝑥 + 𝑐4𝑒

−𝛽𝑥 . (15) 
 

Consider 
 

𝑆1 = 𝑒𝛼𝑥 ;   𝑆2 = 𝑒−𝛼𝑥 ;    𝑆3 = 𝑒𝛽𝑥 ;    𝑆4 = 𝑒−𝛽𝑥 . (16) 
 

In order to comfort the analysis, the linearly independent fundamental solutions are denoted by 

𝑆𝑗  𝑥  (𝑖 = 1. 2. 3. 4) ; which  satisfy the following normalization condition at the origin of 

coordinate system (Li 2001). 
 

 
 
 
 
 
𝑆 1 0 

𝑆 2(0)

𝑆 3(0)

𝑆 4(0)

   

𝑆 1
′  0 

𝑆 2
′  0 

𝑆 3
′  0 

𝑆 4
′  0 

   

𝑆 1
′′  0 

𝑆 2
′′  0 

𝑆 3
′′  0 

𝑆 4
′′  0 

   

𝑆 1
′′′  0 

𝑆 2
′′′  0 

𝑆 3
′′′  0 

𝑆 4
′′′  0 

 

 
 
 
 
 

=  

1
0
0
0

  

0
1
0
0

  

0
0
1
0

  

0
0
0
1

 = 𝐼4 . (17) 

 

Easily we can find the 𝑆 𝑗  𝑥  by 
 

 
 
 

 
 𝑆 1 𝑥 

𝑆 2(𝑥)

𝑆 3(𝑥)

𝑆 4(𝑥) 
 
 

 
 

=

 
 
 
 
 
𝑆 1 0 

𝑆 2(0)

𝑆 3(0)

𝑆 4(0)

   

𝑆 1
′  0 

𝑆 2
′  0 

𝑆 3
′  0 

𝑆 4
′  0 

   

𝑆 1
′′  0 

𝑆 2
′′  0 

𝑆 3
′′  0 

𝑆 4
′′  0 

   

𝑆 1
′′′  0 

𝑆 2
′′′  0 

𝑆 3
′′′  0 

𝑆 4
′′′  0 

 

 
 
 
 
 
−1

 

 
 

 
𝑆1 𝑥 

𝑆2 𝑥 

𝑆3 𝑥 

𝑆4(𝑥) 
 

 
. (18) 
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The primes in Eqs. (17) and (18) indicate the differentiation with respect to 𝑥. 𝑆 𝑗  𝑥  obtain in 

the form 

𝑆 1 𝑥 = 𝛿 𝛽2 cosh 𝛼𝑥 + 𝛼2 cos 𝛽𝑥 . (19a) 

 

𝑆 2 𝑥 = 𝛿  
𝛽2

𝛼
sinh 𝛼𝑥 +

𝛼2

𝛽
sin 𝛽𝑥 . (19b) 

 

𝑆 3 𝑥 = 𝛿 cosh 𝛼𝑥 − cos 𝛽𝑥 . (19c) 

 

𝑆 4 𝑥 = 𝛿  
1

𝛼
sinh 𝛼𝑥 −

1

𝛽
sin 𝛽𝑥 . (19d) 

 

𝛿 =
1

𝛼2 + 𝛽2
. (19e) 

 

The general solution (Eq. (15)), at 𝑥 = 0 as a function of boundary conditions can be written in 

the form 

𝑦 𝑥 = 𝑦 0 𝑆 1 𝑥 + 𝑦′ 0 𝑆 2 𝑥 + 𝑦′′  0 𝑆 3 𝑥 + 𝑦′′′ (0)𝑆 4(𝑥). (20) 

 

2.2 Free vibration of nanotube with multiple cracks 
 

The influence of the crack in the nanotube was subsided by dividing the classical cracked 

nanotube element into two segments connected by a rotational spring located at the cracked 

section. It is assumed that the crack is open. For the first segment of the nanotube could have the 

shape function as follow 
 

𝑦1 𝑥 = 𝑦1 0 𝑆 1 𝑥 + 𝑦1
′  0 𝑆 2 𝑥 + 𝑦1

′′  0 𝑆 3 𝑥 + 𝑦1
′′′  0 𝑆 4 𝑥 . (21) 

 

The continuity conditions at the crack position between two adjacent sections as follows 

 

𝑦𝑖 𝑥𝑖 = 𝑦𝑖+1 𝑥𝑖 . (22a) 

 

𝑦𝑖
′′  𝑥𝑖 = 𝑦𝑖+1

′′  𝑥𝑖 . (22b) 

 

𝑦𝑖+1
′  𝑥𝑖 − 𝑦𝑖

′ 𝑥𝑖 = 𝐶𝑖𝑦𝑖
′′  𝑥𝑖 . (22c) 

 

𝑦𝑖
′′′  𝑥𝑖 + 𝜓𝑦𝑖

′ 𝑥𝑖 = 𝑦𝑖+1
′′′  𝑥𝑖 + 𝜓𝑦𝑖+1

′  𝑥𝑖 . (22d) 

 

𝜓 = 𝜀2𝜔2 . (22e) 

 

Where 𝑥𝑖  the dimensionless position of the ith is crack and 𝐶𝑖  is the dimensionless flexibility 

of the rotational spring (crack severity). For the 2nd segment of the nanotube can have the shape 

function as 
 

𝑦2 𝑥 = 𝑦1 𝑥 + 𝐶1𝑦1
′′  𝑥1  𝑆 2 𝑥 − 𝑥1 − 𝜓𝑆 4 𝑥 − 𝑥1  ;           𝑥1 ≤ 𝑥 < 𝑥2 (23) 
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We can have n cracks with the following shape function 
 

𝑦𝑖 𝑥 = 𝑦1 𝑥 +  𝐶𝑗𝑦𝑖
′′  𝑥𝑖  𝑆 2 𝑥 − 𝑥𝑖 − 𝜓𝑆 4 𝑥 − 𝑥𝑖  ;

𝑖−1

𝑗−1

          𝑥𝑖−1 ≤ 𝑥 < 𝑥𝑖  (24) 

 

𝑦𝑖+1 𝑥 = 𝑦1 𝑥 +  𝐶𝑗𝑦𝑖
′′  𝑥𝑖  𝑆 2 𝑥 − 𝑥𝑖 − 𝜓𝑆 4 𝑥 − 𝑥𝑖  ;

𝑛

𝑗=1

          𝑥𝑛 ≤ 𝑥 < 𝑥𝑛+1 (25) 

 

 

3. Result and discussion 
 

In this section, numerical results are given for analytical solutions presented in the previous 

section. The main aim is to study the influences of thermal effect, nonlocal parameter, crack 

location, crack severity and type of boundary condition on the natural frequencies of the nanotube. 

For a nanotube with simply supported end position, the following relations must be satisfied 
 

𝑦 0 = 𝑦′′  0 = 𝑦 1 = 𝑦′′  1 = 0. (26) 
 

For example, when we consider two similar cracks in the nanotube, the mode shape functions 

for all segments are 
 

𝑦1 𝑥 = 𝑦1
′  0 𝑆 2 𝑥 + 𝑦1

′′′  0 𝑆 4 𝑥 . (27a) 

 

𝑦2 𝑥 = 𝑦1(𝑥)+𝐶1𝑦1
′′  𝑥1 [𝑆 2 𝑥 − 𝑥1 − 𝜓𝑆 4(𝑥 − 𝑥1)]. (27b) 

 

𝑦3 𝑥 = 𝑦2(𝑥)+𝐶2𝑦2
′′  𝑥2 [𝑆 2 𝑥 − 𝑥2 − 𝜓𝑆 4(𝑥 − 𝑥2)]. (27c) 

 

When applying the boundary condition at 𝑥 = 1. have (Binici 2005) 
 

 
𝑎11

𝑎21
  
𝑎12

𝑎22
  

𝑦1
′ (0)

𝑦1
′′′ (0)

 =  
0
0
 . (28) 

 

Where coefficients 𝑎11  through 𝑎22  are given in Appendix A.1. For achieving the non-trivial 

solution, the determinant of the coefficient matrix [a] must be equal to zero. Responses of the 

determinant are dimensionless natural frequencies of the nanotube. Now the results obtained by 

using the method described in this paper will be evaluated with the results obtained by Phadikar 

and Pradhan (2009) to check the accuracy of the above equations. In order to perform a parametric 

study, we consider the following value of the dimensionless parameters: 

𝐶𝑖 = 0. 𝐸 = 1. 𝐼 = 1. 𝐿 = 1.  𝜌 = 1 (Roostai and Haghpanahi 2014) and  𝜈 = 0.3  (Falvo et al. 

1997). 

All the parameters have been considered 1, it means these parameters are dimensionless and 

useful for all the materials and geometries. At temperature equal to or lower than room 

temperature, 𝛼 = −1.6 × 10−6, the values of temperature change considered are 𝑇 = 0𝐾. 𝑇 =
100𝐾 and 𝑇 = 200𝐾. At temperature higher than room temperature, 𝛼 = 1.1 × 10−6, the values 

of temperature change considered are 𝑇 = 400𝐾. 𝑇 = 600𝐾 (Yao and Han 2006). 
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Table 1 The comparison of natural frequencies of the simply supported nanotube 

without cracks for different methods 

𝜺 Mode No. 
Natural frequency 

(Pardha and Phadikar 2009) 

Natural frequency 

(present) 

0 1 9.8696 9.86960440 

0 2 39.4784 39.47841760 

0 3 88.8249 88.82643960 

1 1 2.9936 2.99359383 

1 2 6.2051 6.20508840 

1 3 9.3720 9.37217008 

 

 

In Table 1, value of dimensionless natural frequencies of the simply supported nanotube are 

given for intact nanotube and so without thermal effects, they are for the first three modes. Also, 

the data on this table were compared with Phadikar and Pradhan (2009). The table shows that the 

presented results are in suitable agreement with the previous study. Table 2 displays the values of 

the first three dimensionless natural frequencies of the simply supported nanotube to show the 

thermal effect on different nonlocal parameter 𝜀 and crack severity 𝐶𝑖 , where the nanotube (L = 1 

nm) has two similar cracks at 𝑥1.2 = 0.3 and 0.7. From Table 2, it can be noticed that an increase 

in crack severity decreases the natural frequency parameter of the cracked nanotube. Also, it is 

observable that an increase in the nonlocal parameter causes a decrease in the natural frequency as 

expected. Moreover, it can be observed that, when temperatures are equal or lower than room 

temperature the natural frequency decrease with increasing temperature. 

Although, when the temperatures are higher than room temperature, natural frequency 

increases with increasing temperatures. This behavior is because of the difference of heat transfer 

coefficient for listed temperatures. That is why there is a fluctuation in temperature change curve, 

and it is established for all three natural frequencies. In the following, there are same tables for 

other boundary conditions. Using classical boundary conditions, like clamped–clamped, clamped–

simply supported and clamped–free, the effect of them on natural frequency shows in Table 3-4-5, 

respectively. Coefficients 𝑎11  through 𝑎22  for these boundary conditions have been presented in 

Appendices A.2-A.4. It can be seen in these table that variations in the coefficients of clamped–

clamped and clamped–simply supported is similar to changing in simply supported. Also, the 

natural frequency in the mentioned boundary conditions has same behavior to the simply 

supported. It means natural frequency decrease with increasing temperature below room 

temperature and increase with increasing the temperature at temperature above room temperature. 

But it can be seen that we have some different variations for the case of clamped–free nanotube 

results.  Figs. 3 and 4 shows the thermal effect on values of the first and second dimensionless 

natural frequencies of the clamped–free, where crack severity is 𝐶𝑖 = 0.075. And, we consider 

this crack severity because of the small size of the nanobeam. It has opposite behavior on the first 

natural frequency, that’s implies first natural frequencies are increasing whit increasing of the 

temperature, when the temperatures are equal or lower than room temperature. But when the 

temperatures are higher than room temperature, natural frequency increases with increasing 

temperature. For second and third natural frequencies this boundary condition has same variation 

to other. This difference is due to the free edge of a nanobeam that causes the difference of the 

behavior of the first frequencies in comparison with other boundary conditions. Challamel and 
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Table 2 Values of the thermal effect on first three dimensionless natural frequencies of the simply supported 

cracked nanotube for different crack severity and different nonlocal parameters 

𝜺 T 

𝑪𝒊 = 𝟎 𝑪𝒊 = 𝟎. 𝟎𝟎𝟖𝟔 𝑪𝒊 = 𝟎. 𝟎𝟑𝟐𝟓 𝑪𝒊 = 𝟎. 𝟎𝟕𝟓 

𝜔 𝜔 𝜔 𝜔 

1 2 3 1 2 3 1 2 3 1 2 3 

0 

0 9.8696 39.4784 88.8249 9.76033 38.8776 88.6833 9.47461 37.3365 88.3131 9.02284 34.9846 87.7404 

100 9.8694 39.4782 88.8262 9.76013 39.8774 88.6831 9.47442 37.3363 88.3129 9.02266 34.9845 87.7400 

200 9.8692 39.4780 88.8260 9.75993 39.8772 88.6829 9.47423 37.3362 88.3127 9.02247 34.9843 87.7402 

400 9.8711 39.4799 88.8279 9.76181 39.8790 88.6848 9.47605 37.3380 88.3146 9.02420 34.9860 87.7419 

600 9.87185 39.4807 88.8287 9.76255 39.8798 88.6856 9.476677 37.3387 88.3153 9.02489 34.9866 87.7426 

0.5 

0 5.30027 11.9744 18.4390 5.24146 11.7906 18.4086 5.08669 11.3066 18.3236 4.83945 10.5416 18.1721 

100 5.29989 11.9737 18.4380 5.2411 11.7900 18.4076 5.08635 11.3061 18.3227 4.83914 10.5411 18.1707 

200 5.29952 11.9731 18.4370 5.24074 11.7893 18.4067 5.08601 11.3055 18.3217 4.83883 10.5407 18.1698 

400 5.30305 11.9793 18.4462 5.24419 11.7953 18.4158 5.08925 11.3108 18.3307 4.84177 10.5451 18.1785 

600 5.30444 11.9818 18.4498 5.24555 11.7977 18.4193 5.09053 11.313 18.3342 4.84293 10.5468 18.182 

1 

0 2.9936 6.2051 9.3720 2.96036 6.10979 9.35673 2.87273 5.85828 9.31345 2.73234 5.45963 9.23584 

100 2.99293 6.20382 9.37027 2.95972 6.10857 9.35485 2.87214 5.8571 9.31159 2.73182 5.45876 9.23402 

200 2.99227 6.20254 9.36838 2.95908 6.10735 9.35296 2.87155 5.85613 9.30973 2.7313 5.4579 9.23221 

400 2.99852 6.21459 9.38633 2.96514 6.11886 9.37082 2.87715 5.86629 9.32734 2.7362 5.46609 9.24938 

600 3.00098 6.21934 9.39340 2.96753 6.12341 9.37786 2.87935 5.87029 9.33428 2.73813 5.46931 9.25614 

1.5 

0 2.04877 4.16541 6.26753 2.02603 4.10143 6.2572 1.96602 3.93249 6.22825 1.8698 3.66458 6.17632 

100 2.04781 4.16351 6.26469 2.02509 4.09962 6.25438 1.96516 3.9309 6.22547 1.86902 3.6633 6.17361 

200 2.04685 4.16162 6.26185 2.02416 4.0978 6.25156 1.96430 3.92931 6.22268 1.86832 3.66202 6.1709 

400 2.05596 4.17955 6.28868 2.03299 4.11493 6.27825 1.97241 3.94437 6.2490 1.87534 3.6741 6.19655 

600 2.04877 4.16541 6.26753 2.03646 4.12167 6.28875 1.97559 3.95029 6.25935 1.87809 3.67885 6.20633 

 

 

  

    (a)        (b) 

Fig. 3 Thermal effect on first dimensionless natural frequency of clamped-free 
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      (a)        (b) 

Fig. 4 Thermal effect on second dimensionless natural frequency of clamped-free 

 

 
Table 3 Values of the thermal effect on first three dimensionless natural frequencies of the clamped-clamped 

cracked nanotube for different crack severity and different nonlocal parameter 

𝜺 T 

𝑪𝒊 = 𝟎 𝑪𝒊 = 𝟎. 𝟎𝟎𝟖𝟔 𝑪𝒊 = 𝟎. 𝟎𝟑𝟐𝟓 𝑪𝒊 = 𝟎. 𝟎𝟕𝟓 

𝜔 𝜔 𝜔 𝜔 

1 2 3 1 2 3 1 2 3 1 2 3 

0 

0 22.3733 61.6728 120.903 22.3175 60.7699 120.263 22.1735 58.5131 118.632 21.9518 55.2254 116.182 

100 22.3730 61.6724 120.903 22.3172 60.7695 120.263 22.1732 58.5127 118.631 21.9515 55.2251 116.182 

200 22.3727 61.6720 120.903 22.3169 60.7691 120.262 22.1730 58.5123 118.631 21.9513 55.2247 116.181 

400 22.3741 61.6739 120.905 22.3183 60.7709 120.264 22.1743 58.5141 118.633 21.9525 55.2263 116.184 

600 22.3745 61.6745 120.905 22.4187 60.7715 120.265 22.1745 58.5146 118.633 21.9529 55.2268 116.184 

0.5 

0 10.9914 17.273 24.3324 10.9705 16.9854 24.0854 10.9145 16.2469 23.4133 10.8218 15.1382 22.3244 

100 10.9897 17.2705 24.3290 10.9689 16.9831 24.0822 10.9130 16.245 23.4105 10.8204 15.1367 22.3221 

200 10.9881 17.268 24.3256 10.9673 16.9807 24.0790 10.9114 16.243 23.4077 10.8189 15.1352 22.3199 

400 10.9959  17.2705  24.3417 10.975 16.9918 24.0943 10.9188 16.2524 23.4211 10.8259 15.1424 22.3305 

600 10.9982  
 

17.268  24.3464 10.772 16.995 24.0987 10.9210 16.2551 23.4249 10.8279 15.1444 22.336 

1 

0 6.05656 8.89543 12.453 6.04615 8.89543 12.453  6.04615 8.74626 12.3173  6.01792 7.78563 11.3556 

100 6.05318  8.89054  12.4462  6.04282 8.89054 12.4462 6.04282 8.74166 12.3190 6.01473 7.78276 11.3515 

200 6.0498  8.88564  12.4394  6.03950 8.88564 12.4394  6.03950 8.73707 12.3044  6.01154 7.77989 11.3473 

400 6.06583  8.90889  12.4717  6.05529 8.90889 12.4717 6.05529 8.75888 12.3350 6.02668 7.7935 11.367 

600 6.07047  8.91561  12.4811  6.05985 8.91561 12.4811  6.05985 8.76518 12.3438  6.03105 7.79743 11.3727 

1.5 

0 4.1191  5.96392  8.34304  4.1128 5.86376 8.25062 4.09405 5.60608 7.99968 4.0622 5.21847 7.59685 

100 4.1146  5.95658  8.3328  4.10778 5.85688  8.24098 4.08924 5.60032 7.99155 4.05776 5.20993 7.58459 

200 4.10949  5.94923  8.32255  4.10275 5.84999 8.23133 4.08442 5.59455 7.98341 4.0533 5.20993 7.58459 

400 4.13369  5.9845  8.37114 4.12658 5.88264  8.27707 4.10724 5.62187 8.02195 4.07438 5.23015 7.61463 

600 4.14066  5.9941  8.38515 4.13345 5.89205 8.29025 4.11381 5.62974 8.03304 4.08045 5.23596 7.62199 
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Wang (2008) study some simplified non-local elastic cantilever beam models, for the bending 

analyses of small scale rods. And they focused on clamped – free behavior of the nanobeam and 

show these paradoxes. 

It has opposite behavior on the first natural frequency, that’s implies first natural frequencies 

are increasing whit increasing of the temperature, in temperatures are equal or lower than room 
 

 

 

Fig. 5 The dimensionless natural frequency vs. temperature for various nanobeam lengths, where the 

nanobeam has two similar cracks 

 

 
Table 4 Values of the thermal effect on first three dimensionless natural frequencies of the clamped-simply 

supported cracked nanotube for different crack severity and different nonlocal parameter 

𝜺 T 

𝑪𝒊 = 𝟎 𝑪𝒊 = 𝟎. 𝟎𝟎𝟖𝟔 𝑪𝒊 = 𝟎. 𝟎𝟑𝟐𝟓 𝑪𝒊 = 𝟎. 𝟎𝟕𝟓 

𝜔 𝜔 𝜔 𝜔 

1 2 3 1 2 3 1 2 3 1 2 3 

0 

0 15.4182 49.9649 104.248 15.3126 47.7009 102.626 15.0336 47.7009 102.626 14.583 45.2639 100.955 

100 15.4178 49.9644 104.247 15.3122 47.7004 102.625 15.0332 47.7004 102.625 14.5826 45.2635 100.954 

200 15.4147 49.9639 104.247 15.3118 47.7 102.625 15.0328 47.7 102.625 14.5822 45.2613 100.954 

400 15.4193 49.9661 104.249 15.3137 47.7021 102.627 15.0347 47.7021 102.627 14.584 45.526 100.956 

600 15.1499 49.9668 104.250 15.3142 47.7026 102.628 15.0352 47.7026 102.628 14.51845 45.2655 100.957 

0.5 

0 7.7837 14.6881 21.2563 7.72158 14.5307 20.6796 7.55369 14.111 20.6796 7.27188 13.2656 20.0656 

100 7.78243 14.6809 21.2533 7.72035 14.5286 20.6769 7.55253 14.1091 20.6769 7.954 13.4396 20.0632 

200 7.78116 14.6838 21.2503 7.71911 14.5266 20.6742 7.55136 14.1073 20.6742 7.26979 13.438 20.0608 

400 7.78718 14.6939 21.2645 7.72499 14.5363 20.6869 7.55689 14.1161 20.6869 7.27476 13.4454 20.0722 

600 7.78892 14.6969 21.2686 7.72669 14.5392 20.6906 7.55849 14.1187 20.6906 7.27619 13.4476 20.0755 

1 

0 4.31824 7.62114 10.830 4.28216 7.54426 10.7428 4.48411 7.33849 10.5216 4.01833 7.00842 10.1941 

100 4.31578 7.61693 10.824 4.27976 7.5402 10.7371 4.1819 7.33482 10.5163 4.0164 7.00536 10.1895 

200 4.31331 7.61271 10.8181 4.27736 7.53613 10.7313 4.17968 7.33114 10.511 4.01446 7.00231 10.1848 

400 4.3250 7.63272 10.8463 4.28874 7.55543 10.7586 4.1902 7.34857 10.536 4.02363 7.0168 10.2069 

600 4.32839 7.6385 10.8544 4.29202 7.56101 10.7664 4.9324 7.3536 10.5433 4.02627 7.02098 10.2133 
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Table 4 Continued 

𝜺 T 

𝑪𝒊 = 𝟎 𝑪𝒊 = 𝟎. 𝟎𝟎𝟖𝟔 𝑪𝒊 = 𝟎. 𝟎𝟑𝟐𝟓 𝑪𝒊 = 𝟎. 𝟎𝟕𝟓 

𝜔 𝜔 𝜔 𝜔 

1 2 3 1 2 3 1 2 3 1 2 3 

1.5 

0 2.94206 5.11872 7.24708 2.91718 5.06778 7.18814 2.84953 4.93175 7.03851 2.73495 4.71317 6.81716 

100 2.93828 5.11241 7.23818 2.91361 5.0618 7.17954 2.84624 4.92626 7.033064 2.7321 4.7086 6.81023 

200 2.93469 5.10609 7.22926 2.91003 5.0557 7.17093 2.84294 4.92075 7.02275 2.72925 4.70402 6.80328 

400 2.95215 5.13604 7.27151 2.92698 5.0846 7.21173 2.85855 4.94638 7.06009 2.74247 4.72568 6.83617 

600 2.95719 5.14468 7.28369 2.93187 5.09293 7.22349 2.86305 4.95434 7.07085 2.74662 4.7319 6.84564 

 

 
Table 5 Values of the thermal effect on first three dimensionless natural frequencies of the clamped-clamped 

nanotube, which including three similar cracks for different crack severity and different nonlocal parameter 

𝜺 T 

𝑪𝒊 = 𝟎 𝑪𝒊 = 𝟎. 𝟎𝟎𝟖𝟔 𝑪𝒊 = 𝟎. 𝟎𝟑𝟐𝟓 𝑪𝒊 = 𝟎. 𝟎𝟕𝟓 

𝜔 𝜔 𝜔 𝜔 

1 2 3 1 2 3 1 2 3 1 2 3 

0 

0 22.3733 61.6728 120.903 22.2256 61.06 - 21.8342 57.7955 - 21.2052 52.1948 - 

100 22.3730 61.6724 120.903 22.2253 61.0596 - 21.8339 57.7953 - 21.2050 52.1947 - 

200 22.3727 61.6720 120.903 22.225 61.0592 - 21.8337 57.7950 - 21.2047 52.1947 - 

400 22.3741 61.6739 120.905 22.2264 61.0611 - 21.8350 57.7962 - 21.2059 52.1950 - 

600 22.3745 61.6745 120.905 22.2268 61.0616 - 21.8354 57.7965 - 21.2063 52.1951 - 

0.5 

0 10.9914 17.273 24.3324 10.8936 17.2095 23.8083 10.6502 17.0148 22.4420 10.3128 16.6327 20.8942 

100 10.9897 17.2705 24.3290 10.892 17.2071 23.8051 10.6487 17.0125 22.4349 10.3115 16.6307 20.8920 

200 10.9881 17.268 24.3256 10.8904 17.2047 23.802 10.6472 17.0103 22.4369 10.3102 16.6287 20.8898 

400 10.9959 17.2797 24.3417 10.898 17.2161 23.8169 10.6543 17.0210 22.4490 10.3165 16.638 20.9003 

600 10.9982 17.2831 24.3464 10.9002 17.2195 23.8212 10.6563 17.0241 22.4525 10.3184 16.6407 20.9033 

1 

0 6.05656 8.89543 12.453 5.99849 8.86409 12.1942 5.8565 8.76709 11.5096 5.66933 8.57135 10.7247 

100 6.05318 8.89054 12.4462 5.99523 8.85929 12.1879 5.8535 8.76261 11.5045 5.66667 8.56754 10.7203 

200 6.0498 8.88564 12.4394 5.99196 8.85449 12.1816 5.85051 8.75812 11.4994 5.66401 8.56373 10.7160 

400 6.06583 8.90889 12.4717 6.00746 8.87727 12.2116 5.86471 8.77938 11.5236 5.67662 8.5818 10.7366 

600 6.07047 8.91561 12.4811 6.01194 8.88386 12.2202 5.86881 8.78553 11.5306 5.68027 8.58701 10.7426 

1.5 

0 4.1191 5.96392 8.34304 4.07949 5.94308 8.17131 3.98185 5.87847 7.71542 3.85415 5.74717 7.19087 

100 4.1146 5.95658 8.3328 4.07457 5.93589 8.16183 3.97708 5.87847 7.70778 3.85017 5.74149 7.18437 

200 4.10949 5.94923 8.32255 4.06964 5.92869 8.15234 3.97258 5.86505 7.70013 3.84618 5.7358 7.17787 

400 4.13369 5.9845 8.37114 4.09299 5.96281 8.19732 3.99389 5.89686 7.73635 3.86505 5.76271 7.2087 

600 4.14066 5.9941 8.38515 4.09972 5.97265 8.21028 4.00003 5.90603 7.74677 3.87048 5.77044 7.21759 

 

 

temperature. But it is decreased in the higher room temperature when its increase. For second and 

third natural frequencies this boundary condition has same variation to other. Table 5 shows 

thermal effect on values of the first three dimensionless natural frequencies of the clamped-
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clamped nanotube, which have three similar cracks for different values of nonlocal parameter and 

crack severity. For 𝐶𝑖 = 0 this table is same to Table 3, because it implies the nanotube has not 

any crack. But for the other crack severity, it can be seen that natural frequency decrease with 

increasing temperature, below room temperature. Also, it increased with increasing temperature, 

above room temperature. Fig. 5 shows the dimensionless natural frequency of the simply 

supported nanobeam (ℎ = 0.1 nm, 𝜌 = 2700ℎ2 , 𝐼 = ℎ4 12  and 𝐸 = 70  Gpa) vs. 𝑒0𝑎  for 

various nanobeam lengths, where the nanobeam has two similar cracks (𝐶𝑖 = 0.0086) at 𝑥1.2 = 

0.2 and 0.8, when we have not thermal effect. It can be noticed that as the length of the nanobeam 

increases the effect of 𝑒0𝑎 on the dimensionless natural frequency decreases. 

Fig. 6 displays the dimensionless natural frequency of the simply supported nanotube vs. 

temperature for various locations of cracks (both cracks are similar (𝐶𝑖 = 0.075)). The nonlocal 

parameter and length for this figure are 𝑒0𝑎 = 0 and 𝐿 = 1, respectively. Also this figure shows 

the natural frequency decrease as the distance between cracks decrease. And, this figures show 

when the cracks are near to each other the dimensionless natural frequencies are lesser than the 

cracks are far away. 

Figs. 7 and 8 present the thermal effect on the first and second dimensionless natural frequency 

of nanotubes of different boundary conditions, respectively. Both of these tables have similar crack 
 

 

  

     (a)      (b) 
 

  

     (c)      (d) 

Fig. 6 The dimensionless natural frequency of the simply supported nanotube vs. temperature for various 

locations of cracks, where the nanotube has two similar cracks 
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      (a)        (b) 

 

  

      (c)       (d) 

Fig. 7 Thermal effect on the first dimensionless natural frequency of nanotubes of different boundary 

conditions. (𝐶𝑖 = 0.075) (one by one) 

 

 

with crack severity 𝐶𝑖 = 0.075. It vivid that clamped-clamped have the highest values of natural 

frequency and clamped- free have the lowest. Also temperature have the most influence on simply 

supported, that mean non dimensional natural frequencies of this beam have more alteration when 
 

 

  

       (a)        (b) 

Fig. 8 Thermal effect on the second dimensionless natural frequency of nanotubes of different boundary 

conditions. (𝐶𝑖 = 0.075) 
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      (c)       (d) 

Fig. 8 Continued 

 

 

the boundary condition is simply supported. And they have light change when the beam is on 

clamp – clamp boundary condition. About clamp – free we deal with singular effect that in the 

second natural frequency, this dimensionless natural frequency rising with temperature rise and in 

the first dimensionless natural frequency it's reduce with temperature rising. 

 

 

4. Conclusions 
 

The main objective of this paper is to examine the thermal effects on the free vibration behavior 

of nanotube that have multiple cracks for different boundary conditions. The temperature 

variations, different length of the nanobeam, various positions of the crack, different crack 

severities and different boundary conditions can change the values of natural frequencies. It can be 

concluded the crack has reduction effect on natural frequency. It can be noticed, for most of the 

boundary conditions, when temperatures are equal or lower than room temperature the natural 

frequency decrease with increasing, when the temperatures are higher than room temperature, 

natural frequency increase with increasing temperature. As presented in this paper, the effects of 

nonlocal parameter on the dimensionless natural frequency are apparent when the length of the 

nanobeam is in nanoscale and in longer  length the natural frequency converge to the local 

frequency. Moreover, it can be seen the crack position have its effect on natural frequency, it is 

obvious that when the cracks poisons are near to each other natural frequencies decrease. All of 

different crack position curves have same behavior. Raising the natural frequency with crack 

severity raise was displayed. In different boundary conditions, clamped-clamped has larger natural 

frequencies. At the end influence of number of cracks on clamed-clamped was showed, it can be 

noticed that when the number of cracks raise the natural frequencies decrease. 

 

 

References 
 
Belytschko T., Xiao, S.P., Schatz, G.C. and Ruoff, R.S. (2002), “Atomistic simulations of nanotube 

fracture”, Phys. Rev. B, 65(23), 235430. 

Benzair A., Tounsi, A., Besseghier, A., Heireche, H., Moulay, N. and Boumia, L. (2008), “The thermal 

effect on vibration of single-walled carbon nanotubes using nonlocal Timoshenko beam theory”, J. Phys. 

73



 

 

 

 

 

 

Farzad Ebrahimi and Fatemeh Mahmoodi 

D Appl. Phys., 41(22), 225404. 

Besseghier, A., Heireche, H., Bousahla, A.A., Tounsi, A. and Benzair, A. (2015), “Nonlinear vibration 

properties of a zigzag single-walled carbon nanotube embedded in a polymer matrix”, Adv. Nano Res., Int. 

J., 3(1), 29-37. 

Binici, B. (2005), “Vibration of beams with multiple open cracks subjected to axial force”, J. Sound Vib., 

287(1-2), 277-295. 

Bounouara, F., Benrahou, K.H., Belkorissat, I. and Tounsi, A. (2016), “A nonlocal zeroth-order shear 

deformation theory for free vibration of functionally graded nanoscale plates resting on elastic 

foundation”, Steel Compos. Struct., Int. J., 20(2), 227-249. 

Challamel, N. and Wang, C.M. (2008), “The small length scale effect for a non-local cantilever beam: A 

paradox solved”, Nanotechnology, 19(34), 345703.‏ 

Di Sia, P. (2013), “A new theoretical Model for the dynamical Analysis of Nano-Bio-Structures”, Adv. Nano 

Res., Int. J., 1(1), 29-34. 

Ebrahimi, F. (2013), “Analytical investigation on vibrations and dynamic response of functionally graded 

plate integrated with piezoelectric layers in thermal environment”, Mech. Adv. Mater. Struct., 20(10), 

854-870. 

Ebrahimi, F. and Barati, M.R. (2016a), “Magneto-electro-elastic buckling analysis of nonlocal curved 

nanobeams”, Eur. Phys. J. Plus, 131(9), 346. 

Ebrahimi, F. and Barati, M.R. (2016b), “Static stability analysis of smart magneto-electro-elastic 

heterogeneous nanoplates embedded in an elastic medium based on a four-variable refined plate 

theory”, Smart Mater. Struct., 25(10), 105014. 

Ebrahimi, F. and Barati, M.R. (2016c), “Temperature distribution effects on buckling behavior of smart 

heterogeneous nanosize plates based on nonlocal four-variable refined plate theory”, Int. J. Smart Nano 

Mater., 7(3), 119-143. 

Ebrahimi, F. and Barati, M.R. (2016d), “An exact solution for buckling analysis of embedded piezoelectro-

magnetically actuated nanoscale beams”, Adv. Nano Res., Int. J., 4(2), 65-84. 

Ebrahimi, F. and Barati, M.R. (2016e), “Buckling analysis of smart size-dependent higher order magneto-

electro-thermo-elastic functionally graded nanosize beams”, J. Mech., 33(1), 23-33. 

Ebrahimi, F. and Barati, M.R. (2016f), “A nonlocal higher-order shear deformation beam theory for 

vibration analysis of size-dependent functionally graded nanobeams”, Arab. J. Sci. Eng., 41(5), 1679-

1690. 

Ebrahimi, F. and Barati, M.R. (2016g), “Vibration analysis of smart piezoelectrically actuated nanobeams 

subjected to magneto-electrical field in thermal environment”, J. Vib. Control, 1077546316646239. 

Ebrahimi, F. and Barati, M.R. (2016h), “Buckling analysis of nonlocal third-order shear deformable 

functionally graded piezoelectric nanobeams embedded in elastic medium”, J. Brazil. Soc. Mech. Sci. 

Eng., 39(3), 937-952. 

Ebrahimi, F. and Barati, M.R. (2016i), “Small scale effects on hygro-thermo-mechanical vibration of 

temperature dependent nonhomogeneous nanoscale beams”, Mech. Adv. Mater. Struct., 24(11), 924-936. 

Ebrahimi, F. and Barati, M.R. (2016j), “Dynamic modeling of a thermo–piezo-electrically actuated nanosize 

beam subjected to a magnetic field”, Appl. Phys. A, 122(4), 1-18. 

Ebrahimi, F. and Barati, M.R. (2016k), “Magnetic field effects on buckling behavior of smart size-

dependent graded nanoscale beams”, Eur. Phys. J. Plus, 131(7), 1-14. 

Ebrahimi, F. and Barati, M.R. (2016l), “Vibration analysis of nonlocal beams made of functionally graded 

material in thermal environment”, Eur. Phys. J. Plus, 131(8), 279. 

Ebrahimi, F. and Barati, M.R. (2016m), “A nonlocal higher-order refined magneto-electro-viscoelastic beam 

model for dynamic analysis of smart nanostructures”, Int. J. Eng. Sci., 107, 183-196. 

Ebrahimi, F. and Barati, M.R. (2016n), “Small-scale effects on hygro-thermo-mechanical vibration of 

temperature-dependent nonhomogeneous nanoscale beams”, Mech. Adv. Mater. Struct., 24(11), 924-936. 

Ebrahimi, F. and Barati, M.R. (2016o), “A unified formulation for dynamic analysis of nonlocal 

heterogeneous nanobeams in hygro-thermal environment”, Appl. Phys. A, 122(9), 792. 

Ebrahimi, F. and Barati, M.R. (2016p), “Electromechanical buckling behavior of smart piezoelectrically 

74



 

 

 

 

 

 

Vibration analysis of carbon nanotubes with multiple cracks in thermal environment 

actuated higher-order size-dependent graded nanoscale beams in thermal environment”, Int. J. Smart 

Nano Mater., 7(2), 69-90. 

Ebrahimi, F. and Barati, M.R. (2016q), “Wave propagation analysis of quasi-3D FG nanobeams in thermal 

environment based on nonlocal strain gradient theory”, Appl. Phys. A, 122(9), 843. 

Ebrahimi, F. and Barati, M.R. (2016r), “Flexural wave propagation analysis of embedded S-FGM 

nanobeams under longitudinal magnetic field based on nonlocal strain gradient theory”, Arab. J. Sci. Eng., 

42(5), 1715-1726. 

Ebrahimi, F. and Barati, M.R. (2016s), “On nonlocal characteristics of curved inhomogeneous Euler–

Bernoulli nanobeams under different temperature distributions”, Appl. Phys. A, 122(10), 880. 

Ebrahimi, F. and Barati, M.R. (2016t), “Buckling analysis of piezoelectrically actuated smart nanoscale 

plates subjected to magnetic field”, J. Intell. Mater. Syst. Struct., 28(11), 1472-1490. 

Ebrahimi, F. and Barati, M.R. (2016u), “Size-dependent thermal stability analysis of graded piezomagnetic 

nanoplates on elastic medium subjected to various thermal environments”, Appl. Phys. A, 122(10), 910. 

Ebrahimi, F. and Barati, M.R. (2016v), “Magnetic field effects on dynamic behavior of inhomogeneous 

thermo-piezo-electrically actuated nanoplates”, J. Brazil. Soc. Mech. Sci. Eng., 39(6), 2203-2223. 

Ebrahimi, F. and Barati, M.R. (2017a), “Hygrothermal effects on vibration characteristics of viscoelastic FG 

nanobeams based on nonlocal strain gradient theory”, Compos. Struct., 159, 433-444. 

Ebrahimi, F. and Barati, M.R. (2017b), “A nonlocal strain gradient refined beam model for buckling analysis 

of size-dependent shear-deformable curved FG nanobeams”, Compos. Struct., 159, 174-182. 

Ebrahimi, F. and Daman, M. (2016), “Dynamic modeling of embedded curved nanobeams incorporating 

surface effects”, Coupl. Syst. Mech., Int. J., 5(3), 000 

Ebrahimi, F. and Daman, M. (2017), “Analytical investigation of the surface effects on nonlocal vibration 

behavior of nanosize curved beams”, Adv. Nano Res., Int. J., 5(1), 35-47. 

Ebrahimi, F. and Hosseini, S.H.S. (2016a), “Double nanoplate-based NEMS under hydrostatic and 

electrostatic actuations”, Eur. Phys. J. Plus, 131(5), 1-19. 

Ebrahimi, F. and Hosseini, S.H.S. (2016b), “Nonlinear electroelastic vibration analysis of NEMS consisting 

of double-viscoelastic nanoplates”, Appl. Phys. A, 122(10), 922. 

Ebrahimi, F. and Hosseini, S.H.S. (2016c), “Thermal effects on nonlinear vibration behavior of viscoelastic 

nanosize plates”, J. Therm. Stress., 39(5), 606-625. 

Ebrahimi, F. and Jafari, A. (2016), “Buckling behavior of smart MEE-FG porous plate with various 

boundary conditions based on refined theory”, Adv. Mater. Res., Int. J., 5(4), 261-276. 

Ebrahimi, F. and Mokhtari, M. (2015), “Transverse vibration analysis of rotating porous beam with 

functionally graded microstructure using the differential transform method”, J. Brazil. Soc. Mech. Sci. 

Eng., 37(4), 1435-1444. 

Ebrahimi, F. and Nasirzadeh, P. (2015), “A nonlocal Timoshenko beam theory for vibration analysis of thick 

nanobeams using differential transform method”, J. Theor. Appl. Mech., 53(4), 1041-1052. 

Ebrahimi, F. and Rastgoo, A. (2008a), “Free vibration analysis of smart annular FGM plates integrated with 

piezoelectric layers”, Smart Mater. Struct., 17(1), 015044. 

Ebrahimi, F. and Rastgoo, A. (2008b), “An analytical study on the free vibration of smart circular thin FGM 

plate based on classical plate theory”, Thin-Wall. Struct., 46(12), 1402-1408. 

Ebrahimi, F. and Rastgoo, A. (2008c), “Free vibration analysis of smart FGM plates”, Int. J. Mech. Syst. Sci. 

Eng., 2(2), 94-99. 

Ebrahimi, F. and Salari, E (2015a), “Size-dependent thermo-electrical buckling analysis of functionally 

graded piezoelectric nanobeams”, Smart Mater. Struct., 24(12), 125007. 

Ebrahimi, F. and Salari, E. (2015b), “Nonlocal thermo-mechanical vibration analysis of functionally graded 

nanobeams in thermal environment”, Acta Astronautica, 113, 29-50. 

Ebrahimi, F. and Salari, E. (2015c), “Size-dependent free flexural vibrational behavior of functionally 

graded nanobeams using semi-analytical differential transform method”, Compos. B, 79, 156-169. 

Ebrahimi, F. and Salari, E. (2015d), “A semi-analytical method for vibrational and buckling analysis of 

functionally graded nanobeams considering the physical neutral axis position”, CMES: Comput. Model. 

Eng. Sci., 105(2), 151-181. 

75



 

 

 

 

 

 

Farzad Ebrahimi and Fatemeh Mahmoodi 

Ebrahimi, F. and Salari, E. (2015e), “Thermal buckling and free vibration analysis of size dependent 

Timoshenko FG nanobeams in thermal environments”, Compos. Struct., 128, 363-380. 

Ebrahimi, F. and Salari, E. (2015f), “Thermo-mechanical vibration analysis of nonlocal temperature-

dependent FG nanobeams with various boundary conditions”, Compos. B, 78, 272-290. 

Ebrahimi, F. and Salari, E. (2016), “Effect of various thermal loadings on buckling and vibrational 

characteristics of nonlocal temperature-dependent functionally graded nanobeams”, Mech. Adv. Mater. 

Struct., 23(12), 1379-1397. 

Ebrahimi, F. and Zia, M. (2015), “Large amplitude nonlinear vibration analysis of functionally graded 

Timoshenko beams with porosities”, Acta Astronautica, 116, 117-125. 

Ebrahimi, F., Rastgoo, A. and Kargarnovin, M.H. (2008), “Analytical investigation on axisymmetric free 

vibrations of moderately thick circular functionally graded plate integrated with piezoelectric layers”, J. 

Mech. Sci. Technol., 22(6), 1058-1072. 

Ebrahimi F., Rastgoo, A. and Atai, A.A. (2009a), “Theoretical analysis of smart moderately thick shear 

deformable annular functionally graded plate”, Eur. J. Mech. - A/Solids, 28(5), 962-997. 

Ebrahimi, F., Naei, M.H. and Rastgoo, A. (2009b), “Geometrically nonlinear vibration analysis of 

piezoelectrically actuated FGM plate with an initial large deformation”, J. Mech. Sci. Technol., 23(8), 

2107-2124. 

Ebrahimi, F., Ghadiri, M., Salari, E., Hoseini, S.A.H. and Shaghaghi, G.R. (2015a), “Application of the 

differential transformation method for nonlocal vibration analysis of functionally graded nanobeams”, J. 

Mech. Sci. Tech., 29(3), 1207-1215. 

Ebrahimi, F., Salari, E. and Hosseini, S.A.H. (2015b), “Thermomechanical vibration behavior of FG 

nanobeams subjected to linear and non-linear temperature distributions”, J. Therm. Stress., 38(12), 1360-

1386. 

Ebrahimi, F., Salari, E. and Hosseini, S.A.H. (2016a), “In-plane thermal loading effects on vibrational 

characteristics of functionally graded nanobeams”, Meccanica, 51(4), 951-977. 

Ebrahimi, F., Ghasemi, F. and Salari, E. (2016b), “Investigating thermal effects on vibration behavior of 

temperature-dependent compositionally graded Euler beams with porosities”, Meccanica, 51(1), 223-249. 

Ebrahimi, F., Ehyaei, J. and Babaei, R. (2016c), “Thermal buckling of FGM nanoplates subjected to linear 

and nonlinear varying loads on Pasternak foundation”, Adv. Mater. Res., Int. J., 5(4), 245-261. 

Ebrahimi, F., Barati, M.R. and Haghi, P. (2017), “Thermal effects on wave propagation characteristics of 

rotating strain gradient temperature-dependent functionally graded nanoscale beams”, J. Therm. Stress., 

40(5), 535-547. 

Eringen, A.C. (1972), “Linear theory of nonlocal elasticity and dispersion of plane waves”, Int. J. Eng. Sci., 

10(5), 425-435. 

Eringen, A.C. (1983), “On differential equations of nonlocal elasticity and solutions of screw dislocation and 

surface waves”, J. Appl. Phys., 54(9), 4703-4710. 

Ehyaei, J., Ebrahimi, F. and Salari, E. (2016), “Nonlocal vibration analysis of FG nano beams with different 

boundary conditions”, Adv. Nano Res., Int. J., 4(2), 85-111. 

Eltaher, M.A., Khater, M.E. and Emam, S.A. (2016a), “A review on nonlocal elastic models for bending, 

buckling, vibrations, and wave propagation of nanoscale beams”, Appl. Math. Model., 40(5), 4109-4128. 

Eltaher, M.A., Khater, M.E., Park, S., Abdel-Rahman, E. and Yavuz, M. (2016b), “On the static stability of 

nonlocal nanobeams using higher-order beam theories”, Adv. Nano Res., Int. J., 4(1), 51-64. 

Elmerabet, A.H., Heireche, H., Tounsi, A. and Semmah, A. (2017), “Buckling temperature of a single-

walled boron nitride nanotubes using a novel nonlocal beam model”, Adv. Nano Res., Int. J., 5(1), 1-12. 

Falvo, M.R., Clary, G.J., Taylor, R.M., Chi, V., Brooks, F.P., Washburn, S. and Superfine, R. (1997), 

“Bending and buckling of carbon nanotubes under large strain”, Nature, 389(6651), 582-584. 

Ghadiri, M., Soltanpour, M., Yazdi, A. and Safi, M. (2016), “Studying the influence of surface effects on 

vibration behavior of size-dependent cracked FG Timoshenko nanobeam considering nonlocal elasticity 

and elastic foundation”, Appl. Phys. A, 122(5), 520. 

Ghosh, A., Bera, A. and Ghosh, M. (2017), “Optical dielectric function of impurity doped Quantum dots in 

presence of noise”, Adv. Nano Res., Int. J., 5(1), 13-25. 

76



 

 

 

 

 

 

Vibration analysis of carbon nanotubes with multiple cracks in thermal environment 

Haghshenas A.A. and Arani, A.G. (2013), “Nonlocal vibration of a piezoelectric polymeric nanoplate 

carrying nanoparticle via Mindlin plate theory”, Proc. Inst. Mech. Eng. C, J. Mech. Eng. Sci., 228(5), 907-

920. 

Hasheminejad, B.S.M., Gheshlaghi, B., Mirzaei, Y. and Abbasion, S. (2011), “Free transverse vibrations of 

cracked nanobeams with surface effects”, Thin Solid Films, 519(8), 2477-2482. 

Hsu, J.C., Lee, H.L. and Chang, W.J. (2011), “Longitudinal vibration of cracked nanobeams using nonlocal 

elasticity theory”, Current Appl. Phys., 11(6), 1384-1388. 

Karličić, D., Kozić, P. and Pavlović, R. (2015a), “Flexural vibration and buckling analysis of single-walled 

carbon nanotubes using different gradient elasticity theories based on Reddy and Huu-Tai formulations”, 

J. Theor. Appl. Mech., 53. 

Karličić, D., Cajić, M., Murmu, T. and Adhikari, S. (2015b), “Nonlocal longitudinal vibration of viscoelastic 

coupled double-nanorod systems”, Eur. J. Mech.-A/Solids, 49, 183-196. 

Karličić, D., Jovanović, D., Kozić, P. and Cajić, M. (2015c), “Thermal and magnetic effects on the vibration 

of a cracked nanobeam embedded in an elastic medium”, J. Mech. Mater. Struct., 10(1), 43-62. 

Karličić, D., Kozić, P., Pavlović, R. and Nešić, N. (2017), “Dynamic stability of single-walled carbon 

nanotube embedded in a viscoelastic medium under the influence of the axially harmonic load”, Compos. 

Struct., 162, 227-243. 

Khater, H.M. (2016), “Nano-Silica effect on the physicomechanical properties of geopolymer composites”, 

Adv. Nano Res., Int. J., 4(3), 181-195. 

Kiani, K. (2012), “Magneto–thermo–elastic fields caused by an unsteady longitudinal magnetic field in a 

conducting nanowire accounting for eddy-current loss”, Mater. Chem. Phys., 136(2-3), 589-598. 

Ke, L.-L. and Wang, Y.-S. (2012), “Thermoelectric-mechanical vibration of piezoelectric nanobeams based 

on the nonlocal theory”, Smart Mater. Struct., 21(2), 025018. 

Kozić, P., Pavlović, R. and Karličić, D. (2014), “The flexural vibration and buckling of the elastically 

connected parallel-beams with a Kerr-type layer in between”, Mech. Res. Commun., 56, 83-89. 

Li, L. (2001), “Vibratory characteristics of multi-step beams with an arbitrary number of cracks and 

concerted masses”, Appl. Acoust., 62(6), 691-706. 

Loya, J., López-Puente, J., Zaera, R. and Fernández-Sáez, J. (2009), “Free transverse vibrations of cracked 

nanobeams using a nonlocal elasticity model”, J. Appl. Phys., 105(4), 044309. 

Meyer, J.C., Geim, A.K., Katsnelson, M.I., Novoselov, K.S., Booth, T.J. and Roth, S. (2007), “The structure 

of suspended graphene sheets”, Nature, 446(7131), 60-63. 

Mandal, S., Dey, A. and Pal, U. (2016), “Low temperature wet-chemical synthesis of spherical 

hydroxyapatite nanoparticles and their in situ cytotoxicity study”, Adv. Nano Res., Int. J., 4(4), 295-307. 

Murmu, T. and Adhikari, S. (2010), “Nonlocal effects in the longitudinal vibration of double-nanorod 

systems”, Phys. E, 43(1), 415-422. 

Murmu, T. and Pradhan, S.C. (2009), “Thermo-mechanical vibration of a single-walled carbon nanotube 

embedded in an elastic medium based on nonlocal elasticity theory”, Comput. Mater. Sci., 46(4), 854-859. 

Murmu, T. and Pradhan, S.C. (2010), “Thermal effects on the stability of embedded carbon nanotubes”, 

Comput. Mater. Sci. 47(3), 721-726. 

Murmu, T., McCarthy, M.A. and Adhikari, S. (2013), “In-plane magnetic field affected transverse vibration 

of embedded single-layer graphene sheets using equivalent nonlocal elasticity approach”, Compos. Struct., 

96, 57-63. 

Murmu, T., Adhikari, S. and McCarthy, M.A. (2014), “Axial vibration of embedded nanorods under 

transverse magnetic field effects via nonlocal elastic continuum theory”, J. Comput. Theor. Nanosci., 

11(5), 1230-1236. 

Park, S.H., Kim, J.S., Park, J.H., Lee, J.S., Choi, Y.K. and Kwon, O.M. (2005), “Molecular dynamics study 

on size-dependent elastic properties of silicon nanocantilevers”, Thin Solid Films, 492(1-2), 285-289. 

Phadikar, J.K. and Pradhan, S.C. (2010), “Variational formulation and finite element analysis for nonlocal 

elastic nanobeams and nanoplates”, Comput. Mater. Sci., 49(3), 492-499. 

Rahmani, O., Hosseini, S.A.H., Noroozi Moghaddam, M.H. and Fakhari Golpayegani, I. (2015), “Torsional 

vibration of cracked nanobeam based on nonlocal stress theory with various boundary conditions: An 

77



 

 

 

 

 

 

Farzad Ebrahimi and Fatemeh Mahmoodi 

analytical study”, Int. J. Appl. Mech., 7(3), 1550036. 

Reddy, J.N. and Pang, S.D. (2008), “Nonlocal continuum theories of beams for the analysis of carbon 

nanotubes”, J. Appl. Phys., 103(2), 023511. 

Roostai, H. and Haghpanahi, M. (2014), “Vibration of nanobeams of different boundary conditions with 

multiple cracks based on nonlocal elasticity theory”, Appl. Math. Model., 38(3), 1159-1169. 

Torabi, K. and Dastgerdi, J.N. (2012), “An analytical method for free vibration analysis of Timoshenko 

beam theory applied to cracked nanobeams using a nonlocal elasticity model”, Thin Solid Films, 520(21), 

6595-6602. 

Tounsi, A., Benguediab, S., Adda, B., Semmah, A. and Zidour, M. (2013), “Nonlocal effects on thermal 

buckling properties of double-walled carbon nanotubes”, Adv. Nano Res., Int. J., 1(1), 1-11. 

Wang, Q. (2005), “Wave propagation in carbon nanotubes via nonlocal continuum mechanics”, J. Appl. 

Phys., 98(12), 124301. 

Wang, L., Ni, Q., Li, M. and Qian, Q. (2008), “The thermal effect on vibration and instability of carbon 

nanotubes conveying fluid”, Physica E, 40(10), 3179-3182. 

Yang, J. and Chen, Y. (2008), “Free vibration and buckling analyses of functionally graded beams with edge 

cracks”, Compos. Struct., 83(1), 48-60. 

Yao, X.H., Han, Q. (2006), “Buckling analysis of multiwalled carbon nanotubes under torsional load 

coupling with temperature change”, J. Eng. Mater. Technol., 128(3), 419-428. 

Zenkour, A.M. (2016), “Buckling of a single-layered graphene sheet embedded in visco-Pasternak's medium 

via nonlocal first-order theory”, Adv. Nano Res., Int. J., 4(4), 309-326. 

Zhang, Y.Q., Liu, X. and Zhao, J.H. (2008), “Influence of temperature change on column buckling of 

multiwalled carbon nanotubes”, Phys. Lett. A, 372(10), 1676-1681. 

 

JL 

 

 

 

 

  

78



 

 

 

 

 

 

Vibration analysis of carbon nanotubes with multiple cracks in thermal environment 

Appendix 
 

A.1 Simply supported beam 
 

 

𝑎11 = 𝑆 2 1 + 𝐶1𝑆 2
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 2

′′  𝑥2 + 𝐶1𝑆 2
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎12 = 𝑆 4 1 + 𝐶1𝑆 4
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎21 = 𝑆 2
′′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′′  1 − 𝑥2 [𝑆 2

′′  𝑥2 + 𝐶1𝑆 2
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎22 = 𝑆 4
′′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′′  1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)]. 

 

Where 

𝑇 𝑥 = 𝑆 2 𝑥 − 𝜓𝑆 4 𝑥  

 

 

A.2 Clamped–clamped beam 
 

 

𝑎11 = 𝑆 3 1 + 𝐶1𝑆 3
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 3

′′  𝑥2 + 𝐶1𝑆 3
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎12 = 𝑆 4 1 + 𝐶1𝑆 4
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎21 = 𝑆 3
′  1 + 𝐶1𝑆 3

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′ 1 − 𝑥2 [𝑆 3

′′  𝑥2 + 𝐶1𝑆 3
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎22 = 𝑆 4
′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′ 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)]. 

 

 

A.3 Clamped–simply supported beam 
 

 

𝑎11 = 𝑆 3 1 + 𝐶1𝑆 3
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 3

′′  𝑥2 + 𝐶1𝑆 3
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎12 = 𝑆 4 1 + 𝐶1𝑆 4
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎21 = 𝑆 3
′′  1 + 𝐶1𝑆 3

′′  𝑥1 𝑇
′′  1 − 𝑥1 + 𝐶2𝑇

′′  1 − 𝑥2 [𝑆 3
′′  𝑥2 + 𝐶1𝑆 3

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎22 = 𝑆 4
′′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇
′′  1 − 𝑥1 + 𝐶2𝑇

′′  1 − 𝑥2 [𝑆 4
′′  𝑥2 + 𝐶1𝑆 4

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)]. 
 

 

A.4 Clamped–free beam 
 

 

𝑎11 = 𝑆 3
′′  1 + 𝐶1𝑆 3

′′  𝑥1 𝑇
′′  1 − 𝑥1 + 𝐶2𝑇

′′  1 − 𝑥2 [𝑆 3
′′  𝑥2 + 𝐶1𝑆 3

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎12 = 𝑆 4
′′  1 + 𝐶1𝑆 4

′′  𝑥1 𝑇
′′  1 − 𝑥1 + 𝐶2𝑇

′′  1 − 𝑥2 [𝑆 4
′′  𝑥2 + 𝐶1𝑆 4

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎21 = 𝑆 3
′′′  1 + 𝐶1𝑆 3

′′  𝑥1 𝑇
′′′  1 − 𝑥1 + 𝐶2𝑇

′′′  1 − 𝑥2 [𝑆 3
′′  𝑥2 + 𝐶1𝑆 3

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)], 

𝑎22 = 𝑆 4
′′′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇
′′′  1 − 𝑥1 + 𝐶2𝑇

′′′  1 − 𝑥2 [𝑆 4
′′  𝑥2 + 𝐶1𝑆 4

′′ (𝑥1)𝑇′′ (𝑥2 − 𝑥1)]. 
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A.5 Clamped–clamped beam (three cracks) 
 

𝑎11 = 𝑆 3 1 + 𝐶1𝑆 3
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2  𝑆 3

′′  𝑥2 + 𝐶1𝑆 3
′′  𝑥1 𝑇

′′  𝑥2 − 𝑥1   

+𝐶3𝑇 1 − 𝑥3 [𝑆 3
′′  𝑥3 + 𝐶1𝑆 3

′′  𝑥1 𝑇 𝑥3 − 𝑥1 + 𝐶2 𝑆 3
′′  𝑥2  + 𝐶1𝑆 3

′′ (𝑥1)𝑇(𝑥2 − 𝑥1)], 

𝑎12 = 𝑆 4 1 + 𝐶1𝑆 4
′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′  𝑥1 𝑇

′′  𝑥2 − 𝑥1  

+𝐶3𝑇(1 − 𝑥3)[𝑆 4
′′  𝑥3 + 𝐶1𝑆 4

′′  𝑥1 𝑇 𝑥3 − 𝑥1 + 𝐶2 𝑆 4
′′  𝑥2  + 𝐶1𝑆 4

′′ (𝑥1)𝑇(𝑥2 − 𝑥1)], 

𝑎21 = 𝑆 3
′  1 + 𝐶1𝑆 3

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′ 1 − 𝑥2 [𝑆 3

′′  𝑥2 + 𝐶1𝑆 3
′′  𝑥1 𝑇

′′  𝑥2 − 𝑥1  

+𝐶3𝑇
′(1 − 𝑥3)[𝑆 3

′′  𝑥3 + 𝐶1𝑆 3
′′  𝑥1 𝑇 𝑥3 − 𝑥1 + 𝐶2 𝑆 3

′′  𝑥2  + 𝐶1𝑆 3
′′ (𝑥1)𝑇(𝑥2 − 𝑥1)], 

𝑎22 = 𝑆 4
′  1 + 𝐶1𝑆 2

′′  𝑥1 𝑇 1 − 𝑥1 + 𝐶2𝑇
′ 1 − 𝑥2 [𝑆 4

′′  𝑥2 + 𝐶1𝑆 4
′′  𝑥1 𝑇

′′  𝑥2 − 𝑥1  

+𝐶3𝑇
′(1 − 𝑥3)[𝑆 4

′′  𝑥3 + 𝐶1𝑆 4
′′  𝑥1 𝑇 𝑥3 − 𝑥1 + 𝐶2 𝑆 4

′′  𝑥2  + 𝐶1𝑆 4
′′ (𝑥1)𝑇(𝑥2 − 𝑥1)]. 
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